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ABSTRACT 


The extinction of light by long dielectric cylinders is computed for different directions of polarization. 
Cylinders with diameters of the order of the wave length give the correct dependence of interstellar polar- 
ization on wave length, whereas cylinders or ellipsoids small compared to the wave length do not. The 
computed amount of polarization is barely sufficient to explain the observations, even if the grains are 
strongly elongated and fully aligned. 


The important discovery by Hiltner' and its confirmation by Hall,’ that the light of 
many distant stars is polarized, has been followed by several explanations. These sug- 
gestions contain many speculative points, but, unless some quite different possibility is 
overlooked, we may assert these facts: (1) The phenomenon is interstellar rather than 
stellar, for it appears in stars of diverse types and only at large distances. (2) The phenom- 
enon has the character of a differential extinction, light vibrating in one direction (electric 
vector roughly parallel to galactic plane) being less strongly attenuated in interstellar 
space than light vibrating in the perpendicular direction. Hall has found for one star that 
the transmitted light is indeed linearly, not elliptically, polarized. (3) This extinction is 
caused by the same solid grains that are believed to cause the ordinary interstellar ex- 
tinction; for no other constituent of interstellar matter is known to be able to give even 
the minimum extinction needed for one polarized component if the other component is 
assumed to suffer no extinction at all. Hiltner’ has shown that this holds true also for 
free electrons. 

Admitting that interstellar grains are responsible, we may estimate the ratio of the 
extinction values of the two polarized components. Let these values, expressed in magni- 
tudes, be A; and A», where A; > A». The magnitude difference, A; — Az, is the polariza- 
tion measured by Hiltner. The photographic extinction for unpolarized light follows from 


4 (A,+ Ag) = OF, , 


where E, is the color excess on Stebbins’ scale. Several stars have a well-observed value 
of (A, - A2)/E, as high as 0.50. This gives 


Ay~ Aa 0.03; S 1. Pe 1.06 
A,i+ As Az 


Ap. J., 109, 471, 1949. 
2 J.S. Hall and A. H. Mikesell, AJ., 54, 187, 1949. * Phys. Rev., 78, 170, 1950. 
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for blue light. Hiltner’s observations’ show that A, — A; is nearly independent of A, but, 
since A, + A; decreases by a factor of 2 if the wave length increases from \ 4400 to d 8000, 
the ratio A,/ Aq increases with increasing A, reaching the value 1.12 for strongly polarized 
stars in the infrared 

All previous explanations suggest that the grains are elongated and aligned by mag- 
netic forces.‘ Apart from the physical difficulties in this suggestion, one simple question 
has to be answered: Do such particles give a sufficiently different extinction for different 
directions of polarization of the incident light? I started some calculations on this ques- 
tion soon after the discovery of interstellar polarization was announced; the preliminary 
results are reported below 

Scattering problems are simple applications of Maxwell’s theory, in principle, but few 
of them have solutions that admit of a simple numerical evaluation. Such solutions are 
obtained, for instance, if the scattering particles are (a4) homogeneous ellipsoids that are 
smal] compared to the wave length of the incident light and (6) long, circular cylinders 
with arbitrary radii, with light incident in a direction perpendicular to the cylinder axis. 
The formal solution for ellipsoids of arbitrary size has also been obtained,® but its evalu- 
ation would require very lengthy computations; @ and 6 are special cases of this more 
general problem 

Problem a is the only one that I have seen referred to in the papers on interstellar 
polarization; it leads to simple formulae, first derived by Gans.* The authors‘ who sug- 
gest that these formulae are applicable make the implicit assumption that the grains 

ausing interstellar polarization are small compared with the wave length. These grains 

would thus form a class separate from the grains causing ordinary extinction, which must 
have sizes of the order of the wave length in order to explain the observed reddening law. 
Such a superposition of two classes of interstellar grains would seem artificial, but not 
impossible. For instance, if the polarizing grains have the extinction values A; > A; and 


the ordinary grains have the values A, = 1,’, the observed ratio is 


A At 06. 
A+ Ae 


We may estimate that the wave-length dependence of interstellar reddening is not af- 
fected if Aj + Az S yy(Ay' +A?) Combining these equations, we find that 4;/A; has 
to be about 2, or larger. Such a large ratio requires prolate spheroids with the axial ratios 
2/1 or 6/1, for refractive indices 2 or 1.4, re spectively. This makes this explanation very 


improbable. An even stronger argument against it is found from the dependence of polari- 
Aj, which is a constant accord- 


zation on wave length. The difference, A; — A: = A; - 
ing to observation, would have to be proportional to \~* (nonabsorbing grains), or A 
absorbing grains), according to the theory for small particles. It thus seems fairly certain 
that a solution based on the formulae of Gans must be rejected. 

Problem 4 leads to more complex formulae,’ analogous in many details to Mie’s for- 
mulae for scattering by spheres. For instance, if the electric vector of the incident light 
is parallel to the cylinder axis, which gives the strongest effects of scattering and ex- 
tinction, the principal quantities to be computed are the complex coefficients 


b mJ.(v) Jn (x) —J, (vy) J, (2) 
ait, mm) = j ; 
mJ’ (vy) (2) —J, (vy) W(x) 


‘L. Spitzer and J. W. Tukey, Science, 109, 461, 1949; L. Davis and J. L. Greenstein, Pays. Rev 
75, 1008, 1949 
*F. Méglich, Ann. d. Phys., 83, 609, 1927 * Ann. d. Pays., 37, 881, 1912 


'CL Schaeffer and F. Grossman, Ann. d. Pays., 31, 455, 1910 
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Here n is an integer, m is the refractive index, y = mx, and x is the ratio 2xr/A, where 
r is the radius of the cylinder and J is the wave length. Further, J,(*) are Bessel func- 
tions, H,(x) are Hankel functions of the second kind, and primes denote derivatives. 
The efficiency factor for extinction, defined as the ratio between the extinction cross- 
section and the geometrical cross-section, is found from 


< 
Q, (x, m) = = oy Kn ’ 


n™ oD 


where 6, = 6_, and the symbol means that the real part is taken. If the magnetic vec- 
tor of the incident light is parallel to the cylinder axis, the solution is found from 


Sara 
(x ai. oe . 
Oz (x, m) PP A Ra, , 


n @ 


where the coefficients a,(x,m) are obtained by removing the factors m in equation (1) 
from the first terms of the numerator and denominator and placing them with the sec- 
ond terms. 

The results of computations for refractive indices 1.25 and 1.50 are shown in Figure 1. 
The actual procedure was to write }, and a, in the form 


b,=4(1— & ), a,=4$(1-—e ™*), 


and to compute the real angles 8, and a,. The Tables of Amplitudes and Phase Angles,* 
a copy of which was very kindly made available to me by Dr. A. N. Lowan, were of great 
help in this computation. Very effective use was also made of graphs of the angles 8, and 
an, as Suggested earlier for spheres.* The “nodes,” where 8, = an, have some very curious 
properties that afford checks in so many ways that errors are detected easily from these 
graphs and a full check is obtained at the stage of the computation where it is most 
needed. Additional values were found by interpolation from these graphs. The largest 
number of terms needed in the series for Q; and Q2 was from n = 0 ton = 10 for m = 
1.25, x = 8.0. 

The bottom curve of Figure 1 refers to refractive indices close to 1. A derivation simi- 
lar to the one made for spheres'® leads to the formula 


Q(x, m) = rS,(p) 


for both directions of polarization alike. Here &, is Struve’s function tabulated by 


Jahnke and Emde" and p = 2x(m — 1). The curves of Figure 1 have been drawn to a 


common scale of p, which equals x for m = 1.50 and 4x for m = 1.25. The values cor- 


responding to the first terms of the series expansion for small p, or x, are indicated by 
dotted curves. The formulae are: 


m ) 
For m=1.50; Q,=1.932', QO, = 0.36425, om 5.30 ; 
2 


For m=1.25: Q,;=0.39x', Q,=0.1282', 5 = 3.03 ; 
2 


* A. N. Lowan, P. M. Morse, H. Feshbach, and M. Lax, Scattering and Radiation from Circular 
Cylinders and Spheres: Tables of Amplitudes and Phase Angles (U.S. Navy Department, 1946). 


* H.C. van de Hulst, Rech. Astr. Obs. Utrecht, Vol. 11, Part 1, chap. viii, 1946. 


1° Tbid., chap. vii. 
it Jahnke and Emde, Tables of Functions (‘‘Dover Publications” [New York, 1945]), esp. Fig. 117. 
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und for any real value of m: 


r*(m?—1)? 


a x? ; == 


lhe further discussion follows closely the pattern set by previous discussions of inter- 
stellar reddening.” The argument, p, is proportional to A~'; the ordinates, Q, and Qs, are 





T i if i ! if 


























e) 


ong, circular cylinders for different values of the refractive index wm, asa func 

r size with respect to the wave length (perpendicular incidence). Q is the efhciency factor; 

ipper curve of each set refers to linear polarization with the electric vector parallel to the cylinder 
(),), the lower curve to electric vector perpendicular to the cylinder axis (Q,). The scale of abscissae 


p 2aim 1), where « @ 2wr/X, is common to all curves 


proportional to the extinction values, A, and Aq, at a given wave length. The observed 
reddening law is well represented by cylinders of a single size if A~' is about equal to p, 
the wave length being expressed in microns. So blue light, \ = 0.414, corresponds to 


p 2.44; yellow light, A 0.55 w, to p = 1.82; and the near infrared, A = 0.80 p, to 


H.C. van de Hulst, op. cit., Part I, chap. iii, 1949. 
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p = 1.25. All these values lie outside the region where the theory for thin rods holds, so 
that the ratio A;/A, = Q,/Q2 is notably smaller than the values 5.3 and 3.0 mentioned 
above. In fact, we read from the curves that (,/Q: = 1.22 for m = 1.50 and Q,/Q; = 
1.07 for m = 1.25 in the region corresponding to blue light. Since the strongest observed 
value is A,/Ay = 1.06 for blue light, we may infer that ice needles (m = 1.25) can just 
explain the observed amount of polarization if they are very long and perfectly aligned. 
No margin at all is left for the effects of imperfect alignment and of reduced length, both 
of which tend to reduce the expected polarization. For m = 1.50, which is already an 
improbably high value, the margin is still small. Rough estimates, that cannot be ex- 
plained in the present context, show that the amount of polarization, Q; — Qs, is reduced 
by a factor of 2 if long cylinders are replaced by prolate spheroids with the axial ratio 
2 to 1. It is reduced by a tactor of 4 if the spheroids have the axial ratio 1.3 to 1. So glass 
spheroids (m = 1.50) with the axial ratio 1.5 to 1, all perfectly aligned, would also be 
capable of explaining the observed ratio A;/A_ = 1.06 for blue light. 

The dependence of Q; — Q2 on p is very interesting. Apart from the irregular bumps, 
that will be smoothed out if particles of various sizes are mixed, we see that Q; — Qy is 
almost independent of p in the entire range of interest. So, while Q, and Q increase rap- 
idly with increasing p, their difference is virtually constant, so that the ratio Q,/Q: de- 
creases. If Q, and Q: are replaced by A; and A2, and p by A“, this is exactly what Hiltner’s 
recent observations show. The sign is such that the long axes of the grains have to be 
perpendicular to the galactic plane. It would seem premature to make any more de- 
tailed computations at this stage. 

The conclusion is that interstellar grains of the ordinary size, as indicated by redden- 
ing measurements, may give a barely sufficient amount of polarization, which, however, 
has the correct dependence on wave length. We hope that partly absorbing grains will 
leave a better margin by giving a stronger polarization effect. Computations on such 


particles are in preparation. 
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ABSTRACT 

The pulsation equation is solved numerically for the fundamental! and first-overtone modes for three 
giant star models having very high central concentrations. The period-mean-density relationships de 
rived from these integrations are practically identical with one another and are very similar to those 
derived in earlier investigations 

It is found that the properties of the fundamental! mode are determined largely by the physical condi 
tions prevailing in the layers of the star around r = (0.7)R. The properties of the first overtone are 
determined primarily by the conditions obtaining at (0.8)R and, to a lesser degree, by those around 
0.5)R. The pulsation periods were found to be little influenced by the conditions in the central regions 
of the star 

Agreement between theory and observations with regard to the period-density relationship may be 
attained by (1) reducing the cepheid masses, deduced from the empirical mass-luminosity relation, by a 
factor of about 4 or by (2) reducing the effective temperatures, estimated for the cepheids from their 
colors, by about 14 percent, or by (3) lengthening the theoretical periods by supposing that the hydrogen 
convection layer may have a depth of about one-fifth the stellar radius 


I. INTRODUCTION 


In recent investigations on the internal constitution of giant stars the attempt has been 
made to construct models which give radii large enough to apply to the largest of the red 
giant stars, while at the same time yielding a central temperature high enough for the 
carbon cycle to operate as the energy-producing mechanism. The results of these investi- 
gations indicate that giant stars may be represented by models having an extremely high 
central concentration 

Phe pulsation integrations on pure polytropes show a decrease in pulsation period with 
increasing central concentration.' From this one might suspect that the recent giant 
models might give very short periods, which would still further increase the discrepancy 
between theory and observation. To ascertain whether or not this suspicion ts justified, 
one can perform the pulsation integrations and compare the results with the observed 
periods of cepheids 

Che present investigation consists in an analysis of the pulsation properties of three 
of the above-mentioned models. Two are of the noise-zone type. One of these is case 4 
of the six noise-zone mode's investigated by R. S. Richardson and M. Schwarzschild,’ the 
other (case 7) has been computed in the present investigation and Is described in Section 
Il. Despite the fact that the main physical assumption underlying this type of model 
has been shown to be untenable,’ these models nevertheless represent examples of density 
listributions of high central concentration. The third model considered here is case 15 
of the models with chemical inhomogeneities published by Li Hen and M. Schwarz- 
schild.* The results of the pulsation integrations are given in Section ITI 

In addition to the pulsation integrations of the three particular models, investigation 
was undertaken to discover which specific characteristics of the stellar interior determine 


the pulsation properties in general. This investigation is described in Section IV. Pos- 


i ption of the early developments in the theory of pulsating stars see S. Rosseland, The 


lescriy 


« Theory of Variable Stars (Oxford: Clarendon Press, 1949), esp. chaps. i and iii 
108, 3735, 1948. 
Tr. Gold, 3f..N., 109, 115, 1949 *M.N., 109, 631, 1949 
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sible explanations of the remaining discrepancies between theory and observations are 
discussed in Section V. 


Il. THE STATIONARY MODEL, CASE 7 


In order to extend the noise-zone-type model over a larger range of the characteristic 


quantity C, defined by 
C a 3 Ko ( ) 5 1 y 75 LR' he 
~ 4ac \uHG (a age." * 


an additional noise-zone model, case 7, was constructed. For this model was chosen a 
log C of --5.2, an isothermal zone characterized by & = 2.7, and a convective core of 
polytropic index §. Case 7 was constructed by the same methods as those used in the 
construction of the earlier six noise-zone cases.° 

The radiative-envelope solution was integrated for case 7 (log C = —5.2) and is given 
in Table 1. The extension of the isothermal-zone integration for , = 2.7, necessary for 
case 7, is given in Table 2. The nondimensional characteristics of the complete model are 
listed in Table 3. Tables 1, 2, and 3 are identical in form to the corresponding tables in 
the paper by Richardson and Schwarzschild.® 

Table 4 gives a summary of the physical quantities of the three models considered in 
this investigation, the models having been fitted to a star of fixed mass, composition, and 
central temperature. The mass is taken to be 1.35 X 10% gm in each of the three cases. 
This mass corresponds to the mass of » Aquilae as given by the empirical mass-luminosity 
relation. The central temperature taken is 30,000,000°, so that the carbon cycle may be 
regarded as the energy-producing mechanism. The composition taken is X = 0.50 (hy- 
drogen), Y = 0.40 (helium), and Z = 0.10 (all other elements) for cases 4 and 7. In 
case 15 the envelope composition is taken as ¥ = 0.90, ¥Y = 0,00, Z = 0.10, while in the 
intermediate zone and convective core the composition taken is X = 0.00, Y = 0.90, 
and Z = 0.10. 


III. THE PULSATION INTEGRATIONS FOR CASES 4, 7, AND 15 
To determine the pulsation periods of the models here considered, well-behaved solu- 
tions must be sought for the equation 


d*y dy/4 GM,p 4—3yGM,p p ()]- 
EG) el ee te 


which occurs as a result of the usual assumptions concerning the nature of the pulsa- 
tions.’ This equation may be rewritten in terms of nondimensional variables defined by 
GM? HGM — 


P=p T = ty, 


=P Ri’ ER M,=qM ; r= xR, (3) 


where yu, denotes the molecular weight in the envelope. With these variables, the pulsa- 
tion equation takes the following form: 


d?y | dy & lq )+y (<2 ¢ 4. a) =0 
| a Y 4 


dx?! dx\x ({x? tx? ft 


® For the ge apa of the six noise-zone models peor investigated and for the definitions of the 


symbols used in this section see Richardson and Schwarzschild, op. cit. 


® Ibid. 
7A. S. Eddington, The Internal Constitution of the Stars (Cambridge: At the University Press, 1930), 
chap. viii. 








TABLE 


INTEGRATION FOR RADIATIVE ENVELOPE, CASE 7 








é Log p u 
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identice! with of Richerdson and Schwarzschild. 
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The dependent variable y is the relative amplitude (displacement divided by mean dis- 
tance from center). The variable / denotes the ratio of the molecular weight at the point 
x to u.. Correspondingly, / equals 1 throughout the two noise-zone models, as well as in 
the envelope of case 15, while / equals 2.547 in the core and intermediate zone of case 15. 
The eigen-parameter, w’, is defined by 

,. 4n°R? 


wo? = 


Re. =a () 
tT?y¥GM 


TABLE 2° 
INTEGRATIONS FOR ISOTHERMAL ZONE, & = 2.7 


¥ dy/dx U 


0.070 9643 32.29 0.031 
065 1259 32.37 033 
060 2880 32.46 036 
O55 4506 32.56 039 
050 6137 32.70 044 
045 3.7776 32.86 O51 
040 | §. 9424 33.08 062 
035 1085 33.38 077 
030 2764 33.84 102 
025 4474 34.600 146 
020 6235 36.03 230 
O18 8106 39.36 | 413 

0.010 0279 51.44 j 0.858 


| 


* Continuation of Table 2, by Richardson and Schwarzschild, Ap. J., 108, 381, 1948 


TABLE 3 
MATHEMATICAL QUANTITIES CHARACTERIZING CASE 7 
(log C = —5.2) 


g, yy | 2 1.964 
0, 0. 24966 100 x 1.075 
x! 0.33138 —log gz 1.4036 
v1 0.0 log ts 0.3694 
(—dy/dx): ; 26.142 log p2 3.5445 


0.0471 100 x; 0.1553 
1. 568 log pi eet 7.3154 
2 0.04787 —log qi 1.5016 
. 8.683 log t. 0.9721 


(—dy/dx)s. . 32.76 log p- | 8. 8220 


2 
2 


where r is the period in seconds. In the pulsation equat-on all variables except y refer to 
their equilibrium values. The value of y used in all the present integrations was §. The 
effect upon the period of using an improved value of y, as well as the effects of including 
other refinements in the models, are discussed in Section IV. 

The general method of solution was to choose a trial value of w* and, with it, to carry 
through two integrations, one originating at the stellar center, the other at the surface. 
The proximity of the trial value of w* to its eigen-value was estimated by comparing the 
logarithmic first derivatives of the two integrations at an interior fitting point near 
x = 4. Improved trial values of w* were then assumed, and the integrations and fittings 
were repeated. That value of w* which led to equality between inside-out and outside-in 





TABLE 


PHYSICAL CHARACTERISTICS OF MODELS WITH HIGH CENTRAL CONCENTRATIONS, 
APPLIED TO STARS WITH MASS OF 135% 1054 GRaMmS AND CENTRAL 
TEMPERATURE OF 30 MILLION DEGREES 











in Tebles 3 ond 4, tha subscript ¢ denotes the center of the stor The 
core and 


subscript i Genotes the inner interface between the convective 


the intermediate rone The subscript 2 denotes the outer interfece between 
the intermedicte zone and the redictive envelope All symbols have the 


definitions es used in Richardson ond Schwarzschild, op. cit 
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logarithmic derivatives is the eigen-value corresponding to the mode of pulsation con- 
sidered. Since the corresponding solution, y(x), is arbitrary to the extent of a multi- 
plicative constant factor, the eigen-amplitudes were normalized to unity at the surface. 

The actual integrations were performed with the aid of the auxiliary variables rv (for 
the outside-in integrations) and w (for the inside-out integrations), defined by 


reser w(s)e(f) 


The two differential equations to be solved nurnerically are 


Se eiisieee: | on 


+1(t) Kw=0 
dx? det it ae ; 


where /(x) and K are defined by the following two equations: 


3lqg lw 1d (4 *) 1/4 ll 
P(x) 5 tx? t t 2dx\x tx? 4 ( tx?/ ' 


(9) 


The letter denotes the independent Emden variable; and /(x) may be pre-computed 
as a function of x (or of £) for each medel under consideration. 

Since singularities occur in the coefficients of the pulsation equation both at the center 
and at the surface, it was necessary to develop y at the beginning of both the outside-in 
and the inside-out integrations. The development for y used at the surface was in the 
form of a power series in (1 — x)/x, where the coefficients of this series depend on the 
value w* chosen for the particular integration to be performed. Values of » were computed 


from the development for y at the points x = 0.994 and x ='0.993, separately for each 
w* and for each model. With these starting values for t, the outside-in numerical integra- 
tions were begun. Five or more significant figures were carried in the integrations, each 
of which consisted of approximately fifty steps. The step-values used were adjusted to 
the magnitude of /(x) and ranged from Ax = 0.001 near the surface to Ax = 0.020 at 
the end of these outside-in integrations, near x = }. 

The development for y at the center is given by 


Y = 1+ (0.0500000) 2+ (0.0041667) E*+ (0.0003549) E° 


€ (10) 
+ (0.0000296) +4... 


and is valid with no sensible dependence on w* for the lower modes of oscillation, for all 
stars having convective cores of polytropic index 4. The inside-out integrations were be- 
gun at — = 0.5, values of w at that point and at — = 0.4 being available from the devel- 
opment at the center. Seven significant figures were carried in the integrations. The step- 
value used in the numerical integration was At = 0.1 in the convective core and no 
greater than AE = ().2 in the intermediate zone. In all cases the inside-out integrations 
were continued into the radiative zone, the independent variable being changed from 
§ to x at the interface, until a point convenient for fitting the inside-out integrations to 
the corresponding outside-in integrations was reached. The step-value in the radiative 
zone ranged from Ax = 0.001 at the beginning to Ax = 0.020 at the termination of the 
inside-out integrations. Each complete integration of this type involved between 55 and 


165 steps. 
The inside-out integrations were carried across the two interfaces under the condition 
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of continuity of y and its first derivative. As a consequence of this condition, w and its 
first derivative were also continuous, except at the outer interface of case 15, where 
dw/dx has a discontinuity due to the discontinuity in the composition at that point in 
the star 

In each of the cases considered, the fundamental and first overtone eigen-solutions 
were computed by means of integrations performed with a series of trial values of w*. The 
eigen-parameters w, and wj] (the zero subscript denoting the fundamental mode and the 
unit subscript the first overtone), were fixed when equality between (1/w) (dw/dx) and 

1 rv) (dv/dx) was obtained at some convenient fitting point near x = 4. 
Finally, the eigen-solutions y(x) were computed from w and r by the use of equations 


The value of y. occurring in the second of these equations is fixed by the ratio v/w 


() 


found at the fitting point 
The complete tabulation of y(x), the relative amplitude, for the fundamental and first 


overtone modes for cases 4, 7, and 15, along with their first derivatives, may be found in 
lables 5, 6, and 7, respectively. These tables show that the relative pulsation ampli- 
tudes at the center of these highly concentrated models reach exceedingly small values 
relative to their surface values 

lables 5, 6, and 7 also list the nondimensional pressures (p), masses (g), and tem- 
peratures (f) as functions of x. The equilibrium values of the corresponding physical 
quantities may be obtained for any specific star from p, g, and ¢ by applying equa- 
tions (3) 

lable 8 gives the results for w? for cases 4, 7, and 15, along with a tabulation of Q, 
defined by 

0.008049 


Period in days) * =—- = - 
; a x 


Also listed are the corresponding values of Q arrived at by earlier integrations on other 
models.* One feature apparent in this table is the similarity in all the Q values, even 
though the density distribution and log C values in the different cases tabulated show 
considerable variation. The central densities of the models listed vary radically (by as 
much as a factor of 10° between case 7 and the Russell-mixture model); yet the period 
mean-density relationships for these cases differ by, at most, 10 per cent. 


IV. THE VARIATIONAL FORMULATION OF THE PULSATION PROBLEM 


lhe formulation of the pulsation problem by the variational method was used to in- 
vestigate further the implications of the similarity of the Q values listed in Table 8.The 


expression for the period in this method is given by 


R 
dy/dr)*Pridr+ (3y—4) [ y'GM,prdr 


K 
j y? mpdr 
where all the symbols have their conventional meaning and where y and dy/dr are the 
relative amplitude and its first derivative for the individual mode considered.* Equation 
(12) may be rewritten in terms of the nondimensional variables defined by equations (3), 


Keller, On the Physical and Chemical Composition of the Sun (Ph.D. 
standard model: M. Schwarzschild, Ap. J., 94, 


* Russell-mixture model: G 
Diss.; Columbia University, 1948); oxygen model: ibid 


245, 1941 
> P. Ledoux and C. L. Pekeris, Ap. J., 94, 124, 1941 
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PULSATION TABLE, CASE 4 








dy x 10% 
dx 





“oOo VeawWe OYUN OC 


“voeeeen~ ww 


“» @ 


eeoeoeoee coecece cs Ss 











The smaller numbers to the right are the powers of 10 by which 
corresponding entries must be multiplied. The two inter faces tor 


Case are at x «0.00423 and , at x +0.0178. 





TABLE 6 


PULSATION TABLE, CASE 7 








dy fx 10° 
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TABLE 7 


PULSATION TABLE, CASE [5 
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he eigen-parameter, as defined by equation (5). The resulting expression is 


and w’, th 
t 
f fixldx 
‘ 


) 


| 


i 
g(x)dx 


. 


where the functions f(a) and g(x) are defined by the equations 


dy 2 ’ xp 


TABLE 8 


FIGEN-PARAMETERS AND PERIOD-MEAN-DENSITY RELATION 
SHIPS FOR SEVERAL STELLAR MODELS 


wy} Us OQ; 
4 14. 439 0.0309 0 0395 
13.461 0314 0425 
14.439 0309 0410 
0320 
(292 
0.0381 


Cas 
Case 7 

Case 15 

Russell mixture® 
Oxygen modelt 
Standard model} 


Observed § 0.09 


*(). Keller, Om the Physical and Chemical Com position of the Sun (Ph.D. Diss ; Columbia University, 1948 


t foi 

tM. Schwarzschild, Ap. J, 04, 245, 1941 

§ A. S. Eddington, Tae Internal Constitution of the Stars (Cambridge: At the University Press, 1950), p. 182 
and M. Schwarzschild, B. Schwarzschild, and W. S. Adams, Ap. J., 108, 107, 1948 


Phe function g(x) has the role of a normalization factor for w*. The function f(x) plays 
the role of a weight function for the period. The period may be thought of as constituted 
of contributions by the various portions of the star, some portions contributing more, 
some less. The function /(1) indicates the relative contributions of the various stellar 
layers in fixing the period of a particular mode of oscillation. 

For the use of the function f(x) in the above sense, the stationary (minimal) character 
of the right-hand side of equation (12) is essential for the following reason: If the mode! 
(that is, P, M,, and p) is changed in a limited range of r, the eigen-solution y and its first 
derivative, dy/dr, will, in general, be changed throughout the complete range of r. These 
changes of the eigen-solution will, however, not produce first-order changes in the period 
because of the stationary character of equation (12). Thus changes in the model at a 
limited range of r are reflected by changes in equation (12) in the same limited interval 
only 

The functions f(x) were computed"? for the pulsation modes and models considered 
here, with the aid of the eigen-solutions y and dy dx listed in Tables §, 6, and 7. The re- 


sults are listed in these same tables. Figures 1 and 2 show the weight functions, fo and fj, 


The functions g(x) were also computed, and w* was rederived by eq. (13). In all cases the agree 


with the original results for o* was very satisiactory. 
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for the fundamental and first-overtone modes. Thus it appears that, in all cases consid- 
ered, the value of the fundamental period is most strongly influenced by the physical 
conditions in the stellar layers located around x = 0.75. One notices also that, in all 
cases considered, the maximum for the weight function for the first overtone occurs at 
a region somewhat nearer the stellar surface than does the maximum for the fundamental 
mode. Thus, as a result of superficial phenomena, one might expect a more profound ef- 
fect on the overtone pulsation periods than on the fundamental period. In addition, the 
figures show a secondary broad maximum occurring farther toward the center for the 
first overtone. 

The shapes of Figures 1 and 2 emphasize the fact that conditions near the center of the 
star can have little influence on the pulsation periods, since in that region the weight func- 


10 ' ' qT T 














) 
6 42° 2°42 SS 


Fic. 1.—Weight function, case 7. Upper curve, fo; lower curve, f,. Ordinate, f X 10‘; abscissa, x = r/R 











0 { 1 


Q 2 4 6 8 1.0 


Fic. 2.—Weight function, cases 4 and 15. Upper curve, fo; lower curve, f,. Ordinate, f X 10*; abscissa, 
x= 7/R. 











18 I. EPSTEIN 


tions are indeed small. This is in agreement with the result of the previous section that 
models with widely differing core conditions still have similar periods. 

An attempt could now be made to estimate the effects on the fundamental period of 
neglected physical processes operative in regions where the weight function is large. 

Since hydrogen and helium are already more than 99 per cent ionized at a depth where 
the weight function has a value less than one-tenth its maximum, this physical process 
can have little effect on the fundamental period, except if ionization should produce a 
convection zone reaching far into the interior. 

Next the opacity law in the region of highest weight was investigated. Mrs. M. H. 
Harrison's tables were used (the model having 70 per cent oxygen and 30 per cent Russell 
mixture),'' in conjunction with the dimensional models listed in Table 4, to obtain the 
variation of the guillotine factor with density. Electron scattering was included, and a 
fit was sought for the total opacity of the following form: 


’ 
Values of s and «, giving a satisfac tory fit for each of the three cases considered are given 
in Table 9. Since the values of s differ only little from unity, Kramers’ law is found to 


rABLE 9* 


OPACITY AND RADIATION-PRESSURE CORRECTIONS 
FOR HIGHLY CONCENTRATED MODELS 


Mode! § ay 1—s 


ase 4 0.943 5 023 104 0.45 
ase 7 961 334 ™ 10"4 17 
ase 15 0 948 3.971 10%" 0.18 


* The values listed! are those which apply in regions where the weight function for the fundamental mode 
a matimur 


apply reasonably well in this region. The ratios of radiation pressure to total pressure, 
(1 — 8), are also listed in Table 9. 

Since the values found for s and (1 — 8) are substantially different from those origi- 
nally used [s = 0.75 and (1 — 8) = O], new estimates must be made of the effective 
polytropic indices m’ and the effective ratios of specific heats I'\. These quantities were 
computed by formulae given by S$. Chandrasekhar.” The resulting values of n’ and T; 
are listed in Table 9. The revisions of » and I, (originally n = 3.71 and Ty = y = §) 
necessitated the computation of corrected values of Q (labeled “Q’”). The values of Q’ 
were derived by interpolation of the available pulsation integrations'’ corresponding to 
the ranges of mn’ and [ in question. The resulting values of Q, are indicated in Table 8. 

The observed value of Q is about 0.09, if one employs, for cepheids, masses deter- 
mined from the mass-luminosity relation'* and radii computed with the effective tem- 
perature scale. The comparison between the observed () and the theoretical Q’ shows a 
discrepancy of aboyt a factor of 2 in the period, which may be due to other neglected 
physical conditions which are of importance in a region of the star where the weight func- 


tp. J., 108, 310, 1948 
An Introduction to the Study of Stellar Structure (Chicago: University of Chicago Press, 1939), 
pp. 324 and 59 

‘Keller, op. cit 
* Eddington, ep. cil., p. 182; and M. Schwarzschild, B. Schwarzschild, and W.S. Adams, Ap. J., 108, 
207, 1948 
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tion for the fundamental mode is large. One such neglected physical condition may be 
the presence of a convection layer extending from the surface into the star to a sufficient 
depth to lower the local polytropic index in the regions of high weight. Another explana- 
tion of the discrepancy between observation and theory may be sought in a revision of 
cepheid masses. Stil] another possibility is that the effective temperature scale (and con- 
sequently the radii) as applied to cepheids is in error. These three possibilities are dis- 
cussed in the next section. 


V. DISCUSSION OF THE REMAINING DISCREPANCY 


Employing a corrected value of Q, one may now compute a mean density as a function 
of the period. For the mean value of Q’ (Table 8), 0’ = 0.041, the period—mean-density 
relationship takes the form = 0.00237/II*, where II is the period in days. Thus, a 
means is available for determining the mass of a cepheid of known period in terms of its 
radius. Comparison with observations was here restricted to the cepheid » Aquilae. The 
mean radius of » Aquilae, derived from its effective temperature, is 2.55 X 10” cm, while 
its period is 7.176+ days.'* These data, when incorporated into the period—mean-density 
relationship above, yield a value for the mass of 3.2 X 10° gm = 1.6 solar masses, fig- 
ures which seem unexpectedly small. To pursue further the consequences of attaining 
accord between theory and observations by means of adjusting the masses of the 
cepheids, a value of C (eq. [1]) in the theoretical mass-luminosity relationship was com- 
puted with the values of the radius and mass stated above and with the observed lumi- 
nosity of » Aquilae. The resulting value of log C was —0.74, a value which indicates that 
such a model, even if it should perhaps be found reasonable in its physical properties, 
would be completely beyond the range of models considered here (log C = —4.0 and 
— 5.2). 

A second method of attacking the above discrepancy is to use a theoretical mass- 
luminosity law for a fixed model (case 15, e.g.) in conjunction with the period-mean- 
density relationship. With an observed luminosity, unique values of the mass and mean 
radius (and consequently of the effective temperature) may be derived. Using case 15 
to represent a model cepheid, with composition as given in Table 4, the derived radius 
was R = 4.07 X 10'* cm, while the mass, 1.3 « 10*4 gm = 6.6 solar masses. The radius 
at minimum light, r, was computed by applying the known difference, r — R, to the 
mean radius R. With r and the observed luminosity at minimum light, an effective tem- 
perature of 7, = 4100° K was derived for » Aquilae at minimum. This method, when re- 
vised by the use of corrected values of the opacity constant xg, yielded values of R = 
3.76 X 10% cm; M = 1.0 X 10% gm = 5.1 solar masses; and an effective temperature 
at minimum light of 7, = 4170° K. Compared with an observed 7, at a minimum of 
4800° K, this calculation shows that accord between theory and observation'® can be 
brought about by lowering the effective temperature by about 13 per cent, a procedure 
difficult to justify in view of recent color measurements. The mass obtained by this 
method seems of the right order. 

A third possibility is that a convection layer extends into the interior to such an extent 
as to provide a substantial reduction in the effective polytropic index. To relate poly- 
tropic indices to pulsation periods, reference was made to available pulsation integra- 
tions.'? In Figure 3, the logarithms of the periods were plotted against effective polytropic 
index. The polytropic index which would increase the value of the fundamental period 
by a factor of 2 over that arrived at in the previous analyses, in which mes = 3.5, was 


Schwarzschild, Schwarzschild, and Adams, of. cit 

'* All observational quantities for » Aquilae listed in this section are from Schwarzschild, Schwarz- 
schild, and Adams, of. cit. 

‘7 Homogeneous model: T. Sterne, M.N., 97, 582, 1937; polytrope 1.5: T. G. Cowling, M.N., 94, 779, 
1934 (fundamental only); standard model: M. Schwarzschild, Ap. J., 94, 245, 1941; Russell-mixture 
model: Keller, op. cit.; oxygen model: ibid. 
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estimated from Figure 3. This value proved to be in the neighborhood of n = 1.8, in 
conformity with Eddington’s view.” The work of L. Biermann® would tend to confirm 
the possibility that the convection zone may extend through the layers in which the 
weight function for the fundamental mode is appreciable. Hence the possibility that 
Nest in the region of highest weight equals 1.8 (above the limiting value of 1.5) is not ex- 





| | ! | | 1 











Neff. 


Fic. 3.—Pulsation periods for modes of differing effective polytropic indices. Ordinate, log Q = log 
(period in days) + 4 log (f/po); abscissa, effective polytropic index 


cluded. One must, however, consider the consequences of a convection zone on other 
modes of pulsation, particularly on the first overtone. 

The observational data*! suggests that log r,/r» = —0.16 for the variables in Messier 
3. Figure 3 shows that this value for log r,/1 can be attained only if the effective poly- 
tropic index for the first overtone were to be reduced to a greater extent than that for 


'* The effective polytropic index, mm, is 3.5 for all three cases in the present investigation, as well as 


in Keller's pulsation integration for the Russel|-mixture model, since the same absorption law holds in all 
four Cases. 


 Rosseland, ep. cit 
20 4 N., 264, 361, 1938 * M. Schwarzschild, Pub. A.A.S., 10, 117, 1941, 
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the fundamental mode. If the convection were to extend down to x = 0.8, then, accord- 
ing to Figures 1 and 2, the pulsation properties of the overtone mode would have been 
more seriously altered in the direction of lower polytropic index than those of the funda- 
mental mode. 

Making the assumption that, with the above depth of convection, the period of the 
fundamental mode may be approximated by that of a polytrope m == 2.5 and the period 
of the overtone by a polytrope of m = 1.5, a value of log 1:/7o = —-0.18 is obtained, in 
good agreement with the value of —0.16 for the variables observed in Messier 3. ‘The in- 
crease in the value for the fundamental period indicated by these assumptions amounted 
to a factor of about 1.6. Thus the possibility of invoking a convection layer to raise the 
fundamental period is not in conflict with the observed ratios of overtone to fundamental 
periods. 

VI. GENERAL CONCLUSIONS 


The period-density relationship for the highly concentrated models, constructed to 
represent giant stars, was found not to differ to any significant extent from the period- 
density law for models representing main-sequence stars. The fundamental pulsation 
period proved to be virtually independent of physical conditions in the inner half of the 
star. 

Agreement between observed and theoretical values for the period-density relation- 
ship of » Aquilae, taken as a typical cepheid, may be accomplished by (1) reducing the 
mass, as determined by the empirical mass-luminosity relation, by a factor of 4.3 or by 
(2) reducing the effective temperature, as determined from color measurements, by 13 
per cent or by (3) altering the theoretically derived period-density relationship. The 
mechanism operating to produce condition 3 may possibly be a convection layer reach- 
ing into the star to a depth corresponding to one-fifth the stellar radius. 


The author takes pleasure in thanking Professor Martin Schwarzschild for his generous 
guidance throughout all phases of this investigation. 
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ABSTRACT 


In this paper a solution of the equation of transfer for an atmosphere in which both scattering by 
free electrons and pure absorption play a role is given. The laws of darkening, the temperature distribu- 
tion, and the degree of polarization for atmospheres with different values of A = x/o + & are given fora 
gray atmosphere. The extension to cases of smal] departures from grayness is also considered. A perturba- 
tion theory for \ —+ 1 is given, and it is found that accurate results for an atmosphere with an arbitrary 
A may be obtained by linear interpolation between two different values of differing by 0.2. 

Finally, the laws of darkening and the degree of polarization in monochromatic light are considered. 
The degree of polarization decreases from short to long wave lengths. For a star whose effective tem- 
perature is of the order of 20,000° K, the polarization has reduced to about half the value of the inte- 
grated light at the ordinary photographic region for a star in which A = 0.5. The law of darkening at 
this wave length is intermediate between that expected in a gray body and that in a pure scattering 
atmosphere 


I, INTRODUCTION 


In discussions of the problem of radiative transport in stellar atmospheres, appeal is 
generally made either to the concept of local thermodynamic equilibrium or to that of 
monochromatic equilibrium. If the main source of opacity is due to pure absorption, the 
atmosphere is said to be in “local thermodynamic equilibrium,” and the source function 
is specified by Kirchhoff's law. On the other hand, if a pure scattering process assumes the 
dominant role, then the atmosphere is considered to be in monochromatic equilibrium, and 
the corresponding source function is given by the law of scattering. These two concepts 
represent useful limiting cases and are susceptible of exact solution. It is generally ac- 
cepted that in early-type stars the opacity is due to the scattering by free electrons and 
absorption by hydrogen and helium. It is of importance, then, to consider the problem 
of transfer of radiation in an atmosphere in which pure scattering and pure absorption 
both play a role. 

In this paper we shall formulate the problem of transfer for the case in which the 
scattering by free electrons is governed by Thomson’s laws. In this law the scattering 
coefficient may be regarded as independent of frequency over the entire frequency range 
of interest. It is an essential feature of such a problem, involving scattering, that polari- 
zation of the radiation be allowed for, since the scattering function is different for differ- 
ent states of polarization. 

Phe concept of temperature does not enter into the problem of an atmosphere in 
monochromatic equilibrium. The treatment here provides appropriate representation of 
the temperature distribntion in an atmosphere combining pure absorption and pure 
scattering and permits a generalization of the temperature distribution to the limiting 
case of pure scattering. 

The degree of polarization and the laws of darkening in the two states of polarization, 
both in integrated light and for monochromatic radiation, for varying ratios of absorp- 
tion to scattering represent the significant features to be studied. 

We shall confine our discussion to the transfer of radiation in a semi-infinite, plane- 
parallel atmosphere. The neglect of the curvature of the stellar atmosphere may not 
always be justifiable in the case of early supergiants, but even there it will be a safe ap- 
proximation with regard to the continuous spectrum and will provide a definite lower 
limit for the degree of polarization. 
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II. EQUATION OF TRANSFER FOR TWO COMPONENTS OF POLARIZATION IN AN ATMOS- 
PHERE IN WHICH BOTH SCATTERING BY FREE ELECTRONS AND PURE 
ABSORPTION GOVERN TRANSFER OF RADIATION 


We shall restrict our discussion to the transfer problem in a semi-infinite, plane-par- 
allel atmosphere with a constant net flux of radiation and in which the scattering takes 
place in accordance with Thomson’s laws of scattering by free electrons. In formulating 
the equation of transfer appropriate to the case under consideration, it is clear that we 
must allow for contributions to the source function by scattering and by thermal emis- 
sion. S. Chandrasekhar! has formulated the laws of scattering in a manner suitable for 
this discussion. In specifying the nature of the re-emission of the absorbing matter, we 
shall make use of the concept of local thermodynamic equilibrium. If a sufficient number 
of radiative processes is involved, we can expect a Maxwellian distribution at each depth, 
characterized by a particular temperature, and we can expect Kirchhoff’s law to give the 
emission from these sources. This emission will be unpolarized and may be considered as 
contributing equally to both states of polarization. Under these conditions the equation 
of transfer is expressible in the following forms: 


dIj,. 


pdx mite (a + ky) TinetolJinnr (x, 8) + 3,..2(%, DI) 4+ 40B, 


cos 3 


and 


cos J <i io (o+ Ky) Fv >to 2 rs oy (2, d) + Ses re o i3; J) | +4xB,, (2) 
pd: 


where, as usual, 
8r ee : 
c= 4 
3 mc * 


(3) 


is the Thomson mass scattering coefficient and is independent of frequency, similarly 
x, is the mass absorption coefficient; also /;,, and /,,, denote the specific intensities at 
frequency v in a particular direction and polarized with the electric vector vibrating in 
the principal meridian and at right angles to it, respectively. 3, :,- and (3,, 1,» are the 
contributions to the source function for the radiation in a particular direction and 
polarized with the electric vector in the meridian plane, arising from the scattering from 
all other directions of radiation polarized with the electric vectors parallel, respectively, 
perpendicular to the appropriate meridian planes. Similarly, 3, ,,, and %,, -,» are the 
corresponding contributions to the source function for radiation in a particular direction 
and polarized with the electric vector at right angles to the meridian plane, arising from 
scattering from all other directions of radiation polarized with the electric vectors par- 
allel, respectively, perpendicular to the appropriate meridian planes. B, is the Planck 
function for the temperature prevailing at depth x. 

Chandrasekhar has evaluated the quantities [3), + 3, :| and [3.,- + &,, -] forthe 
case of Thomson scattering,’ and, in terms of the quantities J and K, defined in the usual 
manner, they are 


Ys, ls »t+  & lo = 3 [2(J,2- Ki, ») +p?(3 Ki. 2J;,++K,, »)) 


and 
i re ot Nt neo 2 [J,,0+ Ki, ol, 
where « = cos #. 
We shall let 


Ke = K + 6, K ’ 
‘Ap. J., 103, 351, 1942. In the future this paper will be referred to as “Paper X.” 
2 Cf. Paper X, eqs. (39) and (40). 
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where 4, is a measure of the departure from grayness of the absorbing matter and x is 


some suitably chosen mean absorption coefficient which we shall leave undefined for the 
present. We shall further let 
k 
aginst H ’ 
otk 


and in terms of and the mean absorption coefficient « we introduce an optical depth de- 


fined by the equation 
dr= — (a+) pdx. 
(2) 


By virtue of equations (4), (5), (6), (7), and (8), the equations of transfer (1) and 


take on the forms 


(Jie — Kio) Het (3 Kye Wie tI») | 
on SAB, + dé, (Tie 4B.) 


) 


dJ\.. 
dr 


and 
5 pe ; 
I, ¥(1—-A) {J,,0+ Ki} — dB, +5, (1... — 4B, 


rv) 
dr 
These are the fundamental equations with which we shall be concerned in this paper. 


‘? 


Ill. GENERAL SOLUTION OF EQUATIONS OF TRANSFER IN (#, 1) 
APPROXIMATION FOR INTEGRATED INTENSITIES 


If the atmosphere is gray, 5, vanishes, and the equations of transfer integrated over 


all frequencies become 


\) 12 Ulam Kd nt (38Ea— 28 i4+-J, | sr / B,dv 


dt 
aly’ -ihiaidailiinn 


and 
dl, ‘ : ‘ile 
St 1-3 (1d) e+ Ki} - rf B.dv. 


Phe condition of constant net flux requires that 
GF, , GF, 4F_ Q 
dr dr dr 
If we integrate equations (11) and (12) over », we obtain 
1 dF, 
2 dr 


=3K,—§J,+{2i+3J,-2K:| — MB 
1 dF, a ~ BR 


2 dr 


therefore, adding equations (14) and (15) and applying the condition of constant 


= J, 


flux (13), we have 
B=J,4+J, 
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Substituting equation (16) in equations (11) and (12), multiplying these equations by 
u, and integrating over all y’s, we find 


ud. 


dK; dK, _ 
dr 


s }F,; mak le 
we therefore have the ‘‘K integral,” 

K,+K,=}F(r+Q), (18) 
where () is a constant. 

In solving equations (11) and (12), we shall follow the method developed by S. 
Chandrasekhar’ and replace the various integrals which occur on the right-hand sides of 
the equations by sums according to Gauss’s formula for numerical quadrature. Thus in 
the nth approximation, equations (11) and (12) are replaced by the following system of 
4n linear equations, in which B has been set equal to J; + J,: 


l -. > 2 Zi 2 
ots 7, p— BCL — 2Ze/Tp Aw) +ellZesl,. (3n3—2) 


; dr (19) 


+2a;I,. ;}] ge tA (La;li, jt+za;l,, i] G= + i, oor pM) 
and 


dl,, ; 


Cer aie I. 6 —- RCL — Dd) [Zayl,, s+ Bayly. 5 wi] —A(Zajsly. 5 +2a;Ty. 5] 


(i= +1,..., 48), 


(20) 


where the u,’s (¢ = +1,..., +) are the zeros of the Legendre polynomial of order 2n 
and the a,’s are the appropriate Gaussian weights, 
We shall first seek a solution of equations (19) and (20) of the form 


I, (= g,e*™ and I,, ¢«@h,e-* (G= +1,..., 4m), 20 


where the g,’s, 4,’s, and & are constants. Substituting these equations in (19) and (20), 
we obtain 
gi(L+usk) = § (1 —d) [2205 g;(1 — 45) +H il Za,g;(3uj5— 2) +2a;h;} 


+ fd [Lajg;+Za;,h;]) 


(22) 


and 
hk, (i+tpyk) =ZA- A) (Vaygm; + Tajh;) +) rA(Lajg;+ajh;). (23) 


It follows from equations (22) and (23) that g, and A; must be expressible in the forms 


g =ai+8 and h,=—-—- 
' I+pik '  L+yyk 


where a, 6, and ¥ are certain consiants, independent of 7. Inserting equation (24) back in 
equations (22) and (23), we obtain 


au?+B=}3(1—d)(2{a(D:— Ds) +8 (Do— D2) } +u2{a (3 De— 2D2) 
+B(3Dz,—2Do) +yDo} +4(aD2+8Do+ yDo!) 


(i= +1,...,t), (2 


(25) 


and 


y= § (1 -- A) [aDi+8Di+7Do) + {rAlaD.+8Do+7Do), 


2 Ap. J., 100, 76, 1944. 
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where the D’s are defined according to the formula 
amy 
Da=2—*!. 
1 + jk 
Since equations (25) and (26) must be valid for all i, it follows that 


fa= (a(3D,—2D:) +8(3D:—2Do) +yDol (1 —\d), 


§8=2[a(Di— Dy) +B8(De— D2) (1—d) + 9A [eD24+8D.+yDol, 
and 


57 [aD, + 8D, + yDoj (1 — A) + %rlaD,+B8Do + 7 Do) . 


Adding equations (2%) and (29), we see that 


yratf. 31 


Substituting for y in the above equations and adding equations (29) and (30), we obtain 


a 2 (Dy — 2) 
= 32 


B (%—Ds— Do) * 


lo simplify equation (32) still further, we shall make use of the following recursion 
pit) : 


formulae :‘ 


1 2 
Dam 5; ( Ds “ee ) and Dam—1 = — kDa, 


which the D’s satisfy. By virtue of these recursion formulae, it is readily established that 


equation (32) becomes 
a 2 Dy, 


a Bey 


—A(k (say). (34 


From equations (21), (24), and (35) it follows that 
1 - iA (k) 
1+y,k 


Constant 


1— A (Rk) 
1+y,k 


o,p rh). 06 


Constant 
We must next establish the characteristic equation determining &. Solving equation (28) 


for a 8, we obtain 


3Dz—- Do 
[2D,;-—3D,— Dot+§ (1 —A)] 


Combining equations (34) and (37) and reducing them by means of the recursion for- 


mutae (33), we find that 


(1 (1 -f:) (D — 2) 2 os 1ADy»—404+4 


, 101, 328, 1945 (eqs. [54] and [56 
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Equation (38) is the characteristic equation of order 4n in k; there are, however, only 
4n — 2 pairs of nonvanishing roots. The characteristic roots determined by equation 
(38) are related to the roots of the pure scattering problem considered by Chandrasekhar® 
in a simple manner, which will be discussed later. It is convenient for this reason to con- 
sider two sets of characteristic roots; the «g's, of which there are nm — 1 pairs, and the n 
pairs of roots ka, which are the analogues of the corresponding roots of the pure scatter- 
ing problem, A = 0. 
Since zero is a root of equation (38), a linear solution of the form 


Tnio= 1, 6 = 6 (r+ +4. +Q) (i= +1,..., tn), 0% 


where 6 and Q are arbitrary constants, must also satisfy the equation of transfer, as may 
be readily verified. 

Combining the solutions (35), (36), and (39), we observe that the general solution of 
the system of equations (19) and (20) can be written in the following form: 


am} Seti 
win dfrtuctO+ So leq yeit ow 


Pe Ee 


" 


. 1—yiA 
; Nn Mile ker ey 
+ ME tet i= £1... 


a ” 


ad 0 eed, ge 
Crees. 4 eg 2? i 


~~ le kar 
be aes ke * 


a 


where Lig (8 = 1,...,2— 1),M4.(a = 1,...,m), 6, and Q are the 4m constants of 
integration. 


IV. SOLUTIONS SATISFYING THE NECESSARY BOUNDARY CONDITIONS 


The boundary conditions appropriate to the problem in hand are that none of the 
T,’s tend to infinity exponentially as r—+ © and that there is no radiation incident on 
the surface r = 0. The first of these conditions implies that, in the general solutions (40) 
and (41), we omit all terms in exp (+4.7) and exp (-+«gr); hence 


2 
> Ae ~~ 
= b}rtu, +0+ pa as ig r 


n 
“ 


+z ui aeiAs tart 


1+pjke . 


e(1— Ag) ‘ 4 See 


f 


wi 
vu 
bru, +0+ pg ery > oS = 


a™=l 
G@= +1 


* Paper X. 
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Next the nonexistence of any radiation incident on r+ = 0 requires that 


1... = 1,,;(=9 at r= and for fmm Tee Mj 


or, from equations (42) and (43), 
a~) 
La (1 — uA M.(1—wiA.) 
bs 2 wi Ap) >  — yp, +O0=0 
= Cra mena} ak 


a~! 


Sie = As) wv M.(1i- li witeuihitee ® 
a-1 1 — py Kg F aoe ‘ 
These are the 2m equations which determine the 2m constants Lg (8 = .,n— i), 
M, , and Q. The constant 6 is left arbitrary and is related to the constant 
net flux of radiation in the atmosphere. 
Now, defining the net flux in terms of F; and F,, where 
+1 


Fy=2 fe (q=/, r) 


we have, according to equations (43) and (44), 


Lsa| D,( "tte AgD, (xg)) e 


(48) 


+ SMe [Dy (be) — AaDs (he) em 


La| Dy (xs) — ApD, (xp) ) € 


+ >> Ma [Dy (ha) — AeD, | 


ka) | € tar : 


- Ag} D, (xp) + Ds ( xp) } ] ew" 


+ S* M.(2D,(k 
al 


.) = Ae} D, (ka) + Ds (ka) |) . 


We may conclude, however, from equations (33) and (34) that 
é ; (D ),.) —2 ( 
2D,— A (Dy + Dy) we oat De Ds(Di+ Ds) _ 
Dit Di, 


Hence, 


Fi +F,=$b=F = 


Constant . 
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We can therefore rewrite equations (42) and (43) as follows 


ni }r+utOt SD yt — MGs ae b boo 


“3 os wi A.) 


tFi\r+utot > Sa — As) 


$1 T+ une rte: >*: a ae -™ “f 


el TEE 


(¢(= +1,...,¢8). 


In terms of the foregoing solutions for /;, ; and /,, ;, we may establish the following 
formulae: 


1 
Ji=$2ajl), 5= IF] +0+5 5 Le(De— DzAg) e~*#" 


($5) 


1 


+5 ee (Dy— DzA.) et 


a~1 
;= iF} r +0+5 > LsDo (1 — Ag) emer 
B=1 


(36) 


+5 Mado — A.) ete, 


= 
ee 
K y= $20j11, ju} = WF} R(t +Q) +5 Le (Di DeAp) ew" 
B=1 


($7) 


al 


+5 Mel D:~ DAs) eet, 


; 1S 
m= 4F} (7 +0) +5 Do LsDs(1 — Ap) ene 
8=1 


(58) 


+5 Meds (1 = Ay) ete. 


Now the Planck re-emission in the gray atmosphere is given by 
B as Ji +J, ; 


it now follows from equations (55) and (56) that 


n~1 
pu iF} r+Q+ S*Lp(4Do—} (Do+ Ds) Ag] e-#" 
6=1 


(60) 


aml 


+S Me{}Do— } (Dot Dz) Aal ett, 
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On the other hand, from equation (32), we have 
1-%3A=4Do—}(Det+ Dr) A; 


hence seth 
BelFir+qir)j = 2oTir+qirlj, 
where 
i n 
; i i) § 8 j 
gir] =O+ S*Lg(1 — 3 Ag) emo + S* Ma (1 — 9 Aa) eo’, 
i 


i as 
The temperature distribution in the atmosphere is therefore given by 
T= IT} r+qlrl}. 
Now the source functions for the two states of polarization are 
¥,=2(1—d) (20,— Ky) +u? (3K, — 25,4-J,) | +44 0.4-J,) (65) 
- 3-=F(1—A) (I,4+ Ki) +400 .4+-J5,); (66 
or, substituting for J;, J,, and AK, from equations (55), (56), and (57) and making use of 


equation (25), we obtain 


IF} + +O-4 Lg (1 —p*Ag) ee + S* M.(1—y?A,) € tank 


alk a~l 


and, from equation (26), equation (66) reduces to 


( 


aml n 
i IF} r +O-+ Di ta(t — Ag) e-*8" + SM ~ As) € aad £ 


6~i awl 


With the explicit forms for the source functions now found, we can readily obtain for- 
mulae for the emergent intensity distribution from the general equation 


dr 


1(0, wp) = { } @-T/s 
é u 


1—p'Ag, Say, 1 uPA) 
; M. 
‘ik tk ot , 1+ kon 3 


a} n 
4. i-A s., 1-A 
SL os. Se “f 
ie ee oe 


{Fa tO+ 


These expressions for /,(0, 4) and /,(O, 4) are in agreement with the solutions (53) and 


$4) for r = Oat the points of the Gaussian division. This completes the solution of the 


problem in the (#, 1) approximation. 
V. NUMERICAL SOLUTION IN THE (2, 1) AND (3, 1) APPROXIMATIONS 


SECOND APPROXIMATION 


The dependence of the roots of the characteristi equation 38) on X is best studied 
by rewriting equation (38) in the form 


EO) ch 4X 4 
Dy - re ; 
9 i—~A i-hK 91 —A) 
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and considering the behavior of / and g separately. The quantity ¢ depends linearly on 
Do, the slope depending on . In the second approximation, / spirals twice to infinity 
with increasing 4. These functions are plotted in Figure 1. The intersections of these two 
functions for a given \ are the desired roots. The three roots of the pure scattering prob- 





4 
if | if oe i i] i tT ' 


k-> 6.652 


os Keise9 7] 


Ke.23 


ke2.33 ko 

















9 | 2 6 € 10 


Fic. 1.—The ordinate gives the values of the f and g functions. The straight lines are the function g 
whose slope is determined by the value of A. The intersections of the curve f with g correspond to the 
characteristic roots for a particular A 


TABLE 1 


CHARACTERISTIC ROOTS AND CONSTANTS OF INTEGRATION IN SECOND APPROXIMATION 


Hy ki Li M, M, 0 


0000 16666 = --0.. 19265 0.021830 0.029516 0.69638 
1666% 22942 20056 026086 013964 69596 
38307 26644 = -- . 19828 027410 0069761 69501 
35782 31843 16470 014470 000999 69484 
67956 34006 = -- .13157 002022 (0000823 69441 
15974 34467 |-- .12336 0.000461 0.0000169 (416 

~0. 11668 ° 0.69403 


BNO UWwWU 


lem considered by Chandrasekhar*® are the intersections of f with the horizontal line 
g = 0.444. The single root &? = 3.889 of the pure absorption problem is the intersection 
of f with the vertical line at Dp = 2. This form of the characteristic equation is a con- 
venient representation for computational purposes as well. In Table 1 the characteristic 
roots A = 0, 0.1, 0.2, 0.5, 0.8, 0.9, and 1.0 are given along with the values for the con- 


® Cf. Paper X, eq. (114 
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stants L;, M;, Mz, and Q determined from the boundary conditions (45) and (46). The 
quantity A(k) was computed from equation (34) for each characteristic root. The 
values of /,(0, w) and 7,({0, w) were obtained for each of these cases from equations (70) 
and (71), and the law of darkening in the emergent radiation is tabulated in Table 2. 


tt) THIRD APPROXIMATION 


In this approximation / spirals to infinity three times, and the characteristic roots for 
\ = 0.5 are found to be 


x, = 3.088167, x. = 1.208943; ky = 3.725616, 
k,= 1.444011, and k= 1.070789; 
and the constants of integration L:, L2, Mi, Mz, Ms, and Q have the values 
L,= —0.141231, L,= —0.0400918 , O= +0.702509 ; 
M,= +0.0124928, M,= +0.0014601, M,;= —0.0002295. 


TABLE 2 


LAW OF DARKENING IN EMERGENT RADIATION IN TWO STATES OF 
POLARIZATION GIVEN BY SECOND APPROXIMATION 


} 


’ (2710, os OL. (2710, [2-(0, wV/ (2460, wd 1/) U0, 2110, pd V/) (1,60, w)/)} 
oO 1 {0(0, 1 (0,1 17,(0, 1 rf0, 1) (240, 1] (0, 1;(0, 1 [,(0, 1 


4416 0 36593 0 31077 36279 0.32739 35716 0.34087, 0.35190 0 34503 0 35041 
37939 0.43424 0) 38598 43232 0 40184 42740 0.41400 0.42339 0.41761 42211 
45217, 0. 50067 0 45781 49901 0 47299 49488 0.48373, 0.49163 0.48686 49062 
§2246 0.56538 0.52898 56398 0.54201 56055 0.55132) 0.55793 0. 55399 55713 
59319 0 62898 0 59824 62781, 0.60956) 0.62502 0.61746 0.62292 0.61971; 0.62229 
66223 0 69181 0. 66654 69087 0.67606 68865 0.67782) 0.68099 0.68443 68650 
74062, 0.75409. 0.73413 75336 0.74179 75166 0.74696) 0.75039 0.74842 75003 
79850) 0.81597 0 80117 81544 0. 80694 81420 0.81078) 0.81329 81186 81304 
86597' 0.87754 0 86777 87719 0 87163 87640 0.87416) 0.87580 87488 87506 
93312 0 93887 0 93379 93857, 0.93596 93831. 0.93720) 0.93801 93758 93795 
00000) 1.000005 1 00000 00000 1.00000 00000 1.00000) 1.00000 00000 00000 


lhe corresponding laws of darkening for the emergent radiation in the two states of 
polarization take the numerical forms 
‘ 1— 0.494543" 
1, (0, w) = IF) p + 0.702509 — 0.141231 - 
} 1+3.088167p 


~O.4A558133y? — 2.561096pn2 
_0.0400918 | ‘ . +0.0124928 | sc 
1+1.208943,4 1+- 3.72561 6u 


— 1.447584y? —1.0717898y? 
1 1.447 4u 0.0002295 1 1 713 ui 


+} 0.0014601 ~ ll | 
, ™ t+1.44401 1p 1+1.07078%, § 


0.0713861 0.0218174 
1+3.0881674. 14+1.208943u 


ate + 0.702509 — 


76 
0.0195024 0.0006535 0.00001648 


- ‘ - f 
143.7256164 141.444011n 141.070789p5° 
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Values of 7,(0, «) and 7,(0, 4) obtained from the foregoing formulae for the case \ = 0.5 
are given in Table 3. These results are compared with the values in the third approxima- 
tion obtained by Chandrasekhar for the two limiting cases; pure scattering, \ = 0, and 
pure absorption, \ = 1.’ 

Comparison of the second and third approximations for \ = 0.5 and a similar com- 
parison of the values for the second, third, and infinite approximations® for the limiting 
cases \ = 0 and A = 1 indicate that the solution obtained in the third approximation is 
certainly accurate to within 1 per cent over the entire range of the variables. 

The degree of polarization, 5(«), defined by 


sisi T, (0, uw) — 1, (0, p) 
Of EO wy eT 


i 0, un) , 


TABLE 3 


LAWS OF DARKENING IN TWO STATES OF POLARIZATION GIVEN BY THIRD APPROXIMATION 
FOR A = 0.5, 1.0, AND 0.0; DEGREE OF POLARIZATION OF EMERGENT RADIATION 
FOR A = O05 AND 00 
A=1.0 
] | i 
[F1(, 1/) (Er(O, wd 1/) (200, w)1/| LZ (0, a) [11(0, w)1/) (e(0, w))/ 


(gp) i 
F | Flin, viiue, | ™ (140, 1)} | (2e(0, 19) 


ibL7(O, w)1/ 
a(n) | Ef(0, 1)] 
0.2006 | 0.2209 | 0.3202 | 0.3526 | 0.0482 | 0.2914 | 0.3659 | 0.1134 | 0.3460 
2510 | 2677 | 0.4006 | 0.4272 0321 | 3728 | 4382 O806 0.4175 
2972 | .3109 | 0.4743 | 0.4963 0226 | 0.4486 | 0.5053 0594 0.4926 
3411 | 3524 | 0.5444 | 0.5625 | 0164 | 5213 5699 0445 | 0.5597 
3836 | .3929 | 0.6122 | 0.6270 | 0119 | 0.5921 | 0.6330 0334 | 0.6249 
4250 | .4326 | 0.6783 | 0.6905 | 0089 | 0 6616 6953 0248 | 0.6889 
4658 4719 | 7434 | 0.7532 | .0072 | 7303 7569 0179 | 0.7520 
5064 | 5109 8082 | 0.8154 | .0044 | 0.7983 8181 0122 | 0.8149 
5466 | .5496 | 0.8724 | 0.8772 | .0027 | 0.8659 | 0.8789 0075 | 0.8767 
| 


1 

2 
3 
4 
5 
6 
7 
s 


5867 5882 | 0.9364 | 0 9387 | 0.0012 | 0.9331 | 0.9396 | 0.0034 | 0.9385 
0.6265 | 0.6265 0000 | 1.0000 | 0 | 1.0000 1.0000 0 | 1.0000 


i 
; 


~~ 
— © 





is listed in Table 3. Comparison of the degree of polarization for \ = 0 with that for 
\ = 0.5 indicates that the reduction in polarization due to absorbing matter varies near- 
ly linearly with A. In Figure 2 the degree of polarization in the integrated light at the 
limb is plotted as a function of \ for the second and third approximations. It must be 
remembered, however, that only in the case of pure scattering, \ = 0, is the degree of 
polarization independent of frequency and, further, that all observations of early-type 
stars in which electron scattering is believed to play a dominant role are made far to the 
red of the energy maximum. We shall return to the question of frequency dependence 
in Section VIII. 

The temperature distribution given by equation (64) is of value in providing a first 
approximation in the construction of model atmospheres for early-type stars. The tem- 
perature distribution in an atmosphere in which there is a small amount of gray absorb- 
ing matter in a predominantly electron-scattering atmosphere would be given by the 
limiting form of equation (63) for \ = 0. The equivalent of the Hopf-Bronstein relation 
for a pure scattering atmosphere may be found from the exact solution given by S. 


7CE Ap. J., 100, 76, 1944, and Paper X, p. 365 
* For \ = 0 see Ap. J., 105, 439, 1947; for A = 1 see ibid., p. 445, eq. (30). 
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(handrasekhar’® as 


1 
J(O) = 
i ) 2. 


where ¢ and q are certain constants. This gives 


J(0) =0.43059F: 70 
and the corresponding value of g{0} in equation (64) defining the boundary temperature 


is g/O] = 0.57412, as compared to g{0] = 0.57735 for the gray-body case, \ = 1. As would 


be expected, g/0] in the second approximation for \ = 0.5 is q[O} = 0.57642. 





Degree of 
Poiorizat.on 








4 A 


0 
02 04 d 06 





Fic. 2, Degree of polarization at the limb. The solid line is the second approximation, and the dotted 
ine the third approximation 


VI. FORMAL DISCUSSION OF THE (#, 2) APPROXIMATION 


Phe extension of the solution for the gray atmosphere given in Sections IV and V to 


the case in which the departures from grayness are slight is formally possible but one 
which may not be practicable. However, one important conclusion may be drawn from 


the existence of the A integral. 
Returning to equations (9) and (10), we shall write them in their integrated form. 


We have 
dl 
J, -— Ky) +u°(3K,-—23;4+J,) | — 4B 


M 
dr 


-HrB+rf 5, (1,..— 4By) dv. 


Integrating equations (80) and (81) over w and using the condition of constant net flux, 


we obtain 


1p. J., 105, 437, 1947 
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If we now replace B in equations (80) and (81) by equation (82), we are able to express 
the equation of transfer completely in terms of /; and /, and their integrals in the fol- 
lowing form: 
dl, ‘9 : oiinete 
M d = I,-? (1 —) a4 (Ji- K,) +yu?(3K,;—2J,4+J,) } — AX (J, 4+J,) 
T 


tr fo Ue Wierd do 
and 


at. 
- dr 


I, 2(1—A) {J-+ Ki} AA (J, 4+J,) 
+> eT * fe Jw) dv, 
I } i } 


Multiplying equations (83) and (84) by mw and integrating, we have 
dK, 


et anf Fede 


a wee 
5 +F 4 rf iF, dv. 


If we are to satisfy the A integral, then x must be chosen so that 


f 6F dv = 0. 


This implies that « is to be defined as 


ae 


where the superscript (1) refers to the values in the first approximation. This is the 
familiar mean-absorption coefficient first introduced by Chandrasekhar'® for a pure ab- 
sorbing atmosphere. An important conclusion may be drawn from equation (87) if 4, is 
independent of the optical depth r. In that case equation (88) is equivalent to 

(4) é 


i. r bom - dudv=0, 


Returning to the equations of transfer (9) and (10), we can readily verify that 


ri pe Pe ing a (1) (1) 
6, ave d d = 2 6, i ee — B, d e 
E } bu = fudv I ) dy 





From equations (90), (89), and (82) it now follows that 
B=J,+J,. (91) 


This means that the temperature distribution is still defined by th~ mean intensities in 
the second approximation if 6, is independent of depth. 

Since the term \4,(/,, » — 4B.) in equations (9) and (10) is of the second order itself 
in the small quantities \ and 4,, it should be expected, by virtue of equation (91), that 


10 Ap. J., 101, 334, eq. (42), 1945. 


pra bares Deer ST IRS Se tea rap NE RR REP 





i A. D. CODE 


the temperature distribution determined in the (nm, 1) approximation will provide a sat- 
isfactory representation for the true temperature distribution of a star with a given 
value of X. 

Equations (83) and (84) may be solved by the method of variation of parameters. 
rhe numerical evaluation, however, is not possible without a knowledge of the mono- 
chromatic intensities. These could be obtained from the formal solution of the equation 
of transfer by iteration if approximate values are known; however, this would be a tong, 
tedious task. We shiall return to the discussion of the monochromatic intensities in the 
final section of this paper. 


VII. PERTURBATION THEORY FOR A —> 1 
1) FORMULATION OF PROBLEM 


In view of the near-linearity of the behavior of the solutions with \ and difficulties in 
computing values for each particular A, it is worth while to consider perturbation meth- 
ods for expressing the solutions in terms of 4. We shall first consider the case of \ near 
unity. The appropriate equations of transfer can obviously be written as follows: 


a ae 11-4 VJ,4+J,) -— A-aA) 3: 
dr 
and 


= 1,—4§\VJi4+J,) — (1-2) 3. 


We shall let 
J=zJ,+/J,, and X=J],-T1,; 


it then follows that 

dl ' 
ae rh I-J-— (1-4) (3,4 3,-J) 
and 


dX 


mM = ¥— (1-—A)(9,- 3,). (96) 
dr 


When (1 — A) —+ © the solution of the gray-atmosphere problem without scattering pro- 
vides a first approximation. Thus 
d J‘) 
ai © 
and 


Xi 
rhe solution of equation (97) in the nth approximation is 


a—1 kat 
> 1) e “3 . ‘ 
1F}rt a t00+ DLO Tey Ga tly tm), 0 


where the L{"’s and Q© are the constants given for solution of the gray-body problem;"! 


also 


aml 
- 1F} r+" + PL tert 


KO) = 1F{r+Q0} 
ip. J., 100, SO, 1944 
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and 
I) = 1) = fT ; Ji) x JY 4s; and K\) = KM = }K@ , (102) 


Now, returning to equation (95), we shall evaluate the third term on the right-hand 
side in terms of the solutions (100) and (101). This provides us with a second approxi- 
mation. 

Now from equations (4) and (5) we see that 


(Sit 3-—-J) = 32. 4-I,— Kitu? (3 Ki—25,4+J5,) | -J ; 
but in our first approximation, by virtue of equations (102), we have 
[FPA IY -—IJO) =F — a) (JM —3 KO) j. 
Substituting equations (100) and (101) in (104), we obtain 
a—} 
[SM+ IM -—IO] = BF (¥—w) DOLM ember, ios) 
a~l 


Inserting this expression in equation (95) and replacing it by a system of linear equations 
in the usual manner, we obtain the following set of nonhomogeneous equations: 


(2) =e 
a a I) — $2 1° — (1—d) BF (4 — pw?) S10 ete 
(¢@ +1,..., +0). 


The most convenient method of solving this system of equations is the method of varia- 
tion of parameters. Thus, writing the - solution in the form 


F Abe ——e a~ it (- {as 


‘dr 


aml 


ay (2) Be i ia ied 
IF} tu, +0 (1) + > aaa +2 
” E (i= +1,...,t), 
we readily obtain the variational equation 
don Set a” Le 
De me tike dr | Se 1 pike a7 
(108) 
= -20-G-0) Bimere (i= +1,...,+m). 
a~l 


On multiplying equation (108) by a; and summing over all i’s, the equation is satisfied 
identically. This corresponds to the assumption of constant net flux. Next, multiplying 
by a,u,; and summing, we obtain 
dO® 
o=0, QO) =O 440 (a). 
> 


This is equivalent to the K integral. 
The variational equations now become 
. a (9 D 
b> ow aL A at) 
ms am 1 + Hike dr font 1 =~ cle dr) 


n~1 
= —§ (1-4-2) Die 
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which represents (2 -- 2) linearly independent equations for the determination of the 
, *)* - 1 . 
(2n 2) constants L“’ and L‘'®. Now, multiplying equations (110) by a7"! (m= 1, 
8 a 7 3 ¥ j @ ‘ 
, 2n) and summing over all, we obtain 
2 1 
dL uN 
kar a 41 ( — 1)=S Da. cet’ 
d T os | 


(ill 


3 2 > “ 
( Jem oa (1-2) > L) e~*er (m=1,...,2n), 


S \ m+ 2 3m — 


where all the quantities have their usual meanings."* We shall now pass directly to the 
solution of the equations in the second approximation, (2, 2). 


tt) SOLUTION IN THE (2, 2) APPROXIMATION 
In the (2, 2) approximation, equations (111) yield the following pair of equations: 
dL,” dL; 
Dee ae J) PY dial , ss 1 (1—A)L™ em* (112) 
dr dr 1S I 
daly Pu kn 
+ 


20. 
dr dr 


Solving these equations for 1,” and L*}, we find 


by T , 
dr) 30 Dy. : T L\ + AL, 
L;' 


(1 30 Ds, hy 


et + AL-1, 


where a superscript (1) refers to the values of these constants in the limit \ = 1. Substi- 
tuting equations (109), (114), and (115) in equation (107), we obtain 


] »—k or ee ptkir 
IF), 1 Ou i Ly ¢ ' r AO rl Aly ¢ i AL 1 ¢ i 
{ 1+y,k, L+yiky 1— pik, 
Ry T guy" A ie er / (= +1.+2) 

30Ds., 1 +uik; | 60Ds, 1b; 1 wiki dS pe OF 


+ (1 —}) 


Now the boundary conditions require that no /,’s increase exponentially as 7— 
Applying this « ondition, we obtain 


B oh @ —k.¢ 
Fle +n. +00 p bi : 404 S21! 
oe ° 1 + uk, : 1+ yk, 


| a T " siiees of : e"¢" If 


4 (Ga + 1.+ 2). 
Oth. . 1 apch  @ODache.l nied? ta $8,%4) 


Ihe second boundary condition, that at + = 0 there is no incident radiation, gives 
Ly AL, Li 1 
+ 304 + (1—2) , 
wiki 1 uk 60D, ky 1 th 


Gi= 
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but O° and L'}’ are determined by the equation 
(1 

— ui +Q4+——"*—- =0 (i= +1,4+2); 01% 

1 — phy 


ie 1 


AL, ee; : 
j 60 Ds, 1k 1 +p ky 


Dhar ens may OO i j = 1,+ 2). (120 
ere 3 (1—A (@= +1,+2) 


AO + 


These two equations may be solved for AQ and AZ, and we obtain 
AQ = (1 —r) cc}; AL,= (1 — d) Ce, 
where 
—L;' 1 
i = +0.001294 
te 60 Ds, .ky (1 + ui ky) (1 + ek) 7 
ae (1 — py Ry) (1 — weky) 


meee... Sete 1 ~0.0001489, 
~  60Ds3,.k1 (1 + miki) 1 +H 2hks) 


P 
Equation (117) now becomes 

“ k 
L; € 4 


1 + uk; 


is kyr a k ~hyt 
(2) = aR LOW a i) aleice h tinatad saapaa 
f VF} rt +O + +O ») [6 MT Laake 1+uiky 


‘ 


Pe taal: } 
3 
+ If 


where 


y 
= Ly = —0.0029169. 
60 Das, 1 ky 


It follows from equation (124) that 
JO) = 3F{r+QM4LMe-*r + (1-2) 

x [ Cit Coe a +2c3k;re ‘ir c3eé ad | } ° 
The source function of equation (95) in the present approximation is 


JO =IO4 $9 (1—d) (F—w)(O- 3K], 


or 
JO = FF lr $+QM 4LMe*"+ 1 —Ajle, + ¢,¢ r+ 2c kre" + ce ‘yy 
+ ¥ (4 — a?) LMe-*") f; 


and, evaluating the emergent intensity according to 


. 1 
1(0,n) = f Ye rie 
0 & 


(1) 


I 
2 — 3p) ~ a) i { — Ph. 
IT (O, w, dr) if pH +O i 7 1 d) | eat 


we obtain 

C9 C3 
1+pk, + 1+yuk, 
3 — p*) £,” 2 cam | 


+3—Toeh + U4+ehd? 
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rhis may be written as 


1(0, pu, A) = 17(0, 4, 1) + (1—A) FA, (ye), 
where 
2 Cop i 1 


a eS 132) 
T+puhJl+uky 


Ai (ue) = Crt] Cot cath —p*)Li + 

We now return to equation (96). This may be integrated directly. Evaluating the 

terms proportional to (1 — ) in this equation in terms of the solution for the case A = 1, 
we have 


dX? 
d T 


-(1—) BFR =a) SeLme tee, 


Hlence 


UYe tthe “ude. 


a] 1? 
° ~ de 
) &F(1—u) > i + uke é€ 


het 


In the (2, 2) approximation we have, therefore, the following form for the intensity dif- 
Py K } 


ference in the emergent radiation: 


X (0, w, X) (1— A) FA,y (pe), 
where 
Ly 


) O.O03 2815 
1 + ky 


V1 


The values of A;(u) and Ay(u) are tabulated in Table 4. 
Ihe degree of polarization is 
¥ (0, w, d) 
O lp) 
1 (0, pd) 


while the intensities in the two states of polarization are 


1,(0, uw, +) =4(7 (0, w, +) +X (0, uw, A) | 139 
and 
iP Ow, A) =4(/ (0, w, dA) — ci m we tae 140 


In Table 5 the results of the law of darkening have been tabulated for the case A = 0.9, 
A comparison of these results with those found earlier, in Table 2, by the general method 
indicates that, for values of (1 -- A) less than 0.1, the agreement is better than 0.4 per 
cent over the entire range of the variables. It is better than 0.8 per cent for the range 
from A = OS to dA = LO 

It is of interest to point out that the perturbation method provides a means for dis- 
cussing the problem when J is a function of the optical depth. For each of the constants 
of integration involving A there is an integral equation defining the appropriate mean 
value of \ to be used. For example, the mean value of \ for the differences of intensities 
¥ is defined according to the equation 


(i—>) fe titlrdy, 


this follows from equation 143 





RADIATIVE EQUILIBRIUM 41 


A similar perturbation theory may be developed for small departures around any 
value of \. This has been done for \-—> 0. The development is somewhat lengthy be- 
cause of the more complicated nature of the solution for \ = 0 and will not be given 
here. The results are perhaps significant only in that they would provide a method for 
calculating the mean value of \ when A varies with optical depth and, further, that they 
indicate that linear interpolation for intermediate values of \ from ‘Table 2 provides an 
accuracy of 1 per cent within the second approximation. 


TABLE 4 
CORRECTION TERMS A(y); AND A(u)x PROPORTIONAL TO (1 — A) FORA — 1 
IN SECOND APPROXIMATION AND LAW OF DARKENING 
FORA = 1 


Alwir 


—0.01636 
01349 
— 01071 
OOBO02 
00539 
—0. 00283 





j 
j 
| 


Algix 


20, por 2 \/F 


~—0.03282 | 0.43301 | 


— 02714 

- .02259 | 
— 01876 | 
— O41 
—0 01239 | 
| 


00776 
69054 


} 


77160 || 
0.85146 || 


32243 || 0.7 


0 
| 0 
1 


Aw 


—0. 00032 
+ .00216 
+ 00460 
00701 


+ 
+0. 00941 





A(w)x 


—0 00962 
~ 00703 
— 00458 
— .00225 

00000 


(7(0, w, 1)} P 


| 0.93044 
| 1.00876 
| 1.08657 

1. 16398 
| 1.24108 


TABLE 5 
COMPARISON OF PERTURBATION THEORY, A — 1, FOR A = 0.9 WITH LAW OF DARKENING 
FROM GENERAL THEORY IN SECOND APPROXIMATION 


| Generar THeory 


0.9 (2, 
Awe 09 


PERTURBATION THEORY FOR A 2) APPROXIMATION 


; “ 
| , 
| (7200, w)I 
(740, 1)] 


} 
| 


| 0.34468 | 0.34996 
0.41774 | 0.42173 | 
0.48666 | 0.49029 | 
0.55383 | 0.55685 | 0 
0.61951 | 0.62206 | 0 
68432 | 0.68632 | 0 
74834 0.74988 | 0 
81180 | 0.81301 | 0.81186 | 0 
87485 | 0.87558 | 0.87488 | 0 

58223 | .58245| 0002 | 0.93756 | 0.93792 | 0.93758 | 0.93795 
0.62101 | 0.62101 0.0000 | 1.00000 1.00000 | 1.00000 | 1.00000 


| | 


| (140, w)I/ | (1-C0, wd 
{74(0, 1)] i7,(0, 1)} 


[7(0, w)! 


[X (pu, d)] [P(g AIL 12, AD TCO, md] 
{Z-(0, 1)] | 


k k F F ald 
35041 
42211 
49062 
55713 
62229 
68650 
75003 
81304 
87566 


| 0.34502 | O 
0.41761 | 0 
0.48686 | 0 
55399 | 0 
61971 | 0 
68443 | 0 
74842 | 0 


0.0076 | 
0052 | 
0037 
0027 | 
0020 | 

0015 | 0 

0010 | 0 

0007 | 0 

0004 | 0 


0.21733 
26190 
30448 
34581 | 
38630 | 
42621 | 
46568 | 
50489 | 

54329 | . 54374 | 


43138 
52108 | 
60669 | 
68974 | 
77106 
85118 | 
93041 
00897 
| 1.08703 
| 1.16468 
1. 24202 


—(). 00328 | 0 
0.1.| — .00271 | 0 
0.2.| — .00226 | 0 
— 00188 | 0 
— .oo1s4 | 0 
— 00124 0 
— 00096 | 0 
— _00070 
— 00046 
— 00022 
—()_ 00000 


21405 | 
25918 | 
30222 | 
34393 | 
38476 | 
42497 | 
46472 

50414 


0.0 


VIIT. MONOCHROMATIC DISTRIBUTION OF THE EMERGENT RADIATION 


i) NTH APPROXIMATION 
It is clear that at a frequency v, the equations of transfer (1) and (2) may be written 
in the form 
d Th. ¥ 3 ‘9 y . 9 , 1 
M ‘ae =J]),,—-2(1—%,) {2(1.— Ki») +a? (3 Kio — 254, 0 +S, ») | 
aT 


a 4 X.B, (7) 


(142) 


and 
Sv... Ri 


=J,,,—2(1—2,) [J,,+-+ Ki +} — 4B, (17), 
dr 
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“ here 
Ke 
= 144) 
ot Ke 
We shall assume that 4, is independent of the optical depth, r, and that the Planck in- 
tensity, B,(1), is expressible as a linear function of r, thus: 


B,(r) =BO +B. 145 


Expressions for B\ and B™ may be obtained by expanding B, as a Taylor series from 
r= 0, using the temperature distribution given by equation (64). Substituting for 
B,(r) in equations (142) and (143) and following the usual procedure of replacing the in- 
tegrals by sums, we obtain the following system of 4n nonhomogeneous linear equations: 


i] F : 
; (1— ) f2Ba,7), (1 —p?) +y2 [Ba;J). ;(3n5— 2) 


AA (BO 4B] 


‘J + Sa,1;, 55} 
—4rX(BO +B 7) SS] epee 


where, for convenience, we have suppressed the suffix v. 
Consider, first, the homogeneous parts of equations (146) and (147). We shall seek a 
solution of the form 


ge" and i, eae 148 


Substituting these in the corresponding homogeneous equations, we find that the con- 
stants g, and 4, must be expressible in the forms 


au. +8 Pe pe 
se a anc sola corte 


gi 


where a and 8 are constants. On substituting equations (149) back in the original equa- 
tions and equating coefficients of the different powers of u,;, we obtain 
| Mb 


a la 3D, -2D,4 Ds) +- 8 (3 Dy — Dy) | (1 — Xd) 
and 


$3 = [a(D,— Dy) +8(Do— D2) \(1—-d 


; 
Phe determinant of these equations must vanish, therefore, as follows: 


1(3D,—2D.4+ Dy) A—»d 5 {3 D,— De] (1 — d) 


3 


[Dp—- DJ (1 —d) [Do- 


‘ 


| 
| 
| 


his is the characteristic equation. We shall return to the discussion of the evaluation 
of the characteristic roots from the characteristic equation later. 
From equation (151) we now obtain 


Di — Det (1 
D,— D; 
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In terms of A(&) the general solution of the homogeneous part of equations (146) and 
(147) may be written in terms of the integrals 
. 1— pid (he) a 
11, = Constant |- Cx laa, Je a (ietunse 
sent Pe \(a=1,..., 2m). 
— A a’ 
1+ hep; 


(154) 


T,, , = Constant 


Now a particular integral of the equations of transfer (146) and (147) is 
I, o= 1, 6 = § (BO + BO +B). (185) 


When we combine solutions (154) and (155), the general solution of the equations of 
transfer becomes 


2 0 
1 MiAa B | = +4, 0.0) (156) 


sil : kat “ Fae 
i eee ee 


2n 
n=O} > mM 


and 


cs a, 1 Ae B) 
sb} N M. es € Rar 4 iy © 7 ti, i.é, 8). 8M 
"A Th " Bi) : : 
The boundary condition that none of the /,’s tend to infinity exponentially as r—+ 
implies that we omit the terms in exp (+4.r). The condition that there be no incident 
radiation on r = 0 requires that 

Sa, 1-wide Bo) 
S*M = Mi 
— BY 


a = (= 1 
1 9 Raft; 


, ") 158) 


es eee 


a**l 


." 1— A. Be m 
S* MM. = py cee y M). S9) 
_— 1 — hep; BY) 

a=i 
Equations (158) and (159) determine the 2”, M,’s, while B\) and B™ are related to the 
emergent flux. It is more convenient for the practical determination of these constants 
to rewrite equations (158) and (159) in the form 


~~ M. Z > %) 


= py . ‘ n) (160) 
Pes | 1 — pike Bu . 


and 


2n 
~ 


mt 1 — ke 


a1 


0) (4 > « vm g Ms 0008) 


Now, as with the earlier problem in the integrated flux, it is not difficult to pass over from 
the intensities at the points of the Gaussian division to the explicit form for the intensity 
distribution of the emergent radiation, by evaluating the source function. The resulting 
expressions for the emergent intensity are 

1 — Ao saat 


1,(0,n) =4BOl Sy, +e + 
i> 1 + kau BO 


Bo) 


1—A. . 
t Ris: 


toad M. 1 ra Rast TM 
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ii) NUMERICAL SOLUTION IN THE SECOND APPROXIMATION 


In the numerical solution the first task is that of evaluating the characteristic roots. 
After some minor reductions, equation (152) becomes 
[(De— D2) *+4D,— $4 Ds) (1 — 4)? — 4[ Do De — § Dil (1 — A) + PHO. i108 
In the second approximation 
2a, 2 ay 2am) 2 au; 


D; = + 


Do = - : . —— ; 
? 1 —ptz spre 1 — pix 1 — psx 


‘ 4 
2 ayy : 2 dos 


D,= ae 
tT pix” 1 pir’ 


where yw; and py, are the points of the Gaussian division, a, and a; the corresponding 
weights, and x the square of the characteristic root. Combining equations (164) and 
(165) and using the numerical values of @, @2, 4;, and we, we find 


[2.48889 — 2.94603 4 +0.82866x"] (1 — A)*— [6.04444 — 8.68571 x 
+ 3.522172? — 0.30041 27] (1 — A) + [(3.55556—- 6.09523 x 


+ 3.221762? — 0.5224525+0.02612224| =0. 


This quartic equation in XY may be solved by standard methods for a given value of X. 
We shall consider here the case \ = 0.5 as a representative intermediate case. The 
solution of equation (166) for \ = 0.5 gives the four roots 


k? = 0.94368 ; k? = 1.32273 ; 


k? = 5.31137 ; k? = 6.67235. 


(153) for A(k) becomes 


{ k dD, Mai Dy +- 5 
(Rk) = -_——- 
ye D,—- Dy ' 


Now, for \ = 0.5, equation 


or, by virtue of the recursion formulae (33), 
aT pr (1 *%) Dit § 
A (k) = k? arn 
(1 — k?) D, — q 
From equations (160) and (161) we obtain the constants of integration, 


M,= +0.067090 — 0.083963 RO 


6) 


M,= +0.004847 — 0.006701 Rw 


M, = +0.055287 — 0.225262 si 


» oy i 
> —~ 0.002870 +0,021559 
B 
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while from equation (168) we have 
A (ky) = — 1.30177 ; A (ky) = 1.13572 ; 
A (ks) = 0.86669 A (ky) = 4.24401. 
Using the foregoing expressions, we find equations (162) and (163) to be 
7, (0, w) = 4 ([P,BO+S5,B) 


and 
1,(0,u) = }$(P,BO+S,B], 


where 
P, =n +0.067089 


i— —1.13572p 
1+1.15010p 


1+ 1.30177, 2 
ii ah adhd ome : 
i+0.97143p + 47 
= 1 — 0.86669? 1-—4.24401p? — 
$987 2 en 0.000068 =e 
+0.055287 5746464, ~ °° 142.58300,° 


14+1.30177p? sone 
~— 0.0067013 —— 
1+0.97143p oT 


5,9 1—0.86669n" y 1 4.244010? 
-~- 0.2252 02 pad ee ’ 
3262 5530464, + °:971959 7 s8300_ 


0.154423 0.0006578 0.0073704 0.0093097 


1+0.97143n 141.15010n  142.30464p ' 142.58309n' 


S,= 1—0.083963 


0.193263 0.0009095 0.0300297 0.0699366_ 
14+0.971434 "141.150100 142.30464, 142.58309," 


The P and S functions are tabulated in Table 6. Now the law of darkening is clearly de- 
pendent only on the ratio BO /B, while the total intensity is dependent on the abso- 
lute values of BO and B, The ratio B® /B is a function of frequency for a star of a 
given temperature; the constant B is related to the monochromatic flux. There is 
some arbitrariness in the value of B‘)/B“.'* The question is essentially one of deter- 
mining the “best” linear representation of the Planck intensity at a particular wave 
length as a function of depth. Presumably, the “‘best’’ representation would be obtained 
by putting the appropriate straight line through a point representing the average depth 
of the photosphere (r ~ 0.7) rather than expanding from r = 0. This degree of arbi- 
trariness, however, will not affect the conclusions which we shall derive; it is of impor- 
tance only when discussing a particular star. 

The accuracy of this linear approximation may be estimated by considering the inte- 
grated form of equations (171) and (172). In the integrated intensity 


BO+BOr—~3 Fi r+ (7) }, (177) 


from equation (62).'* From this we find that 
Bo i 
BO =0.83F and ~~ ow.5. 


BO 
‘8D. L. Harris, Ap. J., 109, 56, 1949. 


‘4 Here 7 refers to the optical depth in the continuum rather than to the optical depth at a given 
wave length. 
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A comparison of the law of darkening and the integrated intensities derived from 
equations (171) and (172) for the foregoing values of B’® and B‘ are in reasonable 
agreement with those results obtained from the general theory in Section V. 

For a star of a given temperature, B'” / Bis a function of wave length alone. Despite 
the element of arbitrariness associated with values of BB, it is frequently sufficient 
to regard the linear expansion of the Planck function as being a straight line through the 
values of B,(r) at r = O and r = 1; that is, 


_BY  (e%T — 1) 


TBO ~ (esAT, 14) ' 


I 


TABLE 6 


X= OS 


P, s; P, , P; 

0 12435 | 0.70563 0. 17045 70768 68050 0.85025 0.70391 O 83841 
20859 75146 28355 74468 7 77987 85862 0. 79769 84907 
29782 78379 $3995 77225 » 88016 86510 | 0 89218 RSR36 
39241 80761 42869 79387 98119 87006 | 0 98727 R6O53 
48542 82563 $1917 &1142 O8285 0.87379 1.08285 0.87379 

0 582798 | 0 83949 0 61101 0. 82602 


TABLE 7 


REPRESENTATIVE VALUES OF 
- 10,000° K yt T, = 30,000° K 


A 


S290 A 


sO A 7 1 93 2000 A 0.90 
3000 2 2.21 1000 0 36 


where 7» is the boundary temperature and 7; is the temperature prevailing at the depth 
r = Ll according to equation (65). In Table 7 the values of B'”, B for the effective wave 
lengths of the visual and photographic region, respectively, are given for several effective 
temperatures. In addition, the values of BB for a star of 30,000° K are given for 
several wave lengths. 

Phe law of darkening in an atmosphere in which \ = 0.5 is tabulated for three values 
of BB for both states of polarization is shown in Table 8. For an effective tempera- 
ture of 20,000° K the values 0.5, 1.0, and 1.5 of B' B™ correspond, respectively, to 
2000 A, 3400 A, and 5700 A, while at a temperature of 30,000° K these correspond to 
1200 A, 2200 A, and 3500 A, respectively. The degree of darkening is intermediate be 
tween that found for a pure scattering atmosphere and that found at these wave lengths 
for a gray atmosphere. 

Che degree of polarization of the emergent radiation is given by 


Sy het! P,—P) B+ (S,-—S)B 
T+, (PP) BO + (S,4+58) Bo 


5b (yu) 
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In Table 9 the degree of polarization at the limb is given for values of B\ / B®. It is seen 
that the degree of polarization decreases toward longer wave lengths. It is of interest to 
compare these values of 6(0) with the corresponding value of the degree of polarization 
in the integrated light. For A = 0.5, (0) = 0.048 for the integrated light; this corre- 
sponds to the value at B\/B® = 0.5. For an effective temperature of 20,000° K, this 
occurs far in the ultraviolet. The degree of polarization in the photographic region is 
only 2 per cent; this is probably on the border line of observational detectability. 


TABLE 8 


LAW OF DARKENING IN SECOND APPROXIMATION FOR A = 0.5 AND BY /B® = 0.5, 1.0, 1.5, 
FOR BOTH STATES OF POLARIZATION 


BB? @ 1.5 


(700, w)I/ | Uk, wd) (20, w)1/ | (0, ww) {e(O, w)1/ | ECO, yw) / 
{11(0, 1)} | (7-0, 1)} {1(0, 1)] | {7,(0, 1)] (7;(0, 1)] j {7,(0, 1)] 
0.31398 | 6.34498 0.42419 | 0.44880 | 0.49416 0.47293 
0.45384 | 0.47776 0.55279 0.56842 | 0.61562 0.62599 
0.59104 0. 60857 0.67005 0.68004 | 0.72022 | 0.72541 
0.72751 0.73902 0.78234 0.78825 | O.81715 | 0.81951 
0.86377 0. 86946 0.89197 0. 89466 0.90987 0.91067 
1. 00000 1.00000 1.00000 1.00000 1.00000 | 1.00000 


TABLE 9 


\ = 0.5—DEGREE OF POLARIZATION AT LIMB AS FUNCTION OF BY /BY 


8(0) | pes” 4(0) BeBe | 8(0) } Be sp® | 3(0) 


0.156 0.041 0.025 18 0 018 
075 0.8 033 021 20 016 
0 056 0.028 0.019 a 0.015 


Detailed calculations along these lines for a particular stellar model will determine the 
darkening coefficient appropriate for computation of the light-curves of early-type eclips- 
ing binaries; or, conversely, accurate determinations of the coefficient of darkening in 
eclipsing binaries will permit a determination of the mean value of \ and hence of the 
nature of the opacity in the atmosphere. It is intended that this aspect of the problem 
wil! be discussed more thoroughly in a future paper. 


In conclusion, I wish to express my appreciation to Dr. S. Chandrasekhar for suggest- 
ing the course that this discussion should take and for his advice and encouragement. 
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ABSTRACT 


Radia] velocities and spectral and luminosity classes are given for 820 stars of types F--M in the HD 
photographic magnitude range of 8.5-8.6. The velocities were determined with a one-prism dispersion 
of 75 A/mm and were reduced to the Lick system by means of observations of 260 brighter stars having 
velocities based on three-prism Mills spectrograms. Two plates were obtained for two-thirds of the 
stars, and three plates for most of the remaining stars. The average probable error is + 3.6 km/sec for 
one plate of unit weight. Comparison of velocities in common with Victoria and Mount Wilson determi- 
nations indicates that the systematic errors are satisfactorily small, of the order of 1 km/sec or less. 

The spectral-class estimates agree well with the HD, Yerkes, and Mount Wilson classifications, 
except among the early F stars, where the Lick estimates average somewhat later. The luminosity-class 
assignments are on the Yerkes system, and those for the bright-star velocity standards show no appreci- 
able deviation from the classes given by Morgan, Keenan, and Kellman in their Alias of Stellar Spectra. 
Because of the basis for selection, statistically significant data on the luminosity function are obtained 
only for the class IV stars (subgiants). The frequency maximum for these stars appears to be at F4-F5, 
and practically no stars are found later than K1 or K2, as previously noted by several other investigators. 

Solar-motion solutions for giants (III), subgiants (IV), and main-sequence dwarfs (V) give results 
that show hardly any real differences depending on luminosity: solar motions of 24, 23, and 19 km/sec 
for class III, IV, and V stars, respectively, toward essentially the same apex at ao = 280° and b) = 

+-44)4°. No significant K-terms were found, and the mean residual velocities show the usual! tendency to 
increase with advancing spectral class 

I'wo solutions including a galactic-rotation term were made for the giants, The first, for 348 class III 
stars (including a few [I-III and III-IV) and with assumed values of A = Oand Ly = 325°, gave rA = 
4.2 + 1.9km/sec. The second, for 147 class III stars in the galactic zone limited by 6 = + 20° and based 
on the residual! velocities, gave 74 = 6.7 + 1.5 km/sec and Le = 309°+ 7°. These results show that the 
giants included in this material participate in the differential galactic rotation characteristic of the region 
around the sun 


I. INTRODUCTION 


Phe Lick Observatory general program of radial velocities included all stars to visual 
magnitude 5.51. In the course of this program many velocities of fainter stars were ob- 
tained, but without systematic selection. After the completion of the program of bright 
stars, it was decided to extend the Lick system of radial velocities to a representative 
group of fainter stars. In order to avoid too much duplication of work at other observa- 
tories on stars fainter than about magnitude 5.5, it was decided to select a group of stars 
within the rather aarrow range of photographic magnitude from 8.5 to 8.6, inclusive, as 
given in the Henry Draper Catalogue. 

With the general aim of providing data for studies of the apparent and peculiar mo- 
tions of a representative sample of faint stars of spectral classes F-M, the observational 
program was made up more specifically as follows: 


* Contributions from the Lick Observatory, Ser. 11, No. 28. 


t |Dr. Moore was engaged in preparing this material for publication at the time of his death on March 
18, 1949. Dr. Paddock had retired from the Lick Observatory. While all the basic data, such as those 
in Table 1, had been obtained and several of the least-squares solutions were finished or well along 
toward completion, hardly any text had been written. The responsibility for finishing the calculations, 
writing the brief discussion, and preparing the final copy for publication was assumed by the under- 
signed, who wishes to make grateful acknowledgment to Messrs. H. F. Weaver and O. J. Eggen for their 
expert advice.—N,. U. Mayatt.] 
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1. The selection of the stars was on the basis of random distribution of the line of sight 
to the star, that is to say, stars were selected so as to give a fairly uniform distribution 
over the sky from declination --21° to +90°. Over this part of the sky, however, there 
are many more HD stars of m,, = 8.5-8.6 than can be observed in a reasonable time. 
Accordingly, for spectral classes F, G, and K, only those stars in the even zones of 
declination were chosen. No such limitation was needed for the K5 and M stars, because 
of their relatively small number. 

2. A dispersion of 75 A/mm was chosen because experience with a one-prism 12-inch 
camera spectrograph showed that this instrument, in combination with the 36-inch 
refractor, would yield velocities having probable errors of + 3 to +4 km/sec for a single 
observation—a precision that appeared sufficient for the purpose. 

3. A brightness of m,, ~ 8.5 was decided upon because, with good seeing, it resulted 
in reasonably constant exposure times, 1-1} hours, for the fastest available emulsion, 
Eastman 40, regardless of spectral class. 

In the early part of the work, three plates were taken of each star to find out how 
accordant the measures would be. It was soon found that the velocities from two or three 
plates generally were in good agreement, and thereafter only two satisfactory plates were 
taken for each star. The frequency distribution of the number of observations per star is 
given in the accompanying tabulation. The majority of the plates were taken by Moore 


No. of obs. per star : | 
No. of stars 
Percentage 


and Paddock, a few by some of the assistants. Observations for the program were begun 
in July, 1928, and were completed in December, 1937. 


Il. THE RADIAL VELOCITIES 
MEASUREMENT AND REDUCTION 


In order to refer the one-prism velocities for these fainter stars to the Lick three-prism 
Mills spectrograph system, 260 brighter stars having velocities determined with the 
Mills spectrograph were observed with the one-prism spectrograph. This set of plates for 
the brighter stars and that for the fainter stars, totaling over two thousand spectrograms, 
were measured on a Hartmann spectrocomparator, Paddock measured all plates, and 
Miss Mary L. Miller about two-thirds of the total. 

For the Hartmann standards, five plates of bright stars of spectral classes F, G, K, KS, 
and M were selected, as noted below. Each one-prism plate was measured against the 
Hartmann standard of nearest corresponding spectral class. Such a measurement yielded 
for every plate a velocity difference, AV, which may be written as 


AV=(Vi-—0)-V., (a) 


where V; is the star’s velocity reduced to the sun, © is the sun reduction, and V, is the 
velocity of the Hartmann standard. Once V, is known, the velocity of any star may be 
found. 

In order to obtain V, and, at the same time, to refer the one-prism velocities to the 
three-prism system, the measures of the 260 brighter stars were used. For each of these 
stars a three-prism velocity, V3, was available from Lick. Obs. Pub., Volume 16, 1928. 
Therefore, to refer the one-prism system to the three-prism system, V; was replaced by V; 
in equation (1), and each bright star gave an equation for V, as follows: 


V.=(V3—-0) —AV. (2) 
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Average values, V,, were computed for each Hartmann standard for each measurer, 
indicated in the accompanying tabulation. 


VELOCITIES FOR HARTMANN STANDARD SPECTROGRAMS 


One Pais 
Prare No 
MLM 


a Per 16396 T 
Sky 16404 M 
8 Gem 16402 P 
a Tau } 16397 N 
6 Oph 16559 Q 


Because some of the plates were measured by only one person, those plates measure: 
in common were compared, and the average systematic differences were evaluated ac- 
cording to spectral class, in order to reduce the smaller set of measures to the larger, as 
follows: 

Spectral class G kK K5 M 
GFP-MLM (km/sec) +2.23 —0.84 +0.05 +2.77 —1.32 


Chese differences have been applied as corrections to Miss Miller’s measures to make the 
latter consistent with Paddock’s. The average of Paddock’s measures and those of Miss 
Miller, including the above corrections, are the velocities listed in column 9 of Table 1. 


ACCURACY 

rhe internal consistency of these radial-velocity determinations may be indicated as 
follows: From 1796 plates of 820 stars, the average probable error of one observation of 
unit weight was found to be + 3.6 km/sec. 

The external consistency, or systematic errors, of these radial velocities may be indi- 
cated by a comparison of the results for stars observed in common at the Lick, Mount 
Wilson, and Victoria observatories. The data for comparison are in column 11 of Table 1, 
which notes the determinations from other observatories,’ the stars of variable (“var’’) 
or probably variable (“var?’’) velocity, and the number of observations in parentheses. 
In the following comparisons, the variable (var) and probably variable (var?) velocities 
have been omitted, Because of the rather small number of stars included, comparisons 


also are given for averages omitting differences greater than 10 km/sec. 


Mount Wilson: 51 stars, MW—LO = —0.87 km/sec 
47 stars, MW—LO = -+0.60 km/sec (HD 37453, 123598, 125455, 217580 
omitted) 


> 
) 


7 stars, DAO—LO -2.18 km/sec 
4 stars, DAO—LO = --0.75 km/sec (HD 81069, 175545, 183681 omitted) 


lhe smallness of these average differences suggests that the radial velocities in Table 1 
are not affected by any serious systematic errors. 


Through the kindness of Dr. R. E. Wilson, of the Mount Wilson Observatory, a number of his un 
published measures were made available for comparison. These velocities, indicated in column 11 by 
“MW®,” were obtained from plates of comparable dispersion. Since many depend on only one plate, a 
number of above-average differences may be expected 
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TABLE 1—Continued 
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Ifl, THE SPECTRAL AND LUMINOSITY CLASSES 


All the estimates of spectral and luminosity class were made by Miss Emilia Pisani 
according to the Yerkes two-dimensional system’ that includes the spectral class and 
Roman numerals indicative of luminosity. A total of 32 stars was selected from the 
Alls, and, with their spectra as standards, spectral- and luminosity-class estimates were 
made of (a) all but nine of the 820 stars in Table 1 and (6) the 260 brighter stars used to 
bring the system of one-prism velocities into agreement with the three-prism Mills sys- 
tem. This latter group served to give some notion of the consistency of the spectral- and 
luminosity-class estimates, because for most of these brighter stars Mount Wilson, 
Victoria, and HD spectral class were available, while, for 41 of them, spectral and 
luminosity classes were contained in the Ad/as. 

The detailed results of the comparison of spectral classes are not given here because it 
was found that most of the estimates were in good agreement. The only differences of 
statistical significance are in the early F’s, where the Lick estimates are appreciably later 
than the HD and Mount Wilsen classes but agree well with those in the Adas. 

Since a comparison of the luminosity classes is relatively more important, the individ- 
ual estimates for the 41 stars mentioned above are included in Table 2. An inspection of 
this table shows that the luminosity classes estimated for these brighter stars are in 
satisfactory agreement with the Aas assignments. In most cases the estimates differ by 
less than one luminosity class, and there is only one instance (¢ Peg) in which the dif- 
ference exceeds one luminosity class. 

Because of the basis for selection of these stars—only those within a narrow range of 
apparent magnitude (HD m,, 8.5-8.6)—the frequencies in Table 3 have only limited 
usefulness. Thus there are so few stars of the higher luminosity classes I and II and such 


* Morgan, Keenan, and Kellman, An Atlas of Stellar Spectra (Chicago: University of Chicago Press, 
1943). 








TABLE 2 


COMPARISON OF LUMINOSITY CLASSES 
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rABLE 3 


FREQUENCIES OF SPECTRAL AND LUMINOSITY CLASSES 


Seb ice REA 


SPECTRAL CLASS 





1 l 
TSVFJaIieeed i 


12, 41520192217 12 
11 9 922262732342117 91 


291531495558 5447 211915161311 1830.2932:23 222013) 7:13)2847 1915191711 6 7) 1) 1) 820 


179 73 136 128 81 


* HD 24604 (FO), 47194 (AB), 54085 $5760 56819 (A9:), 60265, 66633, 121785 (A), 166408 (AB 
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a marked absence of main-sequence dwarfs of class V from about G5 through M that the 
tabulated data contribute little to a knowledge of the luminosity function for high and 
low luminosities. On the other hand, for giants, class III, and for the subgiants, class IV, 
the frequency distributions may be indicative of the true character of the luminosity 
fuicuon tor these classes. For example, Morgan, Keenan, and Kellman,” Keenan,’ and 
McCuskey* give evidence that subgiants later than K1 or K2 may not occur. The fre- 
quencies of the spectral and luminosity classes are given in Table 3 for all the stars listed 
in Table 1. 

Quite recently Eggen,* has shown by precise photoelectric photometry that, among the 
nearer stars, those of class IV have very nearly the same photographic absolute magni- 
tude, M = +3.6, with a very small dispersion, in the range F2-K1. The class IV stars 
in this material are therefore all at nearly the same distance, approximately 100 parsecs. 
Consequently, the frequency distribution for class IV in Table 3 may be typical for the 
volume of space concerned—a relatively thick shell of radius 100 parsecs. Within this 
shell there appears to be a maximum frequency of subgiants at F4-F5, with a fairly 
definite drop to zero frequency at KS. At the present time, however, no similar statement 
appears appropriate for class III stars because correspondingly precise information re- 
garding their absolute magnitudes has not yet been published. 


IV. SOLAR MOTION 


Solar-motion solutions were made for three groupings according to luminosity class: 
(1) giants, classes I] and III (including IJ--ITI and III-IV); (2) subgiants, class IV; and 
(3) main-sequence dwarfs, class V. Before the solutions were made, however, it was 
decided to reject certain stars, namely, a few of high velocity (> 80 km/sec) and a num- 
ber of variable or probably variable velocity. The latter are listed in Table 4. 

The numbers of stars of constant velocity avaiiable for the solar-motion solutions for 
the several luminosity classes are indicated in Table §. In the case of stars of luminosity 
class V, only those stars in the spectral range from F5 to G4, inclusive, were used in the 
solution.* The results from the solar-motion solutions are collected in Table 6. 

The results from the solar-motion solutions indicate that there probably are no sig- 
nificant differences between the several luminosity groups, since the differences are of the 
order of the sums of the probable errors. Certainly, the co-ordinates of the apex agree well 
within their probable errors, and for this reason rounded mean values, @ = 280° and 
do = +444°, were used to compute the mean residual radial velocities from the appropri- 
ate values of the solar motions, Vo, for giants, subgiants, and dwarfs. Table 7 gives the 
mean residual velocities computed in this manner; quantities in parentheses are the 
numbers of stars in the means. Stars with residual velocities greater than 60 km/sec are 
individually listed in Table 8. 

Comparison of the solar-motion results in Table 6 with those for other groups of stars, 
such as those included in the extensive computations of Nordstrém,’ does not reveal 
outstanding differences. For the group of fainter stars included in Table 1 the galactic 


3 Ap. J., i, 518, 1940. 

*Ap. J., 109, 426, 1949. 

5 A.A.S. meeting, Ottawa, June 18-21, 1949. 

6{Dr. Moore left no manuscript notes giving a reason for omitting the fairly large group of 62 
FO-F4 stars and the small group of 12 G5—K4 stars from the solar-motion solution. Among the early 
F stars, however, it probably was difficult to separate those of luminosity class [V from class V. Thus 
within the spectral-class range from FO to F4, inclusive, the class V assignments may include a number 
of class IV stars. Most of the class [V assignments in the same spectral range, on the other hand, prob- 
ably are correct, since such assignments presumably would not have been made unless the luminosity 
criteria were fairly evident.—N. U. MAYALL.] 


? Lund Obs. Medd., Ser. I1, No. 79, 1936. 








TABLE 4 
STARS OF VARIABLE OR PROBABLY VARIABLE VELOCITY 
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173297 GO f 80388 ; 9956 F6 

V350 Ser) 123280 ; 26395 F4 

133460 7 29936 F9 

168245 Gi 135633 | ; 71659 FS 

150466 | a 77378 F3 

89312 K5 162262 : 77930 F6 
170456 . 89276 
SH418 2624 179757 3 92855 
§9076/77' G7+A 23962 « 186497 : 112574 
(9287 F2 57267 189578 * 113449 
114494 F6 152484 215772 rs 113516 
159714 K4 192867 ; 126898 
165374 M2 218170 | 130342 
203378 M6 131958 
144492 
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200580 
208745 
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TABLE § 
NUMBERS OF STARS OMITTED AND USED IN SOLAR-MOTION SOLUTIONS 


OMITTED 


221 
—62 
-12 


i} 


SHI) 198188 





TABLE 6 


SOLAR-MOTION SOLUTIONS, WITH PROBABLE ERRORS 


K EQUATORIAL GaLactic 
(Ku/Sec) 
by 


MH, W-Vil 381 | 5+ °2+522, +46°7+293) 43974490, +18°6+4°%0 


Itt, Jil-1V | 
IV 139 $6.4, +43.64+3.0) 38.94+4.7) +22.5+3.4 


v" 146 13.11 —2.0- 0+9.5\ +43.0+5.0 40.947.7 +15. 3442 


* Only spectral classes FS-G4 (inclusive) 


TABLE 7 


MEAN RESIDUAL VELOCITIES acs SEC) 
Co-ordinates of Apex: a= 280°, = +44 1/2°) 


i, 1-1 19. 3 (30) 15.4 ( 14) 18.7 (20) 17.3 (112)17.8 (112)20.4 (79))25.9 (1418. 6 (381) 


II, IT-1V 
Il 19.0 (28)15.1 ¢ 13)15.9 (14)17.6 ( 96))17.8 ( 81/20 1 (72)125 8 (12)18.6 (316) 


5 
IV 2. 11.2 (59)15.0 ( 47) 17.4 (20))23.5( 8)13.0( 5) 114.1 (139) 
/ 


V 16.3 (62) 17.2 (115).24.1 (30)12.1 ( 8)15.0 ( 3) 117.7 (218) 


TABLE 8 


STARS WITH RESIDUAL RADIAL VELOCITIES >60 KM/SEc* 


19258 } - - - 102159 
19286 F2 f - § + 107582 
21910 G9 F t+ 1: _ 123598 
27498 M4 —1: 7 134063 
27598 M5 i i= - 136711 
43856 F6 j “ § - 173883 
50060 F9 f + 7 -- 198188 
62549 G1 | j . 7 217694 
64372 G7 -++ 82 : 7 219497 





* Var and var? velocities omitted 
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longitude of the apex is somewhat greater, by 15°-20°; but the latitude of the apex is 
about the same as for the stars represented, for example, in Nordstriim’s Table 29. The 
apparently systematically lower latitude for Nordstrém’s group of 500 dwarf G-M stars 
fainter than sixth magnitude, included in his Table 19, is not obtained from the luminos- 
ity class V stars in this material. Also, the solar motion for the luminosity class III stars 
appears to be a little larger, by 4-5 km/sec, than for the giants included in Nordstrém’s 
investigation. 

As regards the mean residual motions, Table 7 shows. the usual tendency for them to 
increase with advancing spectral type, for the several luminosity classes. While there is 
an apparent exception in the case of the early F III stars, it probably cannot be regarded 
as significant, for the late F III stars do not show the same effect. 


V. GALACTIC ROTATION 


To investigate the possibility that differential galactic rotation may be represented in 
the radial velocities of some of these stars, several solutions that included a rotational 
term were made for the giants. This group was selected, of course, because its greater 
average distance would be expected to lead to a larger rotational term. 

Since the direction to the center of the galaxy is now known to be toward Lo = 325°, 
with an uncertainty of only a few degrees, this value was assumed in the first solution, 
which included 348 stars, mainly of luminosity class IIL (318 IIT, 24 11-111, 6 I-IV). 
Also, since the A-term for these stars was found to be + 1.5 + 1.1 km/sec (Table 6), it 
was assumed to be zero, and the following results were obtained: 


V 24.7+ 3.3 km/sec ; 
a 28199 + 195 | or j= 38°94 + 194; 

+ 41.3+0.9, = +16.7+1.0:; 
+A = 4.2+ 1.9 km/sec. 


The solar motion is essentially the same as before, and there appears to be a sig- 
nificant rotational term, although the latter is only a little more than twice as large as its 
probable error. Since the stars included in the solution are distributed fairly uniformly 
over the sky, it is possible that those in higher galactic latitudes, for example, those with 

bh) >» 20°, might tend to reduce the value of #4 and to increase its probable error. To 
check this possibility, a second solution was made for 7A and Lo, the longitude of the 
galactic center, from the residual radial velocities (computed as indicated in Table 7) 
for 147 giants having |6) < 20°, with the following results: 


74 =>6.7+1.5km/sec ; 
+ 720. 


In this case the rotational term is four and a half times as large as its probable error, 
and it may therefore be concluded that the normal giants included in this material par- 
ticipate in the differential galactic rotation characteristic of the region around the sun. 
Phis conclusion supports Nordstrém’s extensive computations for stars brighter and 
fainter than m = 6.0° and his analysis’ of the radial velocities of a group of nearly 400 
faint K stars observed by Redman, who had previously found little evidence for galactic 
rotation in his matenial 


s] 1., Table 34 
* Arkiv for Mat., Astr. och Fysik, 23A, No. 14, 1933; Lund Obs. Medd., Ser. I, No. 131 


i M.N., 92, 107, 1931. 
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That a value for 7A of the order of 5 km/sec is approximately correct for the luminos- 
ity class IIT stars in this material may be shown from the data in Table 9, which gives the 
mean distances for the stars concerned. 


TABLE 9 
MEAN DISTANCES OF 348 LUMINOSITY-CLASS III STARS* 


No. of Mean | Mean 


Stars Sp. Cl M vit 


Mean 
Distance | Wt 
Pes) } 


G 119 G6 +0.4 | 288 


F 41 ¥4 | +1.4 230 | 4 
K =a 101 K4 1 -1.° 36 


10 


M 87 | M2 ee ee oe oes | 9 


* Including 24 I-III] and 6 ILI-IV stars 
t Am Atlas of Stellar Spectra, Fig. 2, \9. 34 


The weighted average of the mean distances in Table 9 is # = 300 parsecs, which, 
with a generally accepted value of A = 0.017 km/sec/parsec, gives 7A = 5.1 km/sec 
for these stars. Thus the observed and expected galactic-rotational terms agree as well as 
may be expected. 











ADDITIONAL STARS WHOSE SPECTRA HAVE A BRIGHT Ha LINE 
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Mount Wilson and Palomar Observatories 
Received March 24, 1950 


ABSTRACT 
This paper tists $519 objects not previously published which have a bright Ha line on objective-prism 
photographs taken with the 10-inch telescope on Mount Wilson. Most of these objects are probably 
stars of spectral type Bor A 


Che objective-prism photographs taken during the last thirty years with the 10-inch 
telescope on Mount Wilson have shown a bright Ha line in some two thousand objects. 
About half these, of types B and A, are listed in the three sections of the Mount Wilson 
Catalogue and Bibliography of Stars of Classes B and A Whose Spectra Have Bright Hydro- 
gen Lines.’ Table 1 lists 519 additional objects, for only about 80 of which are spectral 
types known (type W, 2; O, 5; B, 33; A, 10; F, 15; G and K, 11; N or S, 3; peculiar, 10). 
Most of the remaining objects are probably of types O, B, and A, although a few are 
undoubtedly of other types; a very few faint planetary nebulae may possibly be included. 

he chief groups of bright-line objects omitted are: (1) objects previously announced 
by ourselves or others to have bright lines; (2) planetary nebulae, known or suspected, 
under investigation by R. Minkowski; and (3) objects in which the reality of the bright 
Ha line appears uncertain. 

In Table 1, stars for which catalogue numbers (HD, BD, or CD) or variable star 
names are not available are designated by their numbers on our objective-prism photo- 
graphs. For example, ‘‘“MHa 321-5” means star No. 5 on Plate 321 of the MHa series. 

The galactic longitudes and latitudes, / and 6, are for the pole, R.A. = 12540, 
Dec. = +28" (1900). 

For most stars in the HD, BD, or CD catalogues we have adopted the catalogue mag- 
nitude. For other stars the magnitudes are estimates from the objective-prism photo- 
graphs; for the fainter stars these are quite uncertain because the continuous spectrum 
may be weak or even invisible. For some of the stars listed as 9.5 in the BD or 10 in the 
CD we have substituted our own estimates. For variable stars the maximum magnitude 
Is given 

Phe last column of Table 1 gives the estimated intensity of the bright Ha line on the 
following scale: w = weak; m = medium; s = strong; s! = very strong. 


Our best thanks are due to the volunteer observers, Mr. W. C. Miller and Dr. A. G. 
Mowbray, for taking most of the objective-prism photographs on which these bright-line 
stars were detected. We are appreciative also of the continued co-operation of our col- 


league, Rudolph Minkowski. 


' Merrilland Burwell, Mi. W. Contr., No. 471; Ap /., '78, 87, 1933; Mt. W. Contr., No 682; Ap. t= 
98, 153, 1943: Mt. W. and P. Obs. Reprint, No. 8; Ap. J, 110, 387, 1949 





TABLE 


ADDITIONAL STARS WHOSE SPECTRA HAVE A BRIGHT Hh LINE ON O3JRCTIVE 
PRISM PHOTOGRAPHS TAKEN AT MOUNT WILSON 
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SPECTRA WITH BRIGHT Ha LINE 


NOTES TO TABLE 1 


2. MHe 321-5. Slightly south of the midpoint of the line joining BD +65°14 and +65°21. 

- MHa 284-4. 5’ n.p. BD+67°57. The following and visually fainter of two stars separated by nearly 
2’. It may be variable. 

. MHa 295-122. 16’ s.f. BD +-63°82. A star of about the same magnitude is 5’ n.p. 

5. MHa 295-108. 9’ n.f. BD+-62°138. A slightly brighter star precedes by 25. 

. D 130-19. 8’ north of and slightly preceding BD+60°100. 

. MHa 325-81. 8’ n.f. BD+64°79. A star of about the same magnitude precedes by 4’. 

. BM Cas. An eclipsing variable of period 198 days, spectrum Fe. Under investigation by Dr. D. M. 
Pop er. 

, MHe 295-99. 5’ s.p. BD+61°187. 

. MHa 224-71. 5’ n.f. BD+62°191. 

. HD 6744. On an objective-prism photograph, taken on July 26, 1946, the image of this star, al- 
though near the edge of the plate, appears to show a bright Ha line of low intensity. On another 
plate, taken on September 1, 1946, Ha appears as a strong dark line. Further observations should 
be made. 

. MHea 325-72. 2'5 s.f. BD+64°129. 

. MHa 295-95. 5’ n.f. BD +60°193. 

. MHa 295-44. 9 s.f. BD +58°203. 2'5 north of another faint star of the same R.A. 

. MHa 223-41. 5’ n.f. BD+-60°214. 

. (BD+57°273). A brighter star which may be BD+57°273 is about 2’ s.p. 

19. MHa 295-49. 6’ n.p. BD+4-58°232. 

. BD+59°246. On slit spectrograms taken in September and November, 1947, the spectrum appears 
to be that of a highly reddened A-type star, but bright Ha is not seen, although it appeared on an 
objective-prism photograph taken on September 27, 1946. 

. MHa 224-7. 10’ following and slightly north of BD4-60°230. Southern and following of two stars 
separated by 3’. 

. MHa 295-84. 8’ n.p. BD +60°246. Southern and faintest of three stars. 

. MHa 354-101. 6/5 s.f. BD+61°277. 2'5 n.p. one or possibly two stars of about the same magnitude. 

. MHa 224-12. 2'5 s.p. BD+61°282. 

. MHa. 295-53. 10’ following and slightly north of BD+58°257. A slightly fainter star is 4’ n-f. 

. MHa 224-13. 6/5 n.f. BD-+61°288. A somewhat brighter star is 3’ north. 

7. MHa 224-64. 10’ n.p. BD-+63°206. A star of the same magnitude is 7’ following. 

. MHa 354-111. 6/5 s.p. BD+60°273. 

. MHa 326-10. 2/5 north of and slightly preceding the triple star BD +60°274, 275, 276. 

. (BD+60°274). May be BD +60°275 or +060°276. 

. MHa 325-67. 5’ n.p. BD+66°142. 

. MHa 295-83. 9 following and slightly north of BD +4-61°297. 

3. MHa 224-63. 10’ n.p. BD +-62°284. Following of two stars. 

. MHa 224-15. 6’ s.f. BD+62°281. 

5. MHa 224-61. 1/5 north of and slightly preceding BD +62°286. 

. MHa 354-121. 6/5 s.p. BD+62°300. 

. MHa 224-57. 8’ n.f. BD +64°228. A slightly fainter star is 2’ s.p. 

. MHa 224-55. 5’ n.f. BD +63°230. 

. (BD+60°341). Southern star of a cluster in NGC 663. 

MHa 5-12. 4’ s.p. BD+58°298. Northern and preceding of two faint stars. 
BD +59°330. Northern, preceding, and brighter of two stars separated by 1/5. 

. MHa 295-60. 5’ preceding and slightly north of BD+-59°351. 

. MHa 295-69. 2/5 s.p. BD+59°352. 

. MHa 354-50. Lies halfway between BD+-59°378 and +-59°385. 

. MHa 326-28. 4’ s.p. BD +58°356. 

3. MHa 224-50. 12’ north of and slightly following BD-+-62°345. Southern and following of three 
faint stars. 

. (BD+57°485). Southern and brightest of three stars. Bright Ha, detected on a plate taken in 
November, 1938, could not be seen on three plates taken in September, October, and November, 
1946. 

. MHa 354-40. 6’ south of BD+58°430. 

. MHa 224-46. 9 n.p. BD +63°317. 

. HD 14947. Ha is bright on a one-prism spectrogram taken on August 31, 1947. This spectrum of type 
Of is under investigaton by O. ©. Wilson 

. MHa 125-9. 4’ following and slightly south of BD +60°482, 483. 

. MHa 379-17. 1/5 south of BD-4-55°633 

. MHa 5-86. 4’ north of BD+56°635, 636. 

. HD 15570. Classified OSf on slit spectrograms. 

. MHa 379-57. 2'5 n.f. BD+56°652. 
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PAUL W, MERRILL AND CORA G. BURWELL 


NOTES TO TABLE 1—Continued 


MHa 5-75. 1/5 nf. BD +56°656. One of two extremely faint stars 

MHa 5-76. 4’ nf. BD +-57°597. Northern, follewing, and fainter of two stars 

MHa 5-83. 13’ s.p. BD + 56°683. The following of two stars 

MHa 125-6. 6’ s.p. BD 4+-61°462 

MHa 125-56. 12’ north and slightly preceding BD+58°521. A fainter star is 5’ sf. 

HD 17306. The Ha line was bright on October 13, 1944, October 26, 1945, and August 20, 1948 
The type is cKOee. This star deserves further study 

(BD)+ 52°651). Southern and following of two stars separated by 3' 
MHa 248-52. 10’ nf. BD-+63°390 

MHe 302-25. Precedes BD+51°686 by 10’. Brightest star bepween BD+51°681 and +-51°686. 
MHa 125-64. 5’ s.p. BD +63°417. A brighter star is 2'5 s.p 

MHa 248.54. 4 6.p. BD +64°405 

M Ha 313-33. 2°5 nf. BD -+44°809 

MHa 58-24. 18’ s.p. BD+50°867. A slightly fainter star lies at the midpoint of the line joining 
them. Southern, following, and faintest of three stars 

MHa 58-26. 8’ s.p. BD +-53°724. A much fainter star is 1'58.{. Ha is a strong, bright line on a low 
dispersion slit spectrogram taken by W. C. Miller in September, 1949. On a low-dispersion slit 
spectrogram of the photographic region taken in November, 1941, the type appears to be Fp. This 
star deserves further investigation 

MHa 313-38. Follows BD-+-46°8S9 by 8’, 

MHa 334-3. Northern of two stars of equal magnitude separated by 5’ 

MHae 313-40. 5’ n.p. two somewhat brighter stars 

MHa 58-7. Halfway between BD+53°821 and +53°824 

MHa 58-3. 3’ south of BD +49°1267. 


. MHa 350-33. Halfway between BD +41°1002 and -+41°1005. A slightly brighter star is 2'5 s.p. 


HD 277413. 10’ south of BD + 39°1138 
(HD 282671). 10° s.p. BD+4+-33°945 


. MHa 1-65. 5’ s.f. BD)-+-41°1052. Southern, preceding, and fainter of two stars. 


MHa 1-56. 6'5 nf. BD +43°1241 

MHa 129-32. Follows BD + 36°1128 by 255 

MHa 330-33. 13’ north of and slightly preceding BD+34°1065. A star of similar magnitude is 3/5 
following and slightly south 


. (HD 245405). Possibly HD 245406. 6’ preceding and slightly north of BD+16°822. 
. (BD+.37°1285). Northern of three stars. 

. MHa 126-51. 2’ n.p. BD+25°1012 

. MHa 310-50. Southern, following, and fainter of two stars separated by 2/5. 


MHa 267-104. Between BD+28°931 and +28°932. Northern and preceding of two stars of the 
same magnitude separated by 2’ 


. MHa 267-71. 4’ preceding and slightly south of BD + 29°1040 
. MHa 126-56. 4 s.p. BD +23°1118. Halfway between BD+4-23°1116 and +23°1118. 
. MHa 239-46. 1/5 s.p. BD 4+ 23°1138 


(HD 250160). 4’ south and slightly following BD+19°116S. Southern, preceding, and slightly 
brighter of two stars separated by 1/5 

HD 251726. Spectrum is given as F5 in HD but appears to be of class B on a poor slit spectrogram of 
low dispersion taken on February 8, 1946. 

M Ha 385-52. Follows BD —9°1343 by 615. 

MHa 271-41. 5’ south and slightly following BD + 18°1137 


yx 


. MHa 239-16. Near HD 253963. Northern and following of two stars separated by 2/5 


HD 43246. Ha is a well-marked bright line on a slit spectrogram taken on January 24, 1948. 
Several slit spectrograms of the photographic region in the years 1922-1948 appear to show slight 
changes, especially in the 78 and Hy lines. Class gF2e 

HD 254878. Precedes BD + 14°1242 by 8’ 

(HD 255137). 2'5 sf. a slightly fainter star. 


. MHa 271-35. Follows BD + 19°1341 by 5’. A somewhat brighter star is 1/5 s.f 


HD 288805, BD + 1°1384. 


. MHa 260-35. 6'5 s.f. BD+4°1301. Southern, preceding, and fainter of two stars. 


MHa 260-36. 4’ north of BD+-5°1305 
HD 260378. 6/5 s.f. BD +13°1327. A fainter star is 2'5 following 


. HD 288847. BD+1°1417 
33. HD 260098. 3'5 n.f. BD+12°1217. Northern and preceding of two stars. 


HD 263072. 11° following and slightly north of BD +5°1383 


. MHa 9-14. 4 north and slightly following BD+-5°1439 
. MHa 268-35. 6’ preceding and slightly south of BD —3°1024. A star of the same magnitude is 3/5 s.f. 


MHea 185-17. 2’ 8.9. BD--11°1673 





SPECTRA WITH BRIGHT Ha LINE 
NOTES TO TABLE 1—Continued 


. MHa 268-28. 8’ north and slightly preceding BD —5°1926 
. MHa 268-26. 4'5 south and slightly preceding BD —4°1790. 
. MHe 268-23. Precedes BD—-3°1717 by 2’. 
. MHa 9-28. 4’ north and slightly preceding BD +7°1597. Preceding of two stars. 
. MHa 62-65. 4’ s.f. BD—19°1777 
. (CD—30°4279), 2'5 s.f. CD —30°4276. Two faint stars lie north of the line joining them 
. MHa 261-74. 9 north of and slightly following BD —9°1986. 
. MHa 61-12. 4’ n.f. BD —3°1887. BD — 3°1889 is 4’ north. 
. MHa 62-45. 4’ n.f. BD—14°1891 
. MHa 390-56. 3’ n.p. CD —27°4097. A brighter star is 2’ north and slightly preceding 
. MHa 62-44. 1/5 s.f. BD-—-14°1940. A brighter star is 1/5 s.f. 
. (BD—15°1889). Following of two stars separated by 1/5 
. CD—32°4140, 6/5 n.p. CD—32°4145. Two stars of similar magnitude having the same R.A. but 
2’ apart in declination are s.p. 
158. CD—22°4761. 515 s.{. BD—22°1945 (CD —22 
. MHa 390-43. 8’ south and slightly following ¢ 
stars. 
. (CD—24°5721). 13’ preceding and slightly south of CD--24°5746. Two faint stars are 2'5 and 5’ 
south, respectively. 
. (CD—25°4885). 4’ s.f. CD—25°4881. The central one of three stars forming a straight line with 
CD —25°4881. 
. MHa 390-41. May be CD —31°4897. Northern and preceding of two stars separated by 0/7. 
. MHa 390-64. Following of three stars 2’ apart, which form an equilateral triangle. 
. CD—28°4778. 1/5 following CD — 28°4774. 
. (CD—23°6121). 13’ n.p. CD—23°6155. A star of approximately the same magnitude is 5/5 s.f. 
. (CD—31°5007). 3’ north and slightly following CD—31°5006. 
. (CD—27°4497). 6’ preceding and slightly north of CD —28°4822. 
. MHa 390-7. 10’ north of CD —32°4306, A brighter star, probably CD — 32°4367, is 5’ s.f. 
. (CD—25°5038). 5’ n.f. CD—25°5031. 
. (CD—26°4955). 4’ n.f. CD—26°4942. 
. (CD—31°5070). 5/5 n.f. CD —31°S064. A fainter star is 2'5 south and slightly following. 
. (CD—31°5076). Brightest star within a radius of 5’. 
. (CD —23°6234). May be CD —23°6235. 10’ n.f. CD—23°6228. Brightest star within a radius of 5’. 
. (CD—29°4961). 2’ n.p. CD—29°4963. 
(CD —31°5110). 3’ mt | a star of the same magnitude. 
. (CD—28°4944). 15 south and slightly preceding CD —28°4948. 
. (CD—27°4612). 5’ s.p. CD —27°4015. Preceding of three stars having almost the same declination. 
. (CD—28°4976). 15’ south and slightly following CD —27°4630. 12’ s.p. CD —27°4646. 
. MHa 390-80, 2’ n.f. CD—27°4710. 
. CD—32°4567. 2’ s.f. a star of the same magnitude. 
. (CD—27°4743). 5/5 n.p. CD-—-27°4751. A fainter star is 2’ s.p. 
. (CD—29°5159). 2’ s.p. CD —29°5169. 
. (CD—33°4318). Northern of two stars separated by 2°5. 
. CD—23°6539. 2/5 n.f., CD —23°6532. 
. (CD—28°5151). 3’ s.p. CD —28°5157. 
». (CID —28°5154). 6/5 south and slightly preceding CD —28°5157. A fainter star is 2’5 n_f. 
. (CD—28°5247). 4’ north and slightly preceding a star of the same magnitude. A similar pair{of 
stars follows by about 3’. 
3. (CD—28°5249). 1’ n.p. a somewhat fainter star. 
. CD—30°5382. 5/5 n.p. CD—30°5387. A slightly brighter star is 2’ n.p. 
. MHa 382-6. 1'5 n.p. a brighter star, probably CD —32°4772. 
. (CD—27°5181). 6'5 s.p. CD-—-27°5193. 
. MHa 382-39. 1/5 north of and slightly following CD —26°5792. 
200. MHa 392-16. §'5 n.p. CD—39°4376. A brighter star is 2'5 s.f. 
201. MHa 382-43. 1’ n.f. CD—27°5582. 
202. CD -—-37°4833. 3' n.f. CD ~—37°4828. 
203. (CD—27°5934). 4’ north and slightly preceding CD — 27°5937. 
204. MHa 392-12. 4'5 s.p. CD—39°4921. A somewhat brighter star is 3’ s.f. 
205. MHa 365-14. 13’ n.p. BD—18°4242. A fainter star is 4’ preceding and slightly south. 
206. MHa 365-12. 10’ n.f. CD —24°12684. 
207. (CD—24°12689). 21’ n.p. CD—24°12691. 
208. MHa 300-58. 27’ following and slightly north of CD —35°11100. A brighter star is 4/5 n.p. 
209. MHa 362-3. 13’ n.p. BD— 14°4489. 


47506). 
‘D—31°4847. Central and probably faintest of three 
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NOTES TO TABLE 1—Continued 


MHa 276-52. 7’ following and slightly south of CD—25°11723. A slightly brighter star is 1/5 n.p. 
K. Minkowski has found the spectrum to have bright lines of He 1 and (Fe vu] in addition to those 
ol H 

MHa 71-6. 2'5 n.f. CD ~—30°13590. A brighter star is 1/5 north 

MHa 71-5. 4’ s.f, CD — 30°13594. A slightly brighter star is 4’ following and slightly south 

HD 322447. CD—40°10963 

(HD 322422). (CD—40°11001). 4/5 s.f. CD —40°10989 

(CD —~27°11463). 8 following CD—27°11351. Type Fe. 

MHa 71-15. Southern, following, and faintest of three stars in a line approximately 8’ long. Pe- 
culiar, probably a combination spectrum 

MHa 276-48. 8’ south and somewhat following CD —.26°11900. Equidistant from CD— 26°11900 
and —27°11457 

HD 326971). 8’ s.p. CD—40°11324 

M Ha 276-46. Near CD —27°11001. A slightly brighter star is 2'5 n-p. 

M Ha 276-12. 9 preceding CD —32°12467, A brighter star is 1’ following. KR. Minkowski has found 
the spectrum to have bright lines of [Fe vu] in addition to those of H 

MHa 192-53, 8’ n.p. CD-- 38°11671 


. CD —38°11746. Preceding of two stars separated by 1’. 


MHa 192-100, 2'5 nf. CD —37°11487 

MHa 276-33. & s.f. CD — 30°14064. A brighter star is 4’ s.f 

CD — 32°12653. 9 s.p. CD—32°12663. Brightest star in the field 

Ma 192-37. 8° n.p. CD—38°11801. Central one of three stars. 

HI¥ 323097. CD — 37°11520. 2’ s.f. CD—37°11514. 

CD —40°11454. 2’ south of CD—40°11455. 

CD—33°12119. 4° s.f. CD—33°12117. Type may be later than B 

HD 323771. (CD~39°11602). 4’ s.f. CD —39°11897 

CD —22°12093. 9’ n.p. BD — 22°4367 (CD— 22°12097). A fainter star is 2'5 n.f 

HD 317861, CD—32°12908 

F 6-6. 8’ south of and slightly following BD —18°4595 

HD 320483. 2'5 nf. CD—35°11839. Northern and preceding of two faint stars 

UU Ser. 2‘5 north and slightly following BD —15°4654 

HD 316179. CD—27°11855 

MHa 79-52. 5’ n.p. BD — 22°4399. A brighter star is 1/5 n.p. R. Minkowski reports that this very 
peculiar spectrum shows lines of highly ionized iron atoms. He will publish a description later. 
MHa 375-1. 5’ n.p. BD—8°4489 

MHa 363-30. 1/5 north of the midpoint of the line joining CD — 38°12156 and ~ 38°12175. A brighter 
star is 2° n.p 

CD —25°12254). 2'5 preceding a star of the same magnitude. 

M Ha 304-68. 6’ north and slightly preceding CD — 28°13571 

MHa 304-74. Near CD —29°14029. 1'5 north and slightly preceding a somewhat fainter star 
MHa 359-110. 12’ n.p. BD ~ 22°4437. A tenth-magnitude star is 3’ preceding. R. Minkowski has 


found the spectrum to be very peculiar, with prominent bright lines of He1 and [Fe vu} 


HD 316375. CD —27°12020 
CD—24°13552. 4’ preceding and slightly south of a star of the same magnitude, probably 
CD — 24°13553 

HD 316520. CD -—-28°13727. 3’ north and slightly following CD — 28°13724. Another tenth-magni- 
tude star is 3’ north 

(HD 316587). (CD —29°14098). 5’ preceding and slightly south of a much fainter star 

CD —22°12292. 10’ s.p. CD~-- 22°12299. Northern and following of two stars 

CD — 28°13765). 1/5 s.p. a slightly fainter star. 

HD 316608. (CD —30°14896).".155 nf. CD —30°14891. 

(HD 316568), CD -- 29°14172. 7/5 n.p. CD—29°14183. A faint red star lies between 

M Ha 304-92, 2/5 preceding and slightly north of CD—27°12131 

MHa 363-45. Between two brighter stars separated by 3’. The northern, preceding, and brighter is 
probably CD —35°12088 

M Ha 304-10. 5’ nf. CD --34°12297. Central one of three extremely faint stars. 

M Hea 304-168. 2'5 south of a brighter star, probably CD— 24°13678 

(CD — 25°12499). 5’ n.p. a star of magnitude 9.5. The following (and of intermediate declination) of 
three stars of similar magnitude 

HD 318710. CD —31°14905. 8 north and slightly preceding CD — 31°14907 

M Ha 304-167. Near HD 314916. 7’ n._p. CD—25°12544. A brighter star is 3’ north and slightly 
preceding 

MHa 34-14. 2’ n.f. CD—33°12697. An eleventh-magnitude star, probably CD —33°12702, is 1’ 


s.p. Magnitude variable; possibly a nova 
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HD 312462. 7’ preceding BD--17°4985, Bright Ha may have been less intense on May 16, 1947, 
than on August 31, 1946 

. HD 316870. CD— 29°14345. 5’ south and slightly preceding CD — 29°14349. 

. (HD 316989). (CID — 29°14350). 1’ following and slightly north of a fainter star 

. (HD 324802). (CID —-37°12105). 4' n.f. a brighter star 

. MHa 359-71, Near CD—23°13793. Preceding and fainter of two stars separated by less than I’. 

- MHa 359-70. 12 south of CD— 23°13802 

. MHa 304-52. 1'5 s.f. CD--32°13660. 

. F 6-7. 13’ preceding and slightly north of BD—20°4986. A brighter star is 6/5 n.f. Probably the 
southern star of several. R. Minkowski has found very strong bright 7 lines superposed on a con- 
tinuous spectrum with dark 770 bands. 

. HD 313820. CD--22°12543 

MHae 82-21. 1/5 preceding CD —29°14508. A slightly brighter star is 1/5 n.p. 

(HD 315177). (CD—25°12733 or —25°12736). May be HD 315178 

(HD 317086). (CD —28°14164). Follows a fainter star by 1’ 

MHa 363-7. 8’ s._p. CD—41°12468. An eleventh-magnitude star is 3’ north. 

MHa 79-19. 2'5s.f. BD—19°4854 

. MHa 79-25. 4’ following BD — 22°4576. Forms an equilateral triangle with two brighter stars fol- 
lowing 

. HD 165895. 4’ s.p. CD—24°13971. 5/5 n-_p. CD—24°13975. 
MHa 304-17. 1/5n.p.a brighter star, probably CD — 33°12894. Southern and faintest of three stars. 
MHa 208-83. 1’ following and slightly south of a brighter star, probably CD —27°12510 
. MHa 304-113. 3/5 preceding a brighter star, probably CD — 28°14255. 
. MHa 304-120. 3’ south and slightly following a brighter star, probably CD ~ 28°14256. 
. MHa 304-121. 1’ 5.f. CD— 29°14632 
5. F 1-37. 3’ preceding and slightly south of BD-- 14°4924 
HD 315277. CD—25°12867 
HD 166612, 3. Ha is a bright line of moderate intensity on a low-dispersion slit spectrogram taken 
in August, 1948. Spectrum Fe 
. MHa 304-119. 4’ s.p. CD 28°14290. 2'5 s.p. CD— 28°14291 
289. F 1-11. 9’ n.p. BD—11°4558. 7’ south of and slightly preceding a brighter star 
. MHa 77-52. 1/5 south of CD —32°13890. 
. HD 312984. Halfway between BD — 20°5033 and — 20°5039 
. HD 319139. CD —32°13906. Classified K5e at Harvard. The star deserves further investigation. 
. MHa 304-122. 1/5 south of an M-type star, CD —29°14700. 
. MHa 304-123. 5/5 following CD—27°12619. 3’ s.f. a brighter star 
. MHa 304-41. 2’ n.p. HD 167362 
. D 143-2. 16’ s.p. BD —0°3449. A brighter star is 9 s.p. 
. MHa 352-34. 8’ s.p. BD+21°3358. 
. MH a 312-68. 4/5 north and slightly preceding BD ~17°5108. A slightly brighter object is 2'5 n.p. 
. MHa 208-92. Probably Nova Sagittarii, 1945. 1/5 s.p. a brighter star, probably CD—28°14410. 
. MHa 304-149. 9’ north and slightly preceding CD — 24°14166. 9’ s.p. CD — 24°14179. A brighter star 
is 1‘5 preceding. 
. MHa 304-145. 2/5 n.f. a brighter star, probably CD —24°14186. 
. MHa 304-33. 6/5 n.p. CD—31°15441. A faint star is 2’ north. Minkowski reports that this star is 
variable. 
. MHa 366-101. 3’ n.f. a slightly brighter star, probably CD—25°13093. 5’ north and slightly pre- 
ceding a brighter star, probably CD — 25°13094. 
. (CD—28°14567). 2°5 n-p. a red star. 
. F 1-17. Halfway between BD —12°5047 and — 12°5055. A tenth-magnitude star is 1/5 nf. 
. MHa 204-53. 8’ n.p. BD — 13°5006. The southern of several faint stars 
. F 4-37. 15 south of the midpoint ef the line joining BD —19°5038 and — 19°5043. 
. F 5-12. 615 following and slightly north of BD— 14°5102. A brighter star is 3’ following. 
. MHa 375-17. 12’ north of and slightly following BD — 5°4686. 5‘ n.p. BD— 5°4689. 
. MHa 345-39. 2’ following a star of about the same magnitude 
. F 5-56. Brightest star within a radius of 5’ 
. MHa 208-51. 3’ following and slightly south of BD —22°4807 
. D 143-20. 8’ s.f. BD --5°4721. Preceding and northern of two stars separated by 2’. 
MHa 208-58. 7’ south of BD —21°5108. 
. MHa 345-51. 2/5 s.p. a star of similar magnitude 
MHa 345-30. 2’ n.p. a star of the same magnitude. 
MHa 345-31. 4’ south of and slightly following BD — 5°4735. A brighter star is 3’ south. 
. MHa 345-32. 6’ south and slightly preceding BD — 3°4366. A very interesting Wolf-Rayet star. The 
emission line \ 4650 of C m1 has a wide, strong absorption line on its shortward side. 
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NOTES TO TABLE 1—Continued 


BD --11°4747. R. Minkowski has found the [NV u] lines near Ha to be strong 

M Ha 345-52. 6’ seuth and slightly following BD —2°4737. A slightly fainter star is 4’ nf 

MHa 369-39. 1’ south and slightly following a faint red star. R. Minkowski has found the spectrum 
to have bright lines of #7¢1 in addition to those of H. 

MHa 352-9. 3’ sf BD+10°3663. A much fainter star is 2/5 preceding 
CD -- 26°13521. 8 isa very strong, bright line on low-dispersion slit spectrograms taken in August, 
1948; 7 y and H6 also are bright. The type is Fe. The star deserves further observatior 

MHa 204-32. 5’ nf. BD~—13°5119. On a straight line joining BD ~—13°5119 and —13°5123. 

M Ha 208-67. 1'5s.p. a brighter star, probably CT)—24°14797. 

SV Sct. & nf. BID 14°5215. The following of three stars. The spectrum is probably Se. 

FN Sgr. 4'5 north and slightly preceding BD—~19°5213. A low-dispersion slit spectrogram taken 
by KR. Minkowsk: shows bright lines of HW, Het, and possibly other elements. The type may be 
earlier than B 

CD —~ 32°14673). 6/5 south and slightly preceding CD — 32°14678. Southern, following, and faintest 
of three stars in 2. straight line 

BD-—5°4819. Bright Ha was independently discovered by C. K. Seyfert of the Warner and Swasey 
Observatory 

BD ~ 5°4823. Ha is bright on slit spectrograms taken on Augrust 15 and October 23, 1948, and July 
15 1949 The type is not well shown 

MHa 305-5. 6°5 south and slightly following BD+-17°3812. A brighter star is 2/5 n.f. Northern, 
preceding, and faintest of three stars 

MHa 214-24. 2'5 n.p. BD4-2°3756. A brighter star is 2'5 n.p 

BD+-0°4080). Northern and following of two stars separated by 1/5. Ha is bright on three slit spec 
trograms taken in July, 1947. Bright H8 and other peculiarities in the blue are shown by a weak 


slit spectrogram taken on July 23, 1948. The type is estimated to be gK(3)pe. This star deserves 


further observation 
MHa 277-6. Halfway between BD — 17°5439 and 17°5445 
M Ha 305-6. 4’ preceding and slightly south of BD+16°3715. Two slightly brighter stars are 4’ 
south. R. Minkowski has found the spectrum to have bright lines of [Fe vul in addition to those of H. 
MHa 214-22. ¥ nf. BD + 3° 3893 
MHe 339-4. 4’ sp, BD —2°4875 

oo 


MHa 277-26. 9 s.p. BD—12°5298, A brighter star is 3’ n.p. Southern of two or more faint stars. 
HD 349853, BD-+19°3948 

MHa 305-11. 2'5 nop. BD + 17°3895 

M Ha 305-10. 4° n.p. BD + 17°3897, 

MHa 214-17. 2’ nf. BD-+4°4036 

BL —9°S069). 3° north of a brighter star 

M He 215-6. 5’ nf. BD+ 14°3852 

M Ha 319-34. 4’ of. BD —11°4942. R. Minkowski has found the spectrum to be of type W. 

MHa 308-19. 1/5 s.f. BD-+14°3858 

M He 308-44, 3’ following BD-+15°3764 

M Ha 308-18. 8 a.p. BD -+-10°3867. Brightest star on line joining BD+ 10°3763 and +10°3867. 
HD 344191. BD + 23°3632 

MHa 308-17. 8’ sp. BD+4+11°3817 

MHe 215-33. 4/35.p. BD +24°3729. Probably type N or S 

M Ha 92-20. 2'5 following and slightly south of a tenth-magnitude star, probably HD 338351, 
MHea 215-36. 2/5 preceding BD 4-23°3703 

MHa 80-5. 5’ north of BD +18°4227. R. Minkowski has found this star to have a combinatior 
spectrum 

HD 350485, BD+19°4163 

HD 226100. 1'56.p. BD+4+34°3751 

HD 338970, BD + 26°3087. The Ha line appears bright on objective-prism photographs taken in 
Septernber, 1940, August, 1946, and August, 1947; it is a well-marked bright line, possibly slightly 
widened, on a low-dispersion slit spectrogram taken in August, 1947. From a low-dispersion slit 
spectrogram of the photographic region taken in October, 1947, the spectrum was classified dF Se. 
HD 3545108, 2°55 nf. BD-+22°3834 

HD 350799, BD +-17°4126 

HED) 3340038). 3 preceding BD+ 28 3513 

HD 345122. BD + 21°3959 

M Ha 92-28. Northern of two stars of similar magnitude separated by 2°55. 
BS Cvg. Halfway between BD +4-53°2311 and +53°2312. The spectrum appears to be banded. 

M Ha 328-17. Southern, following, and brighter of two stars separated by less than 1’. Northern and 
following of three stars making a line S’ in length 

MHa 316-82. 2'5 a4. BD+26°3729 
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NOTES TO TABLE 1—Continued 
. HD 351123. BD+ 16°4079 


. MHa 328-116. 5’ south of BD-+39°3965. A slightly brighter star is 1’ following 


. MHa 376-29. 1/5 s.f. BD+-31°3872. 


. MHe 92-31. 6!5 n.p. BD +31°3878. 

. MHa 328-10. 4’ s.p. BD+35°3917. 

. MHe 328-9. 3'5 s.f. BD+36°3825. A faint star is 2’ following 
_ HD 331808. 6/5 s.p. BD+30°3867 

. MHa 328-112. 1/5 n.f. BD-+36°3853. 


. MHa 104-29. 2’ n.p. BD+32°3706. 


. MHa 376-47. 5’ preceding and slightly north of BD+32°3709. A star of similar magnitude is 5’ 


south. 
. (HD 228023). 5’ n.p. BD +34°3896. Preceding of four stars of similar magnitude. 


. MHa 328-20. 9’ s.p. BD+34°3890, Southern and preceding of three stars forming a straight line. 
. HD 351582. BD-+-19°4308. 


5. MHa 328-23. 6’ following BD+36°3918 
. MHa 148-48. 6’ n._p. BD +37°3810. Brightest star in the field. 


. (HD 228207). 1/5 s.f. BD-+35°4011 (HD 228200). 
. MHa 328-105. 3/5 following BD+-39°4074. Southern and following of two stars separated by 1/5. 


Possibly peculiar bands. 


. MHa 328-107. 1/5 north and slightly preceding a star of magnitude 10.5. 


. MHa 328-102. 10’ s.f. BD +37°3826. Preceding and fainter of two stars separated by less than 1’. 


. MHa 148-64. 2/5 preceding BD + 38°3963. A brighter star is approximately 1’ preceding. 

. (HD 228510). Follows a brighter star by less than 1’. 

. MHa 148-69. 8’ s.p. BD +39°4100. A slightly fainter star is 2‘5 following 

. (HD 228576). 3/5 north of and slightly following BD-+36°3963. A red star is 1’ following and 


slightly north. 


. MHa 328-91. 655 n.p. BD+36°3992 

. MHa 328-87. 2’ preceding and slightly south of a star of the same magnitude. 
. MHa 328-84. 2’ north and somewhat preceding BD +38°3990. 

. MHa 328-88. 4’ s.f. BD +37°3870. Two slightly brigher stars lie between. 

. MHa 148-103. 4’ north of BD+41°3866 

. D 146-37. 4’ n.p. BD+37°3879. A star of equal magnitude is 3’ n.p 


. MHa 328-89. 9 north and slightly preceding BD+37°3878. Brightest star within a radius of 5’. 


417 


418. 
419. 
420. 


421, 
422. 
424. 
425. 
426. 


427. 
428. 
429. 


430 


. BD+40°4112. Type probably later than B. 

. MHa 328-80. 4’ north of and slightly following BD +-38°4016, 

. MHa 328-81. 4’ n.p. BD+39°4139 

. MHa 328-79. 4’ south of BD+38°4025. In declination it is halfway between two much brighter 


stars preceding. 


. MHa 328-71. 2’ n.p. BD+37°3902. 


MHa 328-74. 3'5 n.p. BD+-36°4031. A brighter star is 2’ south. 


-. MHa 328-68. 5’ n.p. BD+39°4154. Probably northern and brightest of several faint stars. 

. MHa 328-76. 9’ north of BD+36°4033 

. MHa 328-69. 4’ n.f. BD +37°3906. A brighter star is 4’ south. 

. FHa 3-44. 1/5 n.f. BD+37°3907. A brighter star is 3/5 south. 

. MHa 148-76. 5’ preceding BD+39°4179. A fainter star is less than 1’ s.p. 

. MHa 148-77. Less than 1’ s.p. a tenth-magnitude star. 

5. MHa 148-88. Southern, preceding, and faintest of three stars forming a straight line 5/5 in length. 
416. 


MHa 76-40. 8’ north and slightly following BD+37°3926. A slightly fainter star follows by less 
than 1/5. 

FHa 3-6. 5’ north and slightly following BD +37°3936. A brighter star is 2’ n.p. 

MHa 148-99. 8’ n.f. BD +43°3613. Brightest star within a radius of 8’. 

MHa 76-34. 4’ north of and slightly preceding a ninth-magnitude star. 

MHa 328-130. 4’ following and slightly north of BD+40°4195. Preceding of three stars of about 
the same declination. 

MHa 328-131. 1‘5 preceding and slightly south of BD+41°3791. 

MHa 328-53. 9’ south of BD+-40°4218. Southern and brightest of three stars. 

MHa 289-51. 5’ s.f. BD+40°4220. 

MHa 328-51. Northern of three stars forming an equilateral triangle, 4’ on each side. 

MHa 328-133. 4’ south and slightly preceding BD +40°4227. Northern, following, and brighter of 
two stars separated by 1°5. 

M Ha 328-134. 4’ following BD+40°4227. A brighter star is 1/5 n-f. 

MHa 148-90. 6/5 n.f. BD+40°4227. A star of magnitude 9.5 is 4’ south 

MHa 328-40, 2’ following a slightly brighter star 

. MHa 148-91. 6/5 s.f. BD+41°3808. 6/5 n.f. BD +40°4234. 
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M Ha 328-50. 2'5 n.p. a tenth-magnitude star 
MHe 328-41. 9 s.p. BD +34°4095, 10’ n.p. BD +34'4098. Brightest star in the field 
MHa 328-142. 4’ n.f. BD-+41°3837. A ninth-magnitude star is 3’ nf 
MHa 328-141. 2'5 nf. BD +41°3840 
M Ha 328-42. 2'5 following and slightly south of BD+35°4217. BD-+35°4221 is 2!5 south and 
somewhat prec eding 
HD 197406. Spectrum Of. The HD classification of Ma was later changed by Miss Cannon to Oc 
The spectrum is under investigation by O. C. Wilson 
MH a 235-37. 2'5 south of BD+43°3714 
M Ha 235-36. 4’ n.{. BD +43°3720. Northern, preceding, and brighter of two stars 
MHa 148-94. 8’ nf. BD+43°3720. BD+43°3725 is 9’ north 
MHa 148-95. 6’ s.f. BID-+43°3722 
MHa 221-39. Souther, preceding, and brighter of two stars separated by 4’. A brighter star is 4/5 
no 
M Ha 255-56. 4’ nop. BD +48°3223. Preceding of two stars 
BD +-46°3080). N.f. of two stars separated by less than 1’. 
M Ha 235-59. 7’ north and slightly preceding BD +44°3615. A fainter star precedes by less than 1’. 
M Ha 255-55. Northern, following, and probably fainter of two stars separated by 2’. Approxi 
mately at the midpoint of the line joining BD+48°3242 and +49°3420 
BD +-44° 3687. 4' sf. BD+44°36056 
BD +44" 3666). 4 north and slightly following BD-+-44°3661 
M Ha 289-90. 5’ 5.f. BD+45°33608. A brighter star is 4‘ north. R. Minkowski has found this star to 
have a combination spectrum 
MHa 235-19. 5’ nop. BD +40°4396. Northern, following, and brighter of two stars 
MHa 235-54. 2'5 n.p, BD +-45°3392 
M Ha 255-53. 134’ north of and somewhat following BD+ 50°3257. Centra! and probably brightest 
of three stars 
M Hea 481-12. 8’ n.p. BD +44°3714 
MHa 255-52. Approximately equidistant from BD+-48°3298 and +48°3299. Northern and fol 
lowing of two stars se parated by 2°55 
M Ha 255.26, 8’ north of and slightly preceding PD+4-48°3316 
MHa 255-51. 2'5 s.p. BD +48°3320 
M Ha 170-24. 12’ north of and slightly following BD +55°2549 
MHa 255-48. 3°5 following BD+49°3512 
M Ha 297-51. Southern and following of two stars separated by 3’ 
MHa 221-54. Southern of two stars separated by 155 
BD+41°4191. 12’ n-p. BD+41°4196 
M Ha 297-36, 12’ s.f. BD+54°2577. Two brighter stars are 8’ s.p. and &" s.f., respectively 
M Ha 297-55. 4’ north and slightly following BD + 56°2601 
MHa 297.34. 4’ preceding and slightly south of a brighter star 
M Ha 297.35. 4’ south of BD +56°2624. A red star is 2/5 preceding 
BD+65°1637. Preceding and northern of two stars separated by 1’. 
M Ha 258-37. 5’ n._p. BD + 54°2631 
BD) +46°3471. Preceding and brighter of two stars separated by 2 
MHa 174-63. Probably late type. 4’ s.f. a star of similar magnitude. A fainter star is 4’ south. 
MHa 73-11. 2’ nf. a star of similar magnitude 
MHae 258-33, Northern and following of two stars separated by 1/5 
MHa 258-95. 12’ south and somewhat preceding BD +48°3621. 5/5 n.f{. a star of similar magnitude. 
\ fainter star lies between 
MHa 258-26. 2° n.p. BD+54°2746 
MHa 258-70. 4’ following a much brighter star. Southern and following of three stars. 
AC 4-55°64276. 1’ preceding and slightly south of BD+55°2754. Bright Ha was detected independ- 
ently by Morgan and Bidelman 
M Ha 217-26. 6/5 following and slightly north of BD+-61°2298 
AC + 57°60826. Southern and following of two stars separated by 2/5. Independently discovered 
by Morgan and Bidelman 
M Ha 258-78. 4’ n-p. BD 4+5§3°2933. A slightly fainter star is 2’ preceding 
AC +87°61154. 1/5 south of a slightly brighter star. Bright Ha was independently discovered by 
Morgan and Bidelman 
M Ha 217-83. 6' south and slightly preceding BD + 54°2843 
M Ha 47.30. 4’ nf. BD +57°2043. A. H. Joy has found the spectrum to be of the T Tauri type. See 
tp. J., 110, 435, 1949 
MHa 217-49. 3’ nf. aslightly brighter star 


‘ 
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NOTES TO TABLE 1—Continued 
MHa 73-59. 4’ s.f. BD4-58°2517. Probably late type. Ha not distinctly bright on an objective- 
prism plate taken on September 21, 1944 
- MHa 217-55. 8’ preceding and slightly south of BD+59°2628. A star of similar magnitude is 4’ n.f 
5. MHa 217-18. 6’ south and slightly preceding BD+61°2388 
MHea 217-58. 6’ north and slightly following BD+-57°2692. 6/5 s.p. BD+57°2696. 
7. BD+73°1031. Probably K type. 
F Ha 7-6. 5’ s.f. BD-+-60°2567. A fainter star is 4’ north 
. MHa 217-68. 5’ north and slightly following BD+55°2992. Probably N type. 


513. MHa 217-9. 1'5 preceding and slightly south of BD+-61°2508. Spectrum Of. The spectrum is 


under investigation by O. C. Wilson. 
. MHa 256-51. 1/5 north and slightly following BD +61°2564. 
5. MHa 256-53. 1’ north and slightly preceding BD +62°2329 
. MHa 223-53. 5’ n.f, BD +63°2078 
. MHa 284-27. 2' n.f. BD+72°1127. Ha appears distinctly bright on objective-prism photographs 
taken on July 26 and August 31, 1946, but is not seen on a similar plate taken on September 24, 
1946. Does it change? 
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STELLAR SPECTRA IN MILKY WAY REGIONS 
Il. A REGION IN CYGNUS 


S. W. McCuskey Anp C. K. SeEyFrertT 
Case Institute of Technology and Vanderbilt University 
Received March 9, 1950 
ABSTRACT 
Observations of spectra, photographic magnitudes, and red color indices are given for a region in 


yenus R.A. 19836"; Dec. +30°. The area of the sky covered is 13.4 square degrees. Tables 1 and 2 
the data. Identification charts are shown in Figure 1, A~L 


An analysis of spectral type distributions for a study of the galactic structure in 
Aquila and in Cygnus was published! by the authors in 1947. The present note supplies a 
catalogue of the observational data on spectral types, colors, and photographic magni- 
tudes for the region LF2 in Cygnus. Similar data for region LF 1 in Aquila have been pub- 
lished recently in the Astrophysical Journal. 

Region LF2 lies in the Milky Way at R.A. 19836"; Dec. +30°; / = 33°, 6 = +3° 
(1945). The field is circular and covers 13.4 square degrees. All the observations of spectra 
have been made with the 4° objective prism attached to the 24-36-inch Schmidt-type 
telescope of the Warner and Swasey Observatory. 

Sectional charts covering the area are presented in Figure 1, A~L. The numbering is 
explained below. A key to the sectioning of the field is included in the upper left-hand 
comer of Figure 1, A. The printing on each section reads correctly when the chart is held 
with north up 

lable 1 gives the observational data for 2170 stars in this area. The numbering scheme 
given in the first column is similar to the system of the BD catalogue, the stars being 
listed approximately in order of right ascension in each degree zone of declination. Zone 
boundaries are for 1950 and are not to be considered very precise. The network has been 
established by reference to the computed positions for only four stars. 

An asterisk following a star’s serial number in Table 1 indicates that it isa BD star. An 
“R” indicates a reference to the remarks given in Table 2. Attached to the latter table 
are the BD numbers for a few stars in each zone to provide quick orientation with the 
BD catalogue and chart 

lable 1 lists about 600 more stars than were used in our analysis of LF2 mentioned 
above. Most of these are faint stars whose spectra became classifiable only on the better 
plates which were taken after the original work of 1945 and 1946. A reanalysis of these 
data will be made when the results for all the LF regions are summarized. 

lhe second and third columns of Table 1 give, respectively, the apparent photographic 
magnitudes for all stars and the red color indices for stars of spectral type earlier than 
FO. The colors have been determined from the given m,, and from red magnitudes based 
upon the North Polar Sequence as given by Nassau and Berger.’ Eastman 103a-E plates 
combined with a No. 22 Wratten filter were used for the red-magnitude work. The effec- 
tive wave length of this combination is about \ 6200. Eastman 103a-O and IIa-O plates 
were used for the blue photometry. The tabulated m,,’s have an average probable error 

of + 0.09 mag.; the colors, an average p.e. of +0.12 mag. All the photometry was done 
with a graduated scale of stellar images on plates taken with the Schmidt telescope. 

ip. J., 106, 1, 1947, 


7S. W. McCuskey, Ap. J., 109, 426, 1949, > Ap. J., 103, 25, 1946. 
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Table 1 


Observational Data for Region LF2 


Zone + 27° 


Mpg R.1. ‘ No. Mog a ‘ \ Mpg R.1. Sp. 


11.90 +.57 26 12.79 +. 10.21 +40 Ad 
12.00 +.39 27 12.16 ... CS use 
10.46... 28 12.04 +. 12.066 ... 

41.43 ... 29 11.30 ... 11.07 -.01 

10.68 ... 30° 11.32 ... 11,47 


11.04 +. 12.06 ... 21.07 26% 
9.00 ... 12.33 ... 10.80 ... 
11.08 ... 13.06 ... 10.80 +.58 
12.65 ... IS ws 10.34 -.23 
12.41 ... 11.98 +. 11.85 ... 


12.35. 13.50: ... 9.92 ... 
11.70 12.45 ... 9.32 -.06 
9.95 12.75 12.03 ... 
9.62 11.37 7.72 -.27 
12.03 9.93 123.67 ... 


10.84 ... 123.37 ... 11.10 +,17 
12.36 ... : 12.06 ... 10.61 ... 
12.30 . 13.3%... 11.30 
10.70 d 10.70 -. 12.00 
11.37 12.36 ... 12.35 


11.70 ... 13.06 | 4.2% 10,50 
11.04 +.38 13.37... 12.46 
13.87 ... 9.89 +. 11.85 
11.48. 12.81 ... 12.03 
8.77 -. 12.26 


Zone + 28° 


11.88 +.15 8.72 -. 9.53 
10.98 +.08 12.46... 11.80 
11.81 +.37 | 11.96 ... 9.15 
11.04 -.04 S807 ie 11,17 
13.08 33. 11.00 ... 12.22 


11.93 +.69 13.61 ... 11,70 
12.48 ... 12.76 ... 11.41 
1.0. 12.47 ... 11,94 
11.47 +.23 10.10 +. 12.35 
10.73... 12.25 ... 10,83 


43,37 * ss 12.06 ... 9.27 
71.46 ... 11.00 ... 12.00 
12.69 ... 10.41 -. 11.81 
11.63... 10.26 -,.1 11.18 
10.83 ... 11.63 +. 11.15 





12.33... 9.30 .. 9.03 
11.96 ... 13.37 ... 12.28 
12.29 ... 11.53 -. 11.89 
ie eee 12.26 ... 12,30 
12.15 ... 12.10 ... 12,52 


12.83 ... 9.30 -. 8.50 
10.60 -.04 12.20 ... 12,52 
12.62 ... 10.97 ... 11.90 
12.066 ... 13.03 ... 12.15 
13.29... 12.54 ... 12.46 
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Table 1 


Observational Data for Region LF2 (Cont'd) 


Zone +28° (Cont'd) 
R.1. 


Mpg R. 1. Sp. 3 ‘ke Sp. . Mog 


11.61 .. F2 oes 12.41 +.11 


it re G8yV see SRST 34% 
ie aeer Fé eve 11.56 +11 





10.54 -. AO ; ie Bee 
12.75 F G8 ees 11.98 ~.06 


12.63 0! A2 vee 23.90 ih.a5 
19.33... A2 pee 12.51 +.13 
10.69 .. FO coe SR.98 hs 
10.59 , A3 eee 3 11.58 
12.32 - A2 eee 13.00 


33.06 46. eee 11.59 


12.56 ... AO oan 11.84 
S.70 ia A: ‘ 12.37 
3.30 «se FO ys 12.23 
11,03 -. B8 oes 11.88 


i? ewe j eee 11.84 
10,54 11.92 
12 - ee 12.63 
12.06 ‘ eee 12.71 
12.15 ees 11.57 
11 : g oes 246 11.70 
12.81 ; +. 12.01 

41 11.75 
12 es eo. 249 12.86 
12.17 ‘ ts 250 12.46 


EEE eve 251 11.83 
92 -. AS es 252 12.46 
Se, oe 3 253 11.93 

ae ; wen 254 11.07 
12.48 AS sce 255 12.57 


20 ‘ ose 256 11.41 
ee j oe 257 11.77 
94 j eee 258 11.85 
53 259° 10.37 

260° 11,04 


64 : wwe 261°R 9.97 
11 > j . 262 12.64 
64 Af , 263 11,17 
84-0 ° 264 11.37 

265R 11.08 





266 12.10 
267 12.02 
268 11.85 
269 12,30 
270 11.97 


271 12.08 
272 12.10 
273 11.82 
274* 9.66 
275* 9.67 





Mpg 
12.77 
11.75 
11,80 

8.77 
11.12 


10.89 
12.10 
42.21 
12.61 
10.90 


12.04 

9.03 
11.40 
11.20 
11,37 


11.57 
12.39 
12.36 
12.60 
12.36 


11.32 
12.21 
12.35 
11.91 
11.25 


12.36 
11.05 
12.37 

9.97 
11.72 


12.61 

9.21 
12.39 
12.28 
10.61 


9.62 
11.86 
12,06 
12.35 
11.05 


11.54 
12.40 
12.67 
12,15 
11.10 


12.88 
12.10 
11.96 
11,86 
11.88 


Table 1 


Observational Data for Region LF2 (Cont'd) 


Sp. 


K2 
F2 
F5 








Table 1 
Observational Data for Region LF? (Cont’d) 


Zone +28° (Cont'd) Zone +29° 
R.1. Sp. ; Mpg R.L 


Mpg 
Fe ia 
KO -.03 
Fe re 

GO 

AS 


B9 
Bd 
B5 
FS 


Go 
A3 
BS: 


Ss eae wee 


BS 


FO 
FO 
AO 
AO 
B8& 


GO 
KOU 
A3 
K3III 
G2 


Ao 
B8 
Go 
A2 
B9 


F8 
AO 
F8 
GO 
A2: 


G5V 
B8 
AO 
G0 
GSI 





40 
BS 
KOI 
AS 
K3I0 


B8 
FO 
GO 
G8V 
A0 


B9 





Table 1 


Observational Data for Region LF2 (Cont'd) 


Zone +29° (Cont'd) 


No, R.L Sp. No, Mpg 2 3 " Mpg R.1L. 


Mog 
11.17 -.11 AO 151 )) oe 12.48 
12.29 -.17 AO 152 oe 12.28 
9.72 -.21 A2 153 1... 11.04 
2 154* T! oe 12.41 
10.94 +.13 155 tk Dae 12.41 


12.29 ... A2 156* 8.71 -. 10.54 -.36 
ae acs 157 8 Seer 11.90 
it Mere 158 12.05 12.34 
12.28 ... F2 159 11.07 11.78 +.03 
OS ergeae 160 11.05 ; 11.04 -,24 


10.22 -. B8 161* are 12.01 +.11 
9.62 162 13.66... 10,63 -.19 
11,97 A3 163 13.09 2... 6.00: ... 
me... 164 eee ek Jeri 
11.54 +, 165 eee 10.82 +,17 


10.91 -. 166*R ( 5.84)... 11.96 
ie re 167 11,71 +. 12.60 
Sk) eae 168 eee 10.94 
oe 169* 9.29 -., 12,50 
8.70... 170 10.32 +. 11.65 


12.23... 171* 9.66 -. 8.74 
er 172 Ff eee 12,02 
11.41 -. 173 5! are 12.02 
9.30 -. 174 it hoe 12,37 
10.97 +. 175 10.87 +. 10.19 


10.43... 176* 9.90 -. 11.64 
2 | ree 177 ot eee 10,62 
11.38 1s 178* ae a's 10,07 
11.68 -. 179 A 11.62 
11.64 -. 180 REGO oi 12.06 


> oe 181 11.85 . 11,33 
12.23. 182 12.26 12.37 
11.60 183 11.85 -, 11.03 
11.88 +. 184 Ss are 9.34 
11.64 -. 185 5EGP ie 11,95 


oe Seer 186 11,32 -. 11.36 
ie ae 187 41.85 ... 9,97 
9.67 -. 188 of are: 11,07 
tS eee 189 A ore 11,54 
11.83 ... 190* 9.73 -. 9.80 





5 are 191 33.08 «ss 11.51 
is ee 192* 8.29 +. 11.57 
11.78 +. 193 oe ire 11.99 
oF eee 194 11.82 -. 12,21 
10.50 -. 195 10,66... 11.80 


cis See 196R 13.66: ... 12.52 ... 
9.97 -. 197* O68... 10.99 -.07 
a: ae 198 REGO sce 9.95 ... 
9.80 -. 199 12.62 ... 12.00 -.18 
ie ere 200 oe aor 12.01 ~-.03 
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Table 1 


Observational Data for Region LF2 (Cont'd) 


Zone +29° (Cont'd) 


Mog RL Sp. 
Ne a as F2V 
11.59 ‘ Fé 
ee: iss G8 
Se aes KO 
SENG: S's Go 


[3.90 «... KOI 
BEet oe. «36 
11.86 ... GO 
0.05 42. A3 
See «se Gsm 


9.31 B9 
10.61 ~. AO 
is er GO 
6.14) -.45 BS 
BIND 0 A2 


10.87 A2 
ae os FO 
BEES. sss 

12.65 .. KO 
10.83 A5 
12.03 

11.49 

12.47 

11.98 

12.65 


7.58 
11,42 
11,75 
10.56 
il 


11.8 

11. 
9 
9 

11: 


12 
12,15 
11,7 
il 
11,92 





11 
12,3 
12 


12 





Table 1 


Observational Data for Region LF2 (Cont’d) 


Zone +29° (Cont'd) 
Mpg RL Sp. 


11.82 -.03 AO 
12.18... G8m 
11.38... M50 
12.30 +.01 AO 
12.02 +.15 A5 


ee 

8 eres 
11.47 

10.08 «6s 

sae 3 F5 


11.85 F8 
11.12 B8 
12.30 A3 
ik are 

eaane 6% 0 AO 


11.97 +. AO 
11,50 +. A3 
9.72 -. 

10.62 +. A5 
8.37 -. B2 


2.31... AS 
123.23... FO: 
12.02 ... FO 
9.56 
12.61 


12.75 
12,27 
11,92 
12.18 
12.30 


11.75 
11.75 
12.67 
11.60 
12.08 


11,77 
11.36 
11.72 
12.23 
11.75 





12.65 
10.57 
12,29 
11.20 
12.10 


12.45 
11,96 
11,61 
12,52 
12,21 





Table 1 


Observational Data for Region LF2 (Cont’d) 


Zone +29° (Cont'd) 


Mpg RL 3 Mpg RL 
te seer 11,57 
SL.OS. us. 12.10 
2h: Sere 11,98 
+e Beer ; 8.60 
12.64 ... j 12,27 


if hte 11,82 
12.3 .. 11.57 
3.04... 12.62 
12,17 12.69 
9.16 -, 11.46 


11.88. j 11.50 
Fs Bee 8.29 
12.086 .. 12.33 
11.63 +. 11.88 
Al. 10.60 


12.06 ... A3 12.29 
Sh Boe AO 11,17 
ee G2 9.88 
ch ew G8 9.57 
 * | ae AS 11,80 


11.12 B9 12.13 
2) Se G5V 12.05 
12.43 ate G8V 12.61 
3): ae KO 11.86 
12.°3 +. AO 12.31 


OF fee GO 12.32 
11.08 P F8V 11.61 
12.03 - AO 11.32 
11.79 G8 11.45 
12.10 A2 12.47 





12.15 , A2 12.64 
11.78 KSI 11.54 
11.85 KOI 10.17 
12.52 ‘ B9 3 10,74 
12,69 ¥s Bg 11,73 


9.33 BB 11.72 
6.29 - 1S B8 37 11.72 
il ‘ KOI 3 12.27 
12.69 rr AO 12.12 

K5 12.01 





AO 11.61 
KO 11.68 
B8 12.10 
F201 12.61 
GO 11.49 


BB 11.45 
F8 12.19 
F8: 12.10 
A3 11,83 
BS 9.31 





Tabie 1 


Observational Data for Region LF2 (Cont'd) 


Zone +29° (Cont'd) 
R,L 





™pg 
12.37 
8 ae 
11.85 -.23 
11.61 +,50 
12.77 aN 


12.50 +.20 
12,41 
10.00 
12.27 
11.62 


12.23 

ft ee 
11.73 +.29 
12.52 ; 


Zone +30° 
12.06 
12.03 
13.6: .. 
8.21 -.08 
11,29 


11.82 
2 ae 
8.50 +.16 


12,37 
11.98 


ee 
Ros 
SRSE 


11.02 
11.04 
12.51 
11.96 
11.92 


— 


2 2Se 
S382 


~ 
-_ 
~ 
np 


11.57 
11.86 
11.80 
11,97 
10.08 


12.06 
11.41 
11.98 
12.03 
10.55 








9.48 
12.32 
11.61 
12.08 
11.94 


11.87 
10,63 
11.85 

8.60 
11.32 








No 


136 


138 


Zone +30° (Cont'd) 
RL 


Observational Data for Region LF2 (Cont'd) 


KOIV 
re 
AO 
Go 
F2 


rom 
¥2 
Bg 
AO 
A5 


osm 
GO 

oO 
KOI 
KOI 


K2V 
F2 
GO 
KS 
KOI 


KOI 
KOIn 
GO 
A2 
GO 


F8 
GO 
G8IV 
G2V 
B9 


B8 
G5V 
A2 
G8: 
FS 


B8 
FS 


FS 
KO 


Table 


1 


No. 


236° 
237 
238 
239 
240 


241 
242 
243 
244 
245 


246 
247 
248° 
249 
250R 


251* 
252 
253 
254* 
255° 


256° 
257 
258* 


259*R 


260 


261 
262 
263 
264° 
265* 


266 
267* 
268* 
269* 
270 


271 
272* 
273° 
274 
275* 


276 
277* 
278 
279 
280 


281° 
282 
283 
284* 
285 


™pg 

7.56 
12.27 
12,17 
11,32 
190.90 


19,31 
11.79 
11.66 
11.62 
11.24 


11.81 
11.66 

7.99 
11.29 
11.72 


10.54 
11.53 
12.01 
10.67 
10.80 


10.21 
12.10 


11.59 
} 10.05) 


\yo993 


12.14 
10.70 
11,64 

9.09 
11.02 


11,05 
11,12 
10.60 
10.46 
11.41 


11.78 
11,78 
10.75 
12.07 
10.42 


10.42 

8.95 
11.51 
11,37 
11,64 


9.66 
11.68 
12.04 
10.52 
10.97 


~.47 


~.43 


-.33 
~.28 


~.08 


hen nat: tee ip sen 


ae a en ay cpr emp te 


ee " 
Sa - neti 


PER ese aes 





Table 1 


Observational Data for Region LF2 (Cont'd) 


Zone +30° (Cont'd) 


Mog RL Sp. 


12.47 -.14 AO 
11.07... GF 
11.10 ... G23V 
te eer FO 
ee K2t 


12.10 -. AO 
43.01 =... F2 
12.32 -. AO 
11,85 
11.36 


11.90 
11.46 
11.88 
11.57 
11.36 


12.42 
11.48 
11.33 
12,52 
11.07 


(5.79) ... 
9.88 
11.60 
11.96 
7.18 


11.12 
12,12 
12.61 
11.93 
12.06 


11.64 
12.45 
11.57 
11.61 
11.32 


11.54 
11.12 
11.51 
10.45 

9.92 


9.71 
9.80 
10.42 
10.54 -.32 
9.36 


10.99 -.45 
2 eer 
iE Mme 
8.83 -.50 
13.356 ... 














Table 1 


Observational Data for Region LF2 (Cont'd) 


Zone +30° (Cont'd) 





No 


436 
437 
438 
439 
440 


441 
442 
443 
444 
445 


446 
447 
448 
449 
450 


451 
452 
453 
454°R 
455 


456 
457 
458 
459° 
460° 


461° 
462 
463 
464 
465 


466 
467 
468 
469 
470 


471 
472° 
473 
474 
475 


476 
477 
478 
479 
480 


481 
482° 
483 
484 
485 


(6 


Mog 


12.50 
11.45 
11.93 
10.92 
11,62 


37 
85 
85 
35 


67 


18 
08 
10.93 
12.30 
11.66 


12.28 
12.00 
11,25 


12.05 


12.05 
11.85 
12.06 
7,37 
9.79 


9.24 
11.60 
03 
11.57 
11.85 


11.40 
12.23 
11.82 
11.56 
11.63 


10.28 
9.06 
12,42 
9.97 
11.59 


12.08 
11.62 
11.29 
12.23 
11.90 


11,37 
10.19 
11.77 
11.39 
12.37 


R 


L 


3 


il 


~.28 


4)... 





Table 1 


Observational Data for Region LF2 (Cont’d) 


Zone +30° (Cont’d) 
My, KL 


12.65 
12,77 
12.23 
12.33 
12.15 


8.83 
12.12 
12.80 
11.46 
10.46 


11.84 
12.30 
12,17 
11.42 
11.29 


12.65 
12.01 
10.13 
11.79 
11.45 


12.08 

8.29 
12.32 
12.42 
11,21 


12.04 
12.02 
12,39 

9.76 
11,91 


12.32 
11,07 


Zone +31° 


11.58 

9.62 
12,24 
11,56 
10.55 








12.10 
12.20 
11,17 
12.56 
12.18 


10.60 
12,42 
11.41 

9.08 
12.46 





Table 1 


Observaticnal Data for Region LF2 (Cont'd) 


Zone +31° (Cont'd) 


Mog RL Sp. } ‘ Sp. 
A2 

naar hapih 3510 

-.03 AO ae KOV 

-.36 AO at inp Geil 
~ 43 B9 en F5 


GS5V é AO 
KOUL iii A3 
GO ate GBIV 
GO . AO 
A2 ake: a 


A2 : AO 

KOI aa ae 
G5V i Ot 
MOV oe oe 
GSUI core 


FO “F F8 
Gt AO 
A‘ me. ee 
KOI sega 
KOI ae ee 


Go 4 A2 
G9) Sgiees: 
F2 , AO 
F2 oie ee 
G2V : AO 


osm ‘ee KOV 
AO A A2 
F2 uo: ae 
MOI et; an 
F8 oc. ae 


K2V 222 
GBIV oe! 
B9 ee) ee 
AO ing (CS 
AS ... GSI 





FO cous 
FO: i FO 
GSIV AO 
GO ata FO 
AO en F2 


A3 A3 
F2 A3 
K2I1I ae G5V 
M210 me! KOV 
F8 i 


G8 
F2 
Gs 
AQ 
K5 





Table 1 
Observational Data for Region LF2 (Cont'd) 


Zone +31°(Cont’d) 





Mog RL Sp. > Mog 


see (Me 12.08 
6.53 ... FV 12.00 ... 
coe (2 9.76 -.13 
9.33 ... 11.50 -.28 
GO 12.51 


FO 12.30 
AO 12.36 

2! awe 
G8IV 11.80 +.15 
G8 11.81 -.01 


12.52 
12.41 
12.08 
12.52 
12.39 


12.65 
10.29 
12.54 
9.68 ... 
11.16 +.09 


Ih.OT nes 
10.04 -.21 
11.58 
12.42 
12.19 











TABLE 2 


REMARKS CONCERNING THE SPECTRA OF TABLE 1 
Zone +28 

H+ strong; Hé weak; K line strong 
Hydrogen lines very sharp 
(; band visible; continuum to red of Hy very strong for class F5; 

more like G& 
H6 very diffuse; G band present; hydrogen strong ir ultraviolet 
Metallic-line A star; G band present faintly 
Hé emission suspected; BG Cygni 10.4-12.1 period 292.4 days 
Hydrogen lines sharp 
Hé very diffuse 
Metallic-line A star; G band present 
Hé unusually strong 
Metallic-line A star 
Hydrogen lines very sharp 

Zone + 29° 

Hydrogen lines sharp 
kK line weak for class FO 
Hydrogen lines broad and diffuse 
G band present; K line weak for class F; ultraviolet hydrogen lines strong 
HD) photographic magnitude given 
Hé very strong 
Probably metallic-line A star; G band trace; K weak for class 
Broad emission at Hy and HB; resembles P Cygni 
Hydrogen lines have broad wings, sharp cores 
Hé very strong 
Suspect d double star 
K line weak for class FO; G band present; hydrogen lines strong 
K line weak for class FO; G band present; hydrogen lines strong 
Principal characteristics of class A3, but G band present 
Hé very diffuse 
Same characteristics as No. 440 
SU Cygni 7.2--8.2 period 3.84 days 
Trace of G band; K line somewhat weak for class A3 
Hydrogen lines sharp 
kK line very diffuse 
Hydrogen lines sharp 
Hé very strong 


Zone + 30 


Hé very strong for class FO 
HD 183930 class KO; HDC appears to be in error here 
K line weak for class F2; G band present; metallic lines present 
HD 184738 Ocp; Beals classification BWO+P 
H6 very strong 
Very close double 
HD magnitude given 
FS characteristics except weak K line and strong hydrogen in ultraviolet 
HD 186178 class K2; HDC appears to be in error here 
F2 characteristics except weak K line and strong hydrogen in ultraviolet 
HD magnitude given 
HBS, Hv, Hé, very sharp 
K line weak for class F2; G band present; hydrogen lines sharp 
Hydrogen lines sharp 
Zone + 31° 
Abnorraally strong K line 
HD 184149 gives class K 
Hé very strong 
Hd very diffuse 
HD 186258 class A2; HDC appears to be in error here 
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STELLAR SPECTRA IN MILKY WAY 


TABLE 2—Continued 
BD Numbers for a Few Stars in LF2 

Zone + 27° Our No. 3= +27°3440; No. 19= +27°3455 

Zone +28° No. 12= +28°3373; No. 502: +28°3378; No. 101 = + 28°3394; No. 152= 
+-28°3406; No. 220=+28°3417; No. 279=+27°3454; No. 307= 
+ 28°3431: No. 363= +27°3474 

Zone +29° No. 27 = +29°3618: No. 110 = +28°3380; No. 192 = +29°3655: No. 276= 
-++ 29°3672; No. 348=+29°3686; No. 420=+28°3434; No. 550= 
-++ 29°3714; No. 667 = 4-29°3734 

Zone + 30° No. 34= +30°3605; No. 111 = +30°3625; No. 236= +30°3658; No. 306< 
-+29°3684; No. 397=+-30°3697; No. 459=+29°3710; No. 549= 
-+ 30°3725: No. 607 = + 30°3736 

Zone +31° No. 33= + 30°3622; No. 120= + 30°3656; No. 176= -+30°3673; No, 262 
-+31°3722 


The fourth column contains the spectral type and, for the stars later than FO, the 
luminosity class. The spectral classification agrees very closely with the system of the 
Henry Draper Catalogue. As has been shown in several recent publications** from this 
observatory, our classification of the late B stars has a tendency to be about 0.1 or 0.2 
spectral subdivisions earlier than the HD class. Otherwise the agreement is very good. 
Both authors of this paper have classified the spectra in LF2 independently, and there 
appear to be no systematic differences in the assigned types. 

The luminosity classes are on the system defined by the work of Morgan, Keenan, and 
Kellman. For stars F'8 and later and brighter than m,, = 11.0, it was generally possible 
to distinguish four luminosity classes, viz., I (supergiant), III (giant), IV (intermediate), 
V (dwarf). For the early F stars and for the faint stars of all later types, only classes III 
and V were used. In many cases poorly exposed or overlapping spectra precluded the 
assignment of a luminosity class. 

Remarks concerning individual spectra are given in Table 2, together with the BD 


equivalents already mentioned. 


‘J. J. Nassau and C. K. Seyfert, Ap. J., 103, 117, 1946; J. J. Nassau and D. A. MacRae, Ap. J., 
110, 42, 1949, 


* An Allas of Stellar Spectra (Chicago: University of Chicago Press, 1943). 
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ABSTRACT 


\ detailed analysis has been made of the vibrational! constants for the ground state of OH, combining 
the observations of the night-sky rotation-vibration bands with laboratory data for the ultraviolet elec- 
tronic OH bands. Systematic deviations were observed from the band positions predicted by w, and wei’. 
from the ultraviolet bands. The deviations show, however, that the assignment of terms in w-¥-, we3,, 

, would not have any physical significance. The relative intensities have been determined for the 
night-sky bands from 9000 to 5500 A. The resultant values show systematic changes of band intensits 
within each Av sequence. A brief investigation of the band intensities under conditions of radiative equilib- 
rium for cases of resonance and thermal excitation shows that the OH bands are probably produced by a 
chemical resonance mechanism and, further, that collisional de-excitation effects may be present. The 
temperature in the OH stratum was found to be 260° + 5° K from the distribution of energy in the re- 
solved P branches and from the ratio of intensity between the P, Q, and RK branches. 


(7, 2) 6870 A OH BAND 


A spectrum obtained subsequent to the publication of the author's tables of wave 
lengths' has recorded the (7, 2) transition near 6870 A with sufficient intensity for 
measurement. Inasmuch as the P branch of this band is obscured by the QO, telluric ab- 
sorption band at 6900 A, the wave lengths for the P branches are uncertain. The rela- 
tively sharp R and Q branches, however, could be measured with good accuracy. The 
wave lengths and intensities for the (7, 2) OH band are shown in Table 1. 


TABLE 1 
SUPPLEMENTARY WAVE-LENGTH VALUES FOR THE (7, 2) OH BAND 


*\ wae 


O48 2 14619 7 R 6921 


ORO7 6 557 1 6951 
6893 $03) 6982 


VIBRATIONAL CONSTANTS FOR OH 


Che vibrational constants for the *II ground state of OH have been redetermined with 
more significance than was possible in the previous report' by the simultaneous use of 
high-dispersion data for the » = 0, 1, and 2 levels as obtained from the ultraviolet elec- 
tronic OH bands. A further refinement was made by locating the origins of the infrared 
OH bands, using the rotational lines of the P branch wherever possible. For bands in 
which the doublet structure of the P branch was resolved, the mean position of the lines 
of equal J number was used. For the (7, 3) and (8, 3) bands, the strong component, 
Ilsa, of the J-splitting was used. To avoid ambiguity, the origin of the P branch was 
taken as defined by the equation 


vo = Py (v) + (By +B) J B,' ~ Be’) F* 


It should be noted that this definition does not include a sma'] constant term, A(B,°— 
B.«), which occurs in other definitions. Table 2 shows the wave-number positions of the 


\. B. Meinel, Ap. J., 111, $55, 1950 
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origins for the OH bands. The (4, 0) band origin was estimated from the P line, and the 
Q branch, using the interval (origin — Q), was determined from the (6, 2) and (5, 1) 
bands. This procedure was necessary because most of the P branch of the (4, 0) band is 
obscured by the strong A-band absorption at 7600 A. The origin of the weak (7, 2) band 
was similarly estimated from the observed Q and R branches. 


TABLE 2 


EXTRAPOLATED OH-BAND ORIGINS 


5, t (9, 4) $, 3) 
i 


(Cm™') (Cm!) 4) (Cm) 


11325.9 11983 12633 12901.4 13733.6 


26.2 &3 33 898.2 13284.9 

(O-Q) 

26.2 &3 33 13285.8 
83.8 34 


Av. 11326 & 12633 12899 8 13285 


Comp 11297 7 12622 128794 13284 
O-C 29 11 20.4 0 














1 l l tl 
3 4 5 6 
VIBRATIONAL LEVEL Vv’ 





Fic. 1.—This graph shows the difference between AG,,:/2 observed for the higher levels and the 
AG,,,/2 terms predicted by the constants of OH determined from the electronic bands, 


Systematic differences are observed when the measured band positions are compared 
to the band positions predicted by the values of w, and w,x, that are well defined for the 
lowest vibrational levels by the electronic bands. The differences must arise from neglect- 
ing higher-order terms, such as w-y,, w.3., etc. Figure 1 shows the difference in wave 
numbers between AG,,;2 observed for the higher vibrational levels and the AG,,1/2 
terms predicted by the known constants for the lower levels. From the shape of this 
curve, it is obvious that many higher-order terms would be required to adequately repre- 
sent the vibrational levels up to » = 9. The nature of the potential function for the *II 
state above v = 4 is therefore such that specifying an w.y,,..., would not have any 
physical significance. It is therefore felt that the constants for the *I state of OH given 
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by Herzberg* cannot be modified to fit the observations of the rotation-vibration OH 
bands. These constants are as follows: 
w, = 3735.21, 
It should be noted that the relative wave numbers determined by the author have a 
probable error of < +0.5cm™', while the absolute wave numbers may have a probable 
error as large as + 2 cm™. An absolute error, however, does not affect the shape of the 
curve except near the ends, since it is determined from the wave numbers of overlapping 
transitions 
RELATIVE OH-BAND INTENSITIES 


The spectra obtained by the author were microphotometered and reduced to correct 
relative intensities as described in the previous paper.' These intensities have provided 
a basis for comparing the relative OH-band intensities. The intensity for the weak (7, 2) 
band was determined from a recent spectrogram covering the 7000 A region in more de- 
tail. The Q branch of the OH bands was selected for intercomparison, since the Q branch 
is quite narrow, resembling more nearly a monochromatic line. The intensities of the Q 
branches are tabulated relative to the intensity of the 6300 A [O 1] line. Since the 6300 
A emission is very variable, with respect to both diurnal and auroral effects, the inten- 
sity was defined by the plates obtained on two quiet nights. The diurnal effect was 
averaged by exposures extending from approximately 1.5 hours after sunset to 1.5 hours 
before sunrise. As a consequence, most of the twilight enhancement was avoided. The 
effective intensity of the 6300 A [O 1] line is therefore not much greater than it would 
be during the middie of the night. 

The author is greatly indebted to Dr. J. Dufay for permission to refer to unpublished 
spectra of the visible region of the night-sky spectrum for the study of the OH intensities. 
Publications by Dufay concerning the extension of the OH-band system into the visible 
region are forthcoming.* The spectra were obtained with a two-prism Cojan spectro- 
graph, having an aperture of 246 mm and a focal length of 160 mm. The resulting dis- 
persion varied from 300 A/mm at 6000 A to 700 A/mm at 8000 A. With this spectro- 
graph Dufay has been able to resolve the rotational structure of the P branches of the 
(8, 2), (9, 3), and (6, 1) OH bands, confirming the identification of these transitions by 
the author.‘ 

Che OH-band intensities relative to the 6300 A [O 1] line have been estimated for the 
bands in the region 5000-6500 A from a microphotometer tracing of one of Dufay’s 
spectra. Although the wave-length sensitivity calibration of the emulsion (Eastman 
103a-E) was not given, it has been possible to estimate the band intensities by referring 
to the standard characteristics of this emulsion. The resulting values can therefore be 
used only to give rough values for the relative intensities. They are, however, of sufficient 
accuracy to enable an extension of the OH intensity scale. 

lhe values of the Q-branch intensities of OH relative to the 6300 A [O 1] line for all 
observed OH bands are given in Table 3. The intensities determined from bands observed 
by the author are given to three significant figures, except for the weak (7, 2) band at 
6870 A. The intensities estimated from Dufay’s spectra are given to two figures, al- 
though the second place is uncertain. The last column in Table 3 gives the relative num- 
bers of transitions per second for each band, according to the equation 


} 


; = (Const.) NV,°f, 


y 
?(4. Herzberg, Molecular Spectra, Vol. 1 (New York: D. Van Nostrand Co., 1950 
* J. Cabannes, J. Dufay, M. Dufay, C.X., 230, 1233, 1950 


‘A.B. Meinel, Ap. J., 111, 433, 1950 
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The intensities of the bands in each Av sequence show a strong increase with larger 
v”’ values. A discontinuity, however, exists between 0 = 9 and v”’ = 10. The transitions 
originating from v” = 9 give rise to the strongest bands in the Av = 5 and Av = 6 se- 
quences. This situation also appears to apply to the Av = 4 sequence, since the (9, 5) 
band is in the 1 region, where strong night-sky radiations have been detected.’ On the 
other hand, no bands have been observed that originate from the level vr’ = 10. This 
fact establishes an ypper limit at 


1(10, 0”) <3 1(9, v7). a) 


TABLE 3 


OH RELATIVE INTENSITY AND TRANSITION RATIOS 


Transition | Intensity Wave Number INS(OH)Q) 
on Ratio (Cm=') INf(O DD) 


7, 3) 25 11323 
, 2) . 11977 


(5, 1) : 12625 
13278 


, 4) 2.8 12890 
, 3) 13724 
4,2 14560 
, 1) 15380 
16200 


15970 
16980 


OH-BAND INTENSITIES IN RADIATIVE EQUILIBRIUM 
RESONANCE EXCITATION 

For the case in which the primary excitation mechanism populates a single excited 
level, the equilibrium equations for all lower vibrational levels may be readily obta:z.ed. 
In the following discussion we shall assume that the primary mechanism gives rise to a 
population in level » = 9. The population Vy will then be distributed among the lower 
levels, according to the transition probabilities 9—+ 8,9-—+7,..., . In turn, the popula- 
tion that has appeared in level 8 will be redistributed among the still lower levels. The 
array of equations representing the resulting secular equilibrium conditions are as fol- 
lows: 


1 = No fos + Ng Sor + Ng Sos -+- No fos 5 te os No foo 
No tos ” Ng fez + Na fe + Ni fos + eee + Ns feo 
No fox + Ns fez os Nifie + Ni fis f+ N; fro 


No far = Ns fs: + Ni fn + NeSfer +...= Ni fio 
No foot Na foot Nifiot Nefoot---+Nifw=1. 


In order to evaluate the equilibrium expressions for each vibrational level, we must 
investigate the transition probabilities. In the case of rotation-vibration bands, the 











124 A. B. MEINEL 


transition probabilities have a strong dependence on Ar = v — 1”. If the vibration of 
the molecule were strictly harmonic, the only permitted transitions would be transitions 
with Sr = 1. On the other hand, for anharmonic vibration, transitions with Ar = 
as , become possible; however, the transition probability decreases rapidly with 
increasing Av. The observed vibrational levels show that the OH molecule has a very 
anharmonic potential function for the ground *II state. Preliminary computations show, 
however, that the transition probability decreases by an order of gore than 10 with a 
change from Av = n to Av = n + 1. If we assume that the transition probabilities are 
related by an equation of the form 


fe’, vty ene’) fe’. o’' (n< 75 
we can write 
Nog fos 


Nef = Nofua}-x 
. 0/001, Ieat-.-+ Noto 


Ns fag = Ny f 


ae -{ 
Ne fost...» + Noford 


Then the equilibrium of level 7 is given by 
No for Ne fer = No fort Ns foal 4 no . 


ae Nz foo 


If we now use the above assumption for », the total number of transitions per second into 
level 7 is given by 


Ny for + Ns fs; - No fos [ ui + No fos] . 
Again using the definition of 7 and Nofos = 1 -- » + 7 — ..., we can write 
No for + Ns fey as Ny fos | l + 7? eels 


from which we see that the total number of transitions per second into level 7 is equal to 
the total number of transitions into level 8, with an error of the order of ’. This proce- 
dure can be extended to show that the total number of transitions per second into all 
levels subsidiary to 9 are very nearly equal to the number between 9 and 8. As a conse- 
quence of the above equilibrium conditions, we also can show that 


Net time 
c-Jun Lat 

Since the observed band intensity is related to Vf by equation (2), we can evaluate the 
ratios of \/ for the observed bands. These ratios are shown in Table 4. The mean ratio, 
weighted according to the reliability of the band intensities, is approximately 2.8. The 
fact that this ratio is the same for the Av = 4, 5, and 6 sequences indicates that 7 must be 
small. There are two possible explanations for the observed ratio of 2.8 for the bands. 
First, the ratio could be explained by an exponential increase in the transition probabili- 
ties, with v’ of the form 


11) 


\ second explanation is that collisional de-excitation may be affecting the populations in 


each level 
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The effective radiative transition probability when collisional de-excitation is present 
is 
Da be Sgt, »**' (12) 
1+ yy oe 
— 


hence the collisional term must be comparable to the sum of the transition probabilities 


in order to be of importance. If we look at the expression for the transition probability of a 
vibrational transition, 


. od a 
Pa a— f RR. (p— pou) du, (13) 


TABLE 4 
OBSERVED OH-BAND Nf RATIOS 


= en Ny 
Transition Transition Transition 
Ratio 


(9, 4) 
(8, 3) 
(8 3) 
(7, 2) 
(7, 2) 
(6, 1) 

(6, 1) 

| (5,0) °° 


we see that the transition probability is directly proportional to the coefficient of the 
change of the dipole moment with wu, since {R,R»pdu = 0 from the orthogonality 
properties of the wave functions. Therefore, since the OH bands are entirely permitted, 
=f cannot be small unless the pou term is small. The possibility of an experimental deter- 
mination of the dipole moment of OH is being considered by Herzberg. On the other 
hand, if OH can combine readily with another constituent of the upper atmosphere, the 
reaction may produce a large collisional cross-section. Since fs». is likely to be of the 
same order of magnitude for the higher vibrational levels, the collisional effect would be 
the same for each level, thereby producing the observed ratios. The question as to the 
origin of the observed ratio cannot be resolved, however, until accurate relative transition 
probabilities can be computed. ‘This problem becomes very difficult for large values of v’ 
and v”. 

It is interesting to note that the OH bands arising from transitions to v’’ = 0 are con- 
siderably weaker than anticipated from the ratio of 2.8. This effect may be due to re- 
absorption of the emissions by OH molecules in the lowest vibrational level. 


THERMAL EXCITATION 


If the mechanism producing the initial populations is due to “thermal excitation,’ 
not considering for the moment the observed break at v = 9, the ratio of the band 
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strengths will be different from the preceding case. The term “‘thermal excitation” does 
not imply thermodynamic equilibrium but indicates that the excitations are due to col- 
lisions with particles: having a Maxwellian velocity distribution f(£), characterized by a 
definite temperature. Since the relative concentration of OH must be small compared to 
the other constituents of the upper atmosphere, we can neglect the effect of the discrete 
energy states of O#/ on the velocity distribution of the particles. The rapid escape of 
energy in the form of radiation, however, will prevent the establishment of thermo- 
dynamic equilibriurn populations in the excited states. Even when collisions are of suf- 
ficient frequency to produce noticeable collisional de-excitations, the nonconformance to 
thermodynamic equilibrium populations will hold because of the downward radiative 
cascade characteristic of rotation-vibration bands. 

If we neglect collisional de-excitations on level 2, then the total of all radiative transi- 
tions into v, plus the collisional excitations from the ground state into v, must equal the 
number of radiative transitions out of level v. The secular equations are then of the form 


pd N, net J f(E)dE= eo Nefe. j. 14 


seh x e 
g 


With the assumption that » is smaller than 0.1 we can extend the development of the 


preceding section to show that 
. ae ; 
(Ss f[ sae, 
eel > 
By 


igrerl 
where At n. Then 
(E) dE 
Nf, Bs | n (v) [ ! a Ej J : 
- _ (vp late x 
it enbelltmhle ow Sis 
is 


§--1 


Ey 
f { (E) dE 
BE, 1 < | 
Ui 


” f (E) dE 


“8; 


I>et!l 


As a consequence, the total number of transitions and the intensity should increase for 
each successively lower vibrational level at the same rate, as new primary excitations are 
added. Such an excitation mechanism as thermal excitation would therefore favor the 
lower vibrational \evels. The observed intensities, however, show a strong decrement in 
the opposite sense. This fact would mean that the effect of collisional de-excitation or the 
variation of the transition probability with e’ would have to be increased over that re- 
quired under the assumption that the primary excitation is predominantly to a single 
level. Moreover, thermal excitation would require a discontinuity in the transition prob- 
abilities between vr = 9 and v = 10. It is therefore very likely that the observed OH 
bands are due to an energy resonance selectively populating the level » = 9 


TEMPERATURE OF THE O// STRATUM 


The fact that the structure of the OH bands can be observed in detail offers an excel- 
lent opportunity to determine the temperature of the OH stratum. Three methods ap- 
pear to be feasible. The first and most direct method is to use the rotational-line intensi- 
ties of the *I;,2 component of the resolved P branches. A second method is to utilize the 
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relative total intensities of the P, Q, and R branches, The third method is provided by 
the observation that the *II,,2 component, which lies 138 cm™' above the ground com- 
ponent “IIs,2, is considerably weaker. We shall examine each of these methods in detail. 


P-BRANCH ROTATIONAL TEMPERATURE 
The intensity of a rotational line is given by the expression 


lem = (Const.) i (J’) e~ "UAT , (18) 


where i(/’) is the intensity factor and F(J’) is the rotational energy of the upper rota- 
tional level J’. For a ?II state in which there is no coupling between rotational and elec- 
tronic motion (Hund’s case a), the intensity factors i(J) are given by 

(J’+ 1+) UJ’ 4+1-—Q) 
os Fat 

(2J’ +1) 2 
CSS +1) 


P(J’) 


OW") 


‘4+ 0)(J'—Q 
R(J') = (J+ a a. 
Since the coupling parameter 4/B, equals 7.3 for OH, the assumption of Hund’s case a 
coupling is good only for very low J values. With the low temperature encountered in the 
upper atmosphere, however, the intensity drops off so rapidly that the lines of low J are 
the only lines of appreciable intensity. 

The evaluation of F(J’) = B,J’(J’ + 1) depends upon both the mode of excitation 
and the density. If the excitation is from the ground level by electronic excitation and if 
the density is very low, then no redistribution of energy will occur among the rotational 
levels. In this case F(J’) should be evaluated with the rotational constant for the ground 
state. This effect has been noted in laboratory studies of H, emission bands at very low 
pressures.” On the other hand, if the OH molecule is formed in the excited state or if there 
is a collisional redistribution among the rotational levels, then the rotational constant for 
the upper state B,’ should be used. Since a is large for the *II state of OH, the value of 
B,’, where 
B, = B,—a(v+}) (B, = 18.86), 

(20) 
(a= 0.69), 


will change considerably with v. The effect will be to change the computed temperature 
by the factor 
B,’ 
B,— }a° 


In all the following computations the value of the rotational constant for the upper state 
is assumed, since a preliminary determination by Roach and Elvey® places the OH stra- 
tum at about 80 km, where the atmospheric density is still high. This assumption is 
shown to be correct when we consider the temperature indicated by the relative total 
intensities of the P, Q, and R branches for different transitions. 

The curves obtained for the rotational-line intensities of the P branch of the (6, 2) 
transition for temperatures of 100°, 200°, and 300° K are shown in Figure 2. The observed 
line intensities are given in Table 5. When two entries are shown under a single date, the 


§ Private communication. 




















P-BRANCH J-NUMBER 


Fic. 2.~-Rotational-line intensities for the resolved 11 F branch of the (6, 2) 8347 A band of OH as 
a function of the temperature. 


TABLE 5 


OBSERVED P-BRANCH ROTATIONAL-LINE INTENSITIES 
(6, 2) 8347 A OH BAND 


Jan. 4 Jan. 6 


1.00 1.00 


1.07 | 1.18 
0.91 1.01 
0.62 0.60 
0.27 
0.16 


(6, 2) 8347 A OH BAND (Continued) 


Jan. 19 Jan. 26 Jan, 27 


1.00 100 | 1.00 
1.09 me tae 1.24 
0.81 095 | 0.97 
0.54 0.61 0.62 
0 32 0.30 0.35 
0.19 0.12 





5.1) 7018 A OH BAND 


Jan. 19 Jan. 26 


100 1.00 
1.28 1.14 
0.86 0 96 
0.71 0.63 
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measurements are for different regions of the sky but are recorded on the same plate. 
The spectra obtained on January 19, 26, and 27, 1950, also showed auroral emissions at 
8446 and 7774 A; however, no effect is apparent with respect to either the intensities or 
the rotational temperature of the OH bands. The average values observed for the (6, 2) 
band, plotted in Figure 2, correspond to a temperature of 258° + 3° K, while for the 
(5, 1) band the temperature is 265° + 5° K. The best mean value can be taken as 260° K. 


RELATIVE BRANCH INTENSITY TEMPERATURE 


We may obtain a second estimate of the rotational temperature by comparing the 
total intensities of the P, 0, and R branches. This method, however, is more sensitive 
than the P-branch method to changes in the molecular coupling. The theoretical values 
of the ratio P/Q and R/Q are plotted in Figure 3 for pure case a coupling and as a func- 
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Fic. 3.— Branch intensity ratios for the OH bands as a function of the temperature 


tion of the upper vibrational level of the transition. The circles represent observed ratios 
of R/Q, which can be readily determined, since both branches have the same general 
appearance. The triangles represent observed ratios of P/Q. The points for R/Q appear 
to fall systematically lower than those for P/Q. This effect can be attributed to the fact 
that the coupling is not strictly case a. The mean value of the temperature agrees well, 
however, with the value of 260° K determined from the rotational-line intensities within 
the P branch. 

The assumption that the rotational constant should be taken as the B, value for the 
upper state instead of Bo = B, — 4a is shown to be correct in Figure 3. Instead of being 
constant, the points for the ratio R/Q for transitions having different upper vibrational 
levels have the same slope as the theoretical curve. 


DOUBLET RATIO TEMPERATURE 

The fact that the *I],,. state, which lies 138 cm~ higher than the ground state *II4,2, is 

considerably weaker would indicate a vibrational temperature. The observed ratio of the 
“II components of the (6, 2) and (5, 1) transitions is 

"ITh/2 


wwe L317 = GC ANAT = GA/0.606T (22) 
*I13/2 
where 1 = 138 cm“ for the doublet splitting. This ratio corresponds to a temperature of 
172° + 10° K. 
The assumption that this value is a valid temperature presupposes that the excita- 
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tion mechanism does not redistribute the excitation energy between the “II;. and *I1;2 
states. This supposition would be strictly correct if the excitation were radiative; how- 
ever, the exciting emission would be at 3820 A. No strong eimissions are present in this 
well-observed region. The possibility that the doublet ratio does indicate a temperature 
is not definitely excluded. The more likely explanation, however, is that the primary 
excitation energy is sufficient to populate the lower *II;,2 component of the ninth vibra- 
tional level but is insufficient to populate strongly the higher *II,,2 component. If, on the 
other hand, the energy spectrum of the excitation were due to a temperature and if the 
mean excitation energy exactly coincided with the 7II,,2 component of the level v = 9, 
then the ratio would indicate a correct temperature. Conversely, if this mechanism 
holds, we can reverse the reasoning to locate the mean energy of the primary excitation. 
If we assume a Boltzmann distribution of energies corresponding to a temperature of 
260° K, the maximum of the excitation energy would be at 3.242 e.v. 


OH STRATUM TEMPERATURE 


In view of the preceding discussion, the doublet ratio cannot be seriously considered in 
establishing a temperature without exact knowledge of the excitation mechanism. The 
temperature of the OH stratum will therefore be taken as given by the relative branch 
intensities and the P-branch rotational-line intensities as 


T (OH) = 260° + S°K. 


Phis value is rather high, considering that the author has obtained a temperature consid- 
erably less than 200° K for the O. band at 8640 A, which also arises from a stratum below 
100 km. 

It is interesting to speculate on temperature determinations in the upper atmosphere 


in view of the discovery of hydride emission bands. Since the OH bands are extremely 
intense and since the transition probability is very small for the observed transitions, the 
number of OH molecules may be sufficient to contribute significantly to the composition 
of the upper atmosphere. Regardless of the origin of the OH, the dissociation equilibrium 
will favor atomic hydrogen in the extreme upper atmosphere. This hydrogen, however, 
would be very difficult to detect spectrographically, since the excited states are very 
high. As a consequence, no efficient excitation mechanism would be available from the 
low-energy sources present in the upper atmosphere. The presence of hydrogen, even in 
relatively small proportions, will very effectively lower the mean molecular weight of the 
upper atmosphere. It is well known that temperature determinations based on physical 
phenomena that require a knowledge of the molecular weight invariably give tempera- 
tures higher than are observed by spectroscopic methods. A solution to this long-standing 
discrepancy is therefore suggested by the presence of very intense hydride emission 
bands. In order to obtain quantitative data, however, information is needed with respect 
to the excitation mechanism and the absolute transition probabilities of the OH bands. 


his investigation was sponsored by the Office of Naval Research. 
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ABSTRACT 


By means of a rotational analysis of the 3670 A band, it is shown that the lower state is the v’’ =6 
vibrational level of the "Il, state of C:. The identification of the upper state is uncertain, but it is most 
probably the 2’ = 7 vibrational level of the ‘Il, state. It is found that the ‘Il, state undergoes a strong 
vibrational perturbation. The presence of such a perturbation will affect the dissociation energy of the 
‘Il, state derived by a Birge-Sponer extrapolation, 


A. INTRODUCTION 


Whenever the spectrum of the C; molecule is produced in the laboratory, a few bands 
appear for which the electronic transitions have not yet been determined. The most in- 
tense of these additional bands appears at 3670 A, between the (5-4) and the (6-5) tail 
bands of the Deslandres-D’Azambuja system (‘Il, — 'Il,) at 3617 A and 3689A, re- 
spectively. The structure of the 3670 A band on high dispersion is exactly the same as 
the structures of these neighboring tail bands. It degrades to the red and consists of a 
single R and a single P branch. The Q branch is too faint to be observed. The similarity 
in appearance suggests that the 3670 A band is another member of the Deslandres- 
1)’Azambuja system. Since the band appears in good intensity on plates of the C, mole- 
cule taken in this laboratory for other purposes,' an analysis of the band was undertaken 
to test the suggestion. 

B. ROTATIONAL ANALYSIS 

The rotational lines of the 3670 A band could be readily arranged into two series form- 
ing the R and P branches, and a parabola was derived which represented the two 
branches simultaneously. From this parabola relative quantum numbers could be as- 
signed to the rotational lines, but, in view of the fact that the lines in the neighborhood 
of the band origin were too faint to be observed, it was impossible to find the absolute 
rotational numbering from the band itself. This was done in an indirect way, as follows. 

Herzberg and Sutton in their work on the tail bands of the Deslandres-D’Azambuja 
system® had increased the known vibrational levels to v’ = 6 of the 'Il, state and to 
ve’ = Sof the'Il, state. It is easy to show that the 3670 A band, if it is a member of this 
system, cannot be a transition involving any of these known levels. Herzberg and Sutton 
found that the B;’-versus-v’’-curve of the lower, 'II,, state is strictly linear to v” = 5. 
Therefore, no great error could be made if the constants B” and D” were computed for 
v”” equal to 6 and 7 by a short extrapolation from their data. The resulting constants 
were: By’ = 1.5052 cm™, Dj’ = 7.13 & 10° emo, By’ = 1.4880 cm™, and Dy" = 7.26 X 
10°* cm™. The usual equations were used to compute combination differences for these 
two additional vibrational levels of the lower state. Arbitrary sets of rotational numbers 
J were then assigned to the lines of the 3670 A band, and the corresponding observed 
combination differences, A,f’’'(J) = R(J - 1) — P(J + 1), were compared with the 
computed sets for v’’ == 6 and 7. It was found that one of the numberings provided com- 
bination differences which agreed exactly within the error of measurement with those 


' John G. Phillips, Ap. J., 110, 73, 1949. 
*G. Herzberg and R. B. Sutton, Canadian J. Res., A, 18, 74, 1940. 
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computed for the level e” = 6. This numbering is the one given in Table 1, which lists 
the component lines of the two branches. The comparison of combination differences is 
shown in Table 2. The possibility of such an agreement’s being fortuitous = so remote 
that it may be said definitely that the lower level of the 3670 A band is the v”” = 6 level 
of the 'Il, state of ©, and that the correct rotational numbering of the band has been 
found. The adopted numbering was later confirmed by the discovery of a rotational per- 
turbation setting in at R(22) and P(24), indicating that the rotational levels of the upper 
state with J’ = 23 and higher were perturbed. 


TABLE 1 


WAVE NUMBERS OF LINES OF THE 3670 A BAND 
(we = 27220.16 Cm™") 


PiJ 


(m-* 


27.088 80 
077.25 
065.49 
053 07 
040 07 
026.11 
014.96 

26,999 18 
985 22 
969 03 
954.19 


. ee a 
3h t& 
CMe we SS 


< 
NM NmMwhe 


hun 
4 tS 
SS 


A 


TABLE 2 


COMPARISON OF OBSERVED COMBINATION DIFFERENCES OF 3670 A BAND 
WITH THOSE COMPUTED FOR v0 = 6 OF 'Il, STATE OF Cy 
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With the rotational numbering known, it was immediately possible to find the rota- 
tional constants of the upper state. These are: B} = 1.2910 cm™' and D{ = 16.8 X 10-4 
cm~. The band origin, vo, is at 27220.16 cm~'. The rotational constants are presented in 
Table 3, which also includes, for comparison purposes, the constants of the ‘Il, state as 
determined by Herzberg and Sutton. As will be shown below, the vibrational number of 
the upper state of the 3670 A band is uncertain, so that the symbol x has been used in 
Table 3 for the vibrational number. 


C. DETERMINATION OF THE UPPER STATE 


By introducing the origin of the 3670 A band into the energy-level diagram derived 
by Herzberg and Sutton, we find that the upper vibrational level is 1601.42 cm™ above 
the o = 6 level of the 'II, state, as shown in Figure 1. This new level is indicated in the 
figure as having v = x. It is not possible to determine definitely the correct vibrational 
numbering of this level by extrapolation from the lower levels, since it lies above the 
extrapolated dissociation limit found by Herzberg and Sutton, shown in Figure 1 by the 
dashed line. Also no other bands are found in the spectrum arising from this new level. 


TABLE 3 


ROTATIONAL CONSTANTS OF THE "Il, STATE 


B, B. 


(Cm~') ') (Cm™'!) 


1734 7 1.6175 | 17 
7490 1.5227 | 25 
7186 1. 4096 23 
6784 1.2910 16.8 


However, if the new level is associated with the "II, state, it may be shown that it is most 
probably the v’ = 7 level, as follows: If it is assumed, for example, that the new level is 
the v’ = 8 level, then the v’ = 7 level must be present in the interval between the new 
level and the one with »’ = 6. Bands arising from the v’ = 7 level were looked for in the 
spectrum, but none were found in any of the regions corresponding to any likely location 
of the v” = 7 level. The nonexistence of these additional bands, while suggestive, cannot 
be taken as positive proof of the nonexistence of an intermediate level, since the overlap 
of wave functions might be such that the intensity of the (8-6) band is high. 

The difficulty experienced in obtaining the correct identification of the upper level 
may be illustrated in another way. If the 3670 A band is identified as the (7) or possi- 
bly the (8-6) band, then it can be shown that a vibrational perturbation has displaced 
the upper level from its expected position. This is obvious, if vt’ = 7, because then 
AGé6 1/2 is twice as large as would be expected on the basis of an extrapolation from lower 
levels. The case of ’ = 8 is illustrated in Figure 1. The potential curve to »’ = 6 was de- 
rived from the known vibrational and rotational constants by the method of Klein.* 
Assuming that the new level has v’ = 8, Oldenberg’s equation, 


F VIu(V (7) —E,) dr=h(0+}), 


can be used to find the course of the potential curve between levels 0’ = 6 and v’ = 8. 
In this equation yu is the reduced mass, V(r) the potential energy at the internuclear dis- 
tance r, and E, the vibrational energy at level v. The resulting potential curve is shown 
in Figure 1 by the dotted line. It is difficult to imagine a set of circumstances which 


40. Klein, Zs. f. Phys., 76, 226, 1932. 
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would produce an unperturbed potential curve with such an inflection point. Thus the 
only possible explanation of the location of the upper vibrational level of the 3670 A band 
is that a vibrational perturbation is taking place. The perturbing state must be another 
‘II, state, and bands would be expected to appear in the spectrum as the result of transi- 
tions between this new 'II, state and the 'Il, state. The possibility exists that the 3670 A 
band is associated with this new transition. Thus it is not even possible to identify defi- 
nitely the upper electronic state associated with the 3670 A band. 

Such a vibrational perturbation would be expected to have little effect on the rota- 
tional constants of the perturbed vibrational states, since all rotational levels of a given 
vibrational state would be perturbed by approximately the same amount. In Figure 2 
the rotational constants B, of the ‘Il, state are plotted against v. If the resulting curve 
is extrapolated to v = 7, a B; may be predicted which is close to that found for the upper 
level of the 3670 A band, indicated in the figure by x. This fact tends to support the sug- 
gestion that the upper level of the 3670 A band has v’ = 7. However, it cannot be taken 
as a conclusive proof of the identification, since the agreement may be fortuitous if the 
3670 A band is associated with a new transition from the perturbing 'II, state. 

To summarize the results of this section, it is most probable that the upper state of the 
3670 A band is the v’ = 7 vibrational level of the ‘Il, state, which is therefore perturbed 
by another ‘II, state. The perturbation has the effect of reducing the vibrational quanta 
for levels with v’ < 6 and of increasing the quantum for the level with v’ = 7. 

It is interesting in this connection to note that, in 1942, Gerd and Schmid‘ suggested 
that the rapid convergence of the lower vibrational levels of the 'Il, state of the Deslan- 
dres-D’Azambuja system, as observed by Herzberg and Sutton, was caused by a vibra- 
tional perturbation, so that the determination of the dissociation limit of this state by 
an extrapolation from the lower levels is not valid. The present discussion of the 3670 A 
band tends to support their argument. At the present time no improved suggestion as 
to the dissociation limit can be made, since the course of the potential curve for still 
higher vibrational energies is unknown. 


In conclusion, I wish to thank Dr. G. Herzberg and Dr. S. Chandrasekhar for many 
helpful discussions during the course of this investigation. 


*L. Gerd and R. F. Schmid, PAéys. Rev., 62, 82, 1942. 
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FINE STRUCTURE OF NO BANDS IN THE INFRARED 
SOLAR SPECTRUM* 


Marcet V. Miceotret 
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Received April 12, 1950 


ABSTRACT 


Absorption bands due to NO in the earth’s atmosphere have been observed and resolved under high 
dispersion near 8.6 yw, 4.5 w, and 3.9 yw. The first of these is the band 2», observed by Plyler and Barker, 
while the second is the fundamental »,. This band is readily resolved in the atmosphere but is difficult 
to resolve in the laboratory. The V,O band at 3.9 w was observed and resolved in an exploration but was 
not measured again owing to technical difficulties. 


o 


The presence of NO in the earth’s atmosphere was first suggested by A. Adel’? to 
explain a band appearing in the 7.6 w region of the prismatic solar spectrum. The evi- 
dence for N,O was further increased by finding an additional weak absorption band at 
8.6 u, which could also be attributed to V,02 In 1941 the same author’ claimed to have 
identified the individual rotational lines of N,O in the atmospheric spectrum around 
7.7 w. However, in 1943, G. B. B. M. Sutherland and G. S. Callendar* pointed out that 
the evidence for N,O, while strong, was not entirely conclusive. In particular, it was 
noted that the high-resolution solar spectrograms published by A. Adel® in 1941 did not 
show the fine structure of the 8.6 uw band of VO. 

In June, 1948, at the Pasadena meeting of the A.A.S., the present author® stated that 
the presence of V0 in the earth’s atmosphere was confirmed, as the fine structures of the 
NO bands at 8.6, 4.5, and 3.9 w appeared clearly on new solar spectrograms taken at 
Columbus, Ohio. Independently, J. H. Shaw, G. B. B. M. Sutherland, and T. W. Wor- 
mell’ found bands of NO at 4.5, 4.06, and 3.9 uw during the last week of July, 1948, on solar 
spectrograms taken at Cambridge, England, with a lithium fluoride prism. In 1949, 
R. McMath* and O. Mohler and A. K. Pierce’ mentioned the presence of fine structures 
due to VO, between 2 and 3.6 uw, on solar spectrograms taken at the McMath-Hulbert 
(Observatory, Pontiac, Michigan. 

lhe purpose of this paper is to give the results of our observations made in the 8.6 and 
4.5 uw regions of the solar spectrum. They were obtained at Columbus, Ohio, by using a 
prism-grating spectrograph built by Dr. R. Noble, under the direction of Professor H. H. 


* Supported by the Air Materiel Command, Wright Patterson Air Force Base, and the Ohio State 
University Research Foundation 


Now at the Institut d'Astrophysique, University of Liége, Belgium 
ip 7., 88, 186, 1938 
* /bid., 90, 627, 1939 
*A. Adel, ibid., 93, 509, 1941 
* Rep. Prog. Phys., 9, 18, 1943. 
b Ap. J., 94, 451, 1941 
*M. Migeotte, A.J., 54, 45, 1948. The confirmation of the atmospheric NO was first stated by the 


author at the Symposium on Molecular Structure and Spectroscopy, held at the Ohio State University, 
from June 14 to June 19, 1948 


’ Phys. Rev., 74, 978, 1948 
*AJ., $4, 214, 1949 * Pub. A.S.P., 61, 221, 1949. 
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Nielsen. It is an instrument of the Pfund type,"® the parabolic mirrors having a focal length 
of 100cm. A grating with 3600 lines per inch (dimensions: 54” X34”) was used for the 8.6 
region, and a grating with 7200 lines per inch (dimensions: 5}” X4”") for the 4.5 wu re- 
gion. Both gratings were replicas made by R. W. Wood. The receiver was a Perkin- 
Elmer amplifier, the beam being chopped five times per second. 

Figure 1 shows the fine structure obtained in the solar spectrum, between 8.56 and 
8.84 uw on July 6, 1948. The record was taken at 9:30 and 10:00 a.m. (Eastern Daylight 
Saving time), the mean solar height being 51°. The intense absorption lines reproduced 
in Figure 1 can easily be found on the spectrograms published by A. Adel,’ but the weak 
lines. are new. Most of them correspond to the fine structure of the NO band 2y at 
8.6 wu, published by E. K. Plyler and E. F. Barker." 

In Table 1 the measurements on the solar spectrum are given in the first and second 
columns. For the sharp lines, the accuracy on the wave numbers is estimated to about 
+0.05 cm, which corresponds to +4 A, in the 8.6 w region. 


COLUMBUS (OHIO) JULY 6 1908 


DEFLECTIONS 








Fic. 1.~-The solar spectrum between 8.56 pw and 8.84 yu 


The abbreviations ‘‘int.”’ indicate the most intense lines, also observed by A. Adel. 
When a line appears only as an inflexion, the corresponding wave number is marked by 
“inf.” In the third column the measurements of Plyler and Barker on N,0 are giver. The 
wave numbers in parentheses indicate the N,O lines which are masked by intense lines 
appearing in the solar spectrum. The last column gives the difference, sun—lab., when 
there is a correspondence between the lines appearing on the solar and the laboratory 
records. It shows a systematic difference of about 0.3 cm™. The measurements on the 
solar spectrum are based on a mean “spectrograph constant,” which has been deter- 
mined by using lines measured by A. Adel® at 1152.26, 1149.27, and 1137.19 cm~. 

The laboratory data extend from 1203.0 to 1139.2 cm™, but, in the solar spectrum, 
most of the V,0 lines from the 8.6 « band are masked by stronger absorption lines, out- 
side the region given in Figure 1. 

The solar spectrum between 4.46 and 4.59 yu is reproduced in Figure 2. It was recorded 
on June 16, 1948, from 12:00 to 12:30 (Eastern Daylight Saving time), the mean solar 
height being 71°. The measurements are listed in the first and second columns of Table 2, 
spacings in the third. For the sharp lines, the accuracy on the wave numbers is estimated 
to about +0.05 cm~, which corresponds to +1 A in the 4.5 yu region. 


1° For the description of an instrument using the same kind of optics for the grating spectrograph see 
Phys. Rev., 38, 2162, 1931. 

Phys. Rev., 38, 1827, 1931. 

2 For a definition of the spectrograph constant see C. F. Meyer, The Diffraction of Light, X-rays, and 
Material Particles (2d rev. ed.; Chicago: University of Chicago Press, 1949), p. 144. 








Sei IP Pele TR GA SPAN 








138 MARCEL V. MIGEOTTE 


The constant of the spectrograph’? was computed by using four lines of CO located at 
2158.98, 2155.28, 2128.36, and 2132.31 cm™ in the solar spectrum.’* These wave numbers 
have been computed by K. N. Rao,'* who revised the values published by R. T. Lageman, 
A. H. Nielsen, and F. P. Dickey.” 

TABLE 1 


LINES OF NO BETWEEN 8.56 AND 8.844 IN THE SOLAR SPECTRUM 


Sotas Srectaum Ve) Loves Meas 
uURep py PLYLER 
wp BArker* 
Wave Number Wave Nuweee 
4 Cm! i 
(Air (Air 


Wave Length 


85726 1166. 30 (inf.) (1167 
S800 1165. SO (inf.) (1166 
85833 1165.05 (int) ees". 
: : (1164 
45929 1163.75 inf.) (1164 
803 1162.75 1163 
8OOSI 1162 1162 
RO103 1161 1161 
86177 1160 4 1160 
86229 1159.7 1159 
86296 1158 1159 
86356 1158 1158. : 
86423 1157 1157 
ROARS 1156 1156 
8O543 1155 1155 
ROO02 1154 1155 
ROO25 1154 
86059 5 1154.2 
86723 : (inf.) 1153. 
86787 25 (int.) (1152 
86851 51.39 (int.) (1151 
(1151 
(1150 
87013 5 (int.) (1149.5 
87089 4 (inf.) 1148.7 
87138 1148 
87207 7 1147 
87 208 4! 1146. 
87320 5 1145 
87386 44.35 1144 
87439 3 1144 
87458 
&7508 1143 
(1142 
87623 25 (int.) (1141-5 
87696 ww 1140 
87731 39 8&5 (1140 
87935 7. 20 (int.) (1139.2 
S059 35 60 (int) 
R822? 50 


S829) 200 





* Phys. Reo., 38, 1827, 1931 


? The presence of the CO lines in the solar spectrum has been reported by M. Migeotte, Phys. Rev., 


75, 1108, 1949 
‘K. N. Rao, private communication. A correction of 0.57 cm was added to the values given by 


Rao, to obtain the wave numbers in air. 
% Phys. Rev., 72, 284, 1947 





Wave Length 
(A) 


44838 


44855 


44883 
44900 
44917 
44928 
44940 


44950 


44972 
44988 


45004 


45169 
45187 
45206 
45225 
45243 


45263 


TABLE 2 


THE SOLAR SPECTRUM BETWEEN 4.46 AND 4.59 yu 


Wave Number 
(Cm 
(Air) 


Wave Length 


spacings 


45284 
45304 
45325 
45344 
45364 
45382 
45406 
45427 
45444 
45468 


45491 


45919 
45938 


(A) 


Wave Number 
Cm!) Spacings 


(Air) 
2208 30 
2207. 30 
2206. 30 


35 


00 

5O 

oo | 
65 (inf.) 
55 

25 


10 


00 
69 (inf.) 
00 (inf.) 
85 
75 
85 
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In Figure 2 a peak. of less absorption has been marked at 2224.25 cm™'. In this region 
the solar spectrum corresponds in general appearance with the vs absorption band of 
NM, located at 2224.1 cm™ by Plyler and Barker." However, these authors do not give 
the measurements of the individual lines, and the following statement concerning the 
fine structure of this band may be quoted from their paper: 

Although many trials were made to determine the optimum conditions for resolution, no 
clear cut rotation seri«s could be obtained. From certain sections of the band it is evident that 
the line spacing is the same as in the other fundamentals, but the envelope shows a scalloped 
appearance for all gas, pressures, indicating superposed bands of appreciable intensity. As be- 
fore, these are probably due to absorption by molecules already vibrating in the lowest fre- 
quency modes. The interaction between »; and vy is apparently large, so that the maximum of 
the positive branch for the first upper stage band falls very near the center of the primary band, 
which is so obscured that an accurate determination of its position is impossible. The fact that 
the 7.84 band is not so distorted indicates relatively less interaction between », and v. The 
frequency indicated as the center, 2224.1 cm™ is that of the lowest point in this portion of the 
curve 


COLUMBUS (OMI)) JUNE 16 1968 


Vic. 2.--The solar spectrum between 4.46 u and 4.59 yu 


Che position of this center agrees very well with the one observed in the solar spectro- 
gram. 

In the third column of Table 2 the listed differences agree with the spacings found in 
the NO bands located at 17.0, 8.57, and 7.77 yw. It is thus believed that the regularly 
spaced lines between 2230.25 and 2190.00 cm are due to N,Q. The region between 
2190.00 and 2184.25 cm™'! is perturbed, but the difference between these two lines is 
5.75 cm™, corresponding to six intervals with a mean spacing of 0.95 cm, so that the 
lines 2184.25, 2183.15, 2182.10, and 2181.00 cm™ are also attributed to N.O. 

In the vicinity of 2224.25 cm™ the solar spectrum reveals a regular fine structure, 
which, as appears from the statement quoted above, had been searched for in vain by 
Plyler and Barker. The appearance of this fine structure must be due to more favorable 
conditions, as far as pressure and temperature are concerned. Up to the present, it has 
not been possible for us to map again the 4.5 « band of NO in the laboratory. 

A regular fine structure was also found in the 3.9 yw region on solar spectrograms taken 
at Columbus, Ohio, but, owing to technical difficulties, new observations are needed 
before the measurements can be published. 


It is a pleasure to thank Professor H. H. Nielsen for the facilities given to us during 
our Stay at the Ohio State University. We have been stimulated by his great interest in 
our work. 
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ABSTRACTS 

I ntroduction.—Magnitudes and colors of 180 stars have been determined with the photomultiplier 
photometer attached to the Lick Observatory 12-inch refractor; an additional 8 stars have been ob- 
served with the Crossley reflector. 

Observations of the nearest stars.~-The results of 245 observations of 78 stars within 14 parsecs of the 
sun are listed in Table 3. The color-lurainosity array for these stars, derived from trigonometric paral- 
laxes, is shown in Figure 1. 

Subgiant extension of the bright-dwarf sequence.—The mean absolute photographic magnitude of 17 
subgiants is +3.60+0.13(A.D.) and is apparently independent of the color C,, which ranges from +0.32 
to +-0.97 mag. It appears that the chy aa components of Algol-type eclipsing stars are subgiants. 

Dwarf and subdwarf sequences.— The dwarf and subdwarf sequences intersect twice, once near Cy = 
+055 and again near C, = +130. 

Blue-dwarf and bright blue-dwarf sequences.—-It appears that at least some of the fine structure in that 
portion of the color-luminosity array populared by the A-type stars probably is reflected in the spectra 
of these stars. 

Rotational velocity —The bright blue-dwarfs, which include the spectrum variables, appear to rotate 
more slowly, in the mean, than do the blue-cdwarfs. 

Concluding remarks.—The stars near the sun populate the same sequences in the color-luminosity 
array that are found in the four galactic clusters, Hyades, Pleiades, Coma Berenices, and Ursa Major 


I, INTRODUCTION 


The preceding three papers' of this series have been concerned with the color-luminosi- 
ty arrays for the stars in four galactic clusters. The present communication is the result 
of 605 observations of 180 near-by stars made in the last 18 months with the photomul- 
tiplier photometer on the Lick Observatory 12-inch refractor; 13 ebservations of 8 stars 


made with the Crossley 36-inch reflector are also included. The color system and magni- 
tude convention used in the 12-inch work have been described in Paper I; colors and 
magnitudes observed with the reflector have been converted to the International System 
by means of the following formulae: 
Pg, Fs F é.. — O™] 9 — 0,1 i ie ® 
Cy = +0™76+0.86C,,. 


The effective wave lengths obtained with the photomultiplier and filters used in the 
Crossley installation will be discussed in more detail in a succeeding paper of this series, 
but the results obtained for the Harvard Standard Region C 12, given in Table 1, show 
the close agreement between refractor and reflector observations. As a further check on 
the Crossley results for the reddest stars, we may compare the observations of Barnard’s 
star and 119 Tau. 


CROSSLEY 
Srar 


Pip Cp Pky 
Barnard’s Star 11™03 +152 | 11702 
119 Tau (CE Tau) 6.10 +1.79 | 6.09 


* Contributions from the Lick Observatory, Ser. I1, No. 30. 


1 Ap. J., 111, 65, 81, 414, 1950. These will be referred to as “Papers I, II, and HI.” 
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If we take the observations of the Harvard Standard Region stars as typical for the 
magnitude range covered, the average deviation of a single determination from the mean 
magnitude and color, as a function of magnitude, is shown in the last two columns of 
Table 2, where the individual observations of these stars are listed. In order to extend 
the magnitude range to that represented by the observations made with the 12-inch, a 
few stars selected at random were added to those of the Standard Region in Table 2. 
Stars A and D in the Region C 12 are used for the determination of the extinction and 
its dependence upon color whenever this region is observable, so that some 50 observa- 


TABLE 1 


COLORS AND MAGNITUDES OF STARS IN HARVARD STANDARD REGION C 12 
t2-twon Rereactos Crosstey Reritector 


Cy 


(FO4 . : — (O45 
+1) 06 - 3. 4-006 
+ 1.12 ’ . 4+-1.12 
+() 865 +0. 86 
+024 +0. 24 
+() 23 +) 23 

0 01 0.01 
4+-1.16 +1.16 
+1) 36 +0. 36 
+1.20 +1.20 
1) 40 +0. 39 
+0 955 +0. 955 
+1 W +1. 10 


te ee es ee 


TABLE 2 


[DUAL OBSERVATIONS OF STARS IN THE RANGE OF MAGNII 
OBSERVED WITH THE 12-INCH REFRACTOR 


+ O01 +000 
oo 
oo 
01 
of 


a1 


54 0 04 
4/40 064 
7 60 +1 124 
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tions are available for these two stars; however, only 5 representative determinations are 
given in Table 2. A screen, absorbing 4.82 mag., was used for Sirius, Vega, and Altair. 
Although magnitudes and colors have been obtained for stars as faint as Pg, = 12™5 
with the 12-inch refractor, the number of observations necessary to maintain the accura- 
cy shown in Table 2 increases rapidly for stars fainter than Pg, = 115, and, except for 
special objects, observations are usually confined to stars brighter than Pg, = 110 with 
this instrument. 
Il. OBSERVATIONS OF THE NEAREST STARS 


Table 3 lists the results for 245 observations of 78 stars within 14 parsecs of the sun. 
All but 8 of these stars have been observed with the 12-inch refractor, and each star was 
observed on at least two different nights. A few red dwarfs were observed as often as six 
to ten nights to test for variability in these stars. The various columns of Table 3 con- 
tain the following information: column 1, the current number; column 2, the Henry 
Draper Catalogue or Durchmusterung number, when available; column 3, other designa- 
tions; columns 4 and 5, the 1900 positions; columns 6 and 7, the International photo- 
graphic magnitude and color derived from the photoelectric observations; column 8, the 
number of nights each star was observed; column 9, the mean trigonometric parallax 
(these values are taken from Schlesinger’s Catalogue of Stellar Parailaxes;? determina- 
tions made available since the completion of the catalogue have been incorporated into 
the means); column 10, the absolute photographic magnitude resulting from columns 6 
and 9. 

The color-luminosity array for the stars in Table 3 is shown in Figure 1. The filled 
circles represent stars within 10 parsecs of the sun, while the open circles represent the 
stars that are 10-14 parsecs distant. The continuous curves reproduced in Figure 1 have 
been taken directly from the previous papers of this series concerning the color-luminosi- 
ty arrays for four galactic clusters: the zero point for all these arrays is determined by 
the Hyades cluster stars. The dashed lines in the color-luminosity array of Figure 1 rep- 
resent the extensions added by the material in this paper. The few giant stars in the 
vicinity of the sun are not included in Table 3 or in Figure 1, but they will be discussed 
in a later paper of this series. 


Ill. SUBGIANT EXTENSION OF THE BRIGHT-DWARF SEQUENCE 
LUMINOSITY OF SUBGIANTS 


The top section of Table 4 contains those stars in Table 3 which are classified with 
luminosity class IV in the system of the Adas.* The middle section of Table 4 contains 
other parallax stars, more distant than 14 parsecs, for which available spectroscopic lu- 
minosity classifications indicate their subgiant nature. The bottom section of Table 4 
contains five stars, for four of which no Adas types are available. From the position of 
these stars in the color-luminosity array, however, we may assign the subgiant classifica- 
tion to them. 

If we omit 6 Gem, which falls on that portion of the bright-dwarf sequence defined by 
the cluster stars, we find that the straight mean of the luminosities of the subgiants in 
the first two sections of Table 4 is M = +3"60 + 0"13 (A.D.). This result is the 
basis for the straight-line extension of the bright-dwarf sequence shown as a dashed line 
in Figure 1. If we assume that all subgiants redder than C, = +0732 have M = +.3”™60, 
we find the “photometric,” (ptm), parallaxes given in the table. With but one exception, 
the photometric parallaxes all lie within the range of the individual trigonometric values; 


2 New Haven: Yale University Press, 1936. 


+The Yerkes Allas of Stellar Spectra (Chicago: University of Chicago Press, 1943), by Morgan, 
Keenan, and Kellman, will be referred to throughout this paper as the “Adlas.” The Alas luminosity 
classes will also be used: III = giants, [V = subgiants, and V = dwarfs. 
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PHOTOELECTRIC OBSERVATIONS, LUMINOSITIES, AND TRIGONOMETRIC PARALLAXES 
FOR 78 STARS WITHIN 14 PARSECS OF THE SUN 
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TABLE 3—Continued 


HD (DM) Name @ (1900) = 8 (1900) Pty Cp « (Trig) M po, 
(2 (3) i4) (5) (7) (9) (10) 
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* The notes for stars marked with an asterisk are 
STAR 
5, 6. Common proper motion, p ~ 300” 


TAR 
12. 9™40°,8a@~ of 
3. ADS 671, Am (P¢) > 4, measured as one star 12. Spectroscopic binary 
4. Van Maanen 2 13, 14. p ~ 160", @ ~ 100° 
22. The fact that this star lies 0.75 mag. above the dwarf sequence cannot be wholly the result of a poor parallax, for several mod 
ern determinations are in good agreement with one another. The radial velocity is variable in a long period, and the displace- 
ment from the dwarf sequence probably is due to a bright campanion 
26, 27. ADS 4334, p ~~ 100", @~ 0 
+4, 3S, 36. Common proper motion and radia! velocity 
ADS 101587, Sm (Pg) > 3", measured as one star 
, 54. Common proper motion and radial velocity 
ADS 10660, Sm (Pg) > 3°", measured as one star 68, 69. ADS 14636, p ~ 30”, @~ 140° 
70. Spectroscopic binary 


Barnard's proper-motion star 
78. ADS 17175, Am > 3”, measured as one star 


Astrometric and spectroscopic binary 
¢ Stars observed with the Crossley reflector 


the exception, 07080 for ~ Cep, exceeds the mean trigonometric value, 07067 + 5, by 
only two and a half times the probable error. 

It is of interest to compare e Cep and 6 Gem with cluster stars of similar luminosity 
and color, as in the accompanying tabulation. The Mount Wilson spectral classifications 


SpectrreaL Tyre 


Allas 
« Cep . + 2m +022 FOV 

Hyades 75 ; 53 +). 22 ! Al, F5 1V=FO II-III (metallic) 
Hyades 47 +0. 225 1 AS(K), F2 (metallic) 
& Gem.... : + +0.225 d | F2ivV 


for « Cep and 6 Gem are taken from Mount Wilson Contributions, No. 511;‘ the data for 
the metallic-line stars are from Paper I. The comparison indicates that the stars e Cep 


«Ap. J., 81, 189, 1934 
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and 6Gem are quite similar to the two Hyades metallic-line stars; but perhaps the 
metallic-line tendencies, if present, are not so pronounced as in the Hyades stars, 

Four stars in the last section of Table 4 do not have luminosity classifications available 
on the Adlas system, but spectroscopic absolute magnitudes are given in the Mount Wil- 
son catalogue of spectroscopic parallaxes‘ (see accompanying table). Since the spectro- 


5 Ser 


Mean 











4 4 i. i L i A i ft L i 4. A L i i A L 
Cp “O10 0.00 4010 40.20 40.30 4040 4050 4060 40.70 4080 40.90 +100 410 +120 4130 4140 4150 +160 





Fic. 1.--Color-luminosity array for stars within 14 parsecs of the sun. The filled circles represent 
stars within 10 parsecs; the open circles stars from 10 to 14 parsecs distant; and the small dots, along the 
subgiant extension of the bright«iwarf sequence, those more distant stars in Table 4 that were used to 
detine this portion of the sequence. The continuous lines in the color-luminosity array are defined by 
cluster stars in Papers I, II, and III, while the dashed lines are added by the stars under the present dis 
Phe cross at M = 7.24, C, = 0.96, represents HR 1614, which probably has an undiscovered 


bright companion 


Cussion 





TABLE 4 


PHOTOMETRIC, SPECTROSCOPIC, AND TRIGONOMETRIC 
DATA FOR THE NEARER SUBGIANTS 


Star ) = (Trig wiPtm)* M (Trig Remarks 


10 UMa (7070+ 9 (A) Visual binary 
071+ 10(M) with Am=1.8 
1} O75+ 6(S mag., so the 
observations 
Mean ) 073+ 4 probably are 
little affected 


056 +4 


101+ 
O78 7 rolv 


1164 ' GOV lrig. r quoted by 
Kuiper 


117 ADS 10157, Am 
1104 J = 2 8 (visual) 
117 + 
104 + 


112+ 


O81 

065 + 
O69 + 
O82 + 


Mean 072 


5 Gem - O58 + 
063 + 


059 4 
Mean 000 4 


O48 


075 4 
061 + 


071 
063 


Mean 067 + 


037 4 
040 
O78 + 


053 + 


8 Boo - 0 066 
0 O714 


Mean 0 068+ 7 0.069 357 FO6IV 


* It should be noted that the differences between the « (Trig.) and # (ptm) are less than the probable errors of the trigono 
metric parallaxes in sixteen cases, equal in five cases, and greater in one case A study of the probable errors given by Schlesinger 
on the basis of agreements between different determinations for each star shows that his probable errors should be reduced by an 
average factor of 0.7. With the recomputed values of the probable errors, it is found that # Trig.) ~ © (ptr) is less in twelve 
cases and greater in ten. Since Schlesinger had, in general increased the published 5 robable errors in a manner described in the 
General Catalogue of Stellar Paraliaxes, it appears that for these stars, at least, he was overpessimistic 
+ The luminosity classes for « Psc and y Her are by Nassau and van Albada (Ap. J 107, 16, 1948); those for 10 L Ma, 10 
CMa are unpublished values determined bere by Mrs. Belserene (Emilia Pisani) in connection with Moore and 
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4-—Continued 


e(Ptm)* Af (Trig. Atlas? Remarks 


070644 OC 


0 .055+ 12 
0 061 7 


0 064 
0 0493 


057 
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O47 
060 + 


056+ 


037 
056+ 


042 + 
069 

067 +13 
069 + 12 
069 + 
066 > 
065 + 


O70 + 


067 4 


056 + 
063 + 
029 
} O43 4 
042 + 
O51 
(46 + 
045+ 
O51 + 
047 
033 
O35 + 


O48 + 


0 038 4 


0"068 


0 O55 K2UIE-1V 


Mean 
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scopic luminosity is in terms of visual magnitudes, we must add +0.4 mag., the color of 
F5.5 taken from Figure 2, to the mean, which yields M = +3"7, in excellent agreement 
with the value of M = +3"60 + 0™13 (A.D.) for the subgiants in Table 4. 

The relationship between color and spectral types of the subgiants is given in Figure 2, 
from Aas spectral types only. It is a curious fact that subgiants of type later than K2 
must be quite rare, since none have been found in the following three independent sur- 
veys: 

1. “Atlas.”—-No subgiants of type later than K2 are included in this monograph. 

2. Keenan.*—In determining the spectroscopic luminosities and spectral types for stars 
brighter than the eighth visual magnitude and of Henry Lraper Catalogue types GS-KS in two 
fields—one in Cassiopeia and the other centered at the north galactic pole—Keenan found that 
“.. among the Stars later than K2, none was classified as a subgiant; this was true also of 
the calibration stars,” 

3. McCuskey.—Observations of spectra of all stars to photographic magnitude 10.5 in a 
field in Aquila of 14.3 square degrees revealed no subgiants later than KO, 





Tv... TS ee Pee ee er Te ee ee ee ee 
Cp 
+0.30 


+040 
+0.50 
+0.60 
+0.70 
+0.80 
+0.90 
+1.00 








oe 2 sg ps 6 6 8 4 sg gk. Bg) 8D ee 6 ek 


Sp FS GO G5 KO KS 





Fic. 2.—The color—spectral-type relationship for subgiants (luminosity class IV) in the AWdas. The 
open circles represent individual stars; the filled circles, means of two or more stars of the same spectral 
type. 


Since the subgiants redder than C, = +0™32 appear to be of constant photographic 
luminosity, surveys Nos. 2 and 3 above may indicate the luminosity function of sub- 
giants in the regions covered. The lack of subgiants later than K2, however, might mean 
only that the spectroscopic-luminosity criteria are not valid for later types, since the 
brighter visual magnitude may place these stars, spectroscopically, in the category of 
normal giants. 

Since the relationship between color and magnitude of the subgiants is dependent upon 
the region of the spectrum in which we observe these quantities, it is accidental that the 
photographic absolute magnitude is essentially constant for all subgiants redder than 


‘Ap. J., 91, 506, 1940. 
Ap. J., 109, 426, 1949, 
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C, = +032 (regardless of color).’ It is, however, a fortunate accident, and it may have 
many astrophysical applications. A good example of such an application is to the study 
of those eclipsing systerns possessing either one or two subgiant components. A pro- 
gram to observe these systems is now in progress at this observatory, and a few prelimi- 
nary results, relevant to the subject under discussion, follow. 


SUBGIANTS IN ECLIPSING BINARIES 


i/gols.~~An Algol system usually contains a small, bright, late B- or early A-type com- 
ponent and a fainter, larger subgiant companion. Three classical examples of this type 
of system are U Cep, U Sge, and the prototype star itself. All three of these systems have 
been observed at maximum light, and U Cep and U Sge have also been observed during 
the total phase of the primary eclipse. The results are given in the accompanying tabu- 
lation. The depths of the total eclipses immediately give the luminosities of the brighter 


Maximum Toran Eciupse 


U ep 
U See 


Algol 


stars, in terms of the total light of the system; hence we can compute the individual mag- 
nitudes and colors. The small reflection and ellipticity effects, deduced from existing 
light-curves, may also be allowed for. In the case of Algol, the results of a previous six- 
color study* may be used to determine the difference in magnitude between each com- 
ponent and the combined light of the system. The resulting magnitudes and colors for 
both components of the three systems are given in the accompanying tabulation. The 


Mi2 
AssUMED 


U Cep + 300 oros +000 


U Sge ; a. +3 00 6.32 00 
Algol 5 +3. 60 -1.82 +0.14 


' 

absolute magnitudes of the secondary components, M (2), are derived from the assump- 
tion that they are subgiants. The reason for this assumption is that the resulting moduli 
for the systems give luminosities for the primary components, M (1), that are consistent 
with the colors and spectral types. We see that these stars are very similar to some of the 
Pleiades stars that populate the blue-dwarf sequence discussed in’ Paper I1; examples of 
such stars are Pleiades No. 67, with M = +0™20 and C, = —0™15, and No. 28, with 
if +-0"53,.C, O13. 

These results, if the basic assumption of subgiant character for the secondary com- 
ponents is correct, show that negligible reddening or selective absorption, either circum- 


It ght be pointed out that, even in terms of visual magnitude, the absolute magnitudes of the 


Kf | ! 
I O07 and C, +032 will vary only by 0.65 mag 


bwiants between ¢ 


ip. J., 108, 1, 1948 
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stellar or interstellar, affects the brighter stars of these three systems." The eclipsing bina- 
ries U Cep and U Sge are too distant to have reliable trigonometric parallaxes, but the 
photometric parallax of Algol, 0043, agrees well with two trigonometric values, 
07044 + 4 (A) and 07034 + 5 (S),"° both of which are based upon many plates. 

AR Lacertae-type systems.—Another type of eclipsing system known to contain sub- 
giant components is represented by the prototype, AR Lac. Photoelectric observations 
of this system by G. E. Kron" present the first photometric evidence for possible large- 
scale surface activity, such as dark and bright patches, on stars other than the sun. 
W. E. Harper" determined velocity-curves for both components of the system, and A. B. 
Wyse,’ who classified the stars as G5 and KO, noted sharp emission features at H and 
K of Ca 11. Observations of magnitude and color made at maximum light and at primary 
total eclipse give 

Maximum light: Pg,=6"87, C,= +0"66; 


Total eclipse: Pg, = 7769 , Cp, = +0783. 


F. B. Wood'* was unable to separate the reflection and ellipticity effects in the light- 
curve from the intrinsic variation of the light of the system. Kron, however, obtained 
light-curves during intervals when the source of the intrinsic variation was relatively 
quiescent; and from these curves we find that the depth of primary eclipse given above 
must be corrected by —0.07 mag., in the photographic region. Although the ellipticity 
and reflections effects are wave-length dependent, we have arbitrarily corrected the visu- 
al depth by the same amount, since the error introduced can hardly amount to more than 
0.01 mag. We see, therefore, that at the total eclipse half the photographic light of the 
system is lost; this result we might have anticipated from our previous conclusion that, 
photographically, the subgiants redder than C, = +032 have the same absolute mag- 
nitude, regardless of their color. We find, then, the colors and magnitudes of the indi- 
vidual components to be as follows: 


Blue component: Pg =7"65, C,= +055; 


Red component: Pg, = 7™65 , Cp = +0782. 


The modulus of the system, from the assumption that both components are subgiants 
with M = +360, is 4.05 mag., or a photometric parallax of 070155. From the colors of 
the components and from the color—spectral-type relation of Figure 2, we can estimate 
that the spectral type of the primary-eclipsed star, which is also known from the photo- 
metric data to be the smaller, is G2 and that the larger component is KO. 

There are a few other stars mentioned in the literature that may be similar to AR Lac 
in that both components are subgiants. When approximate spectral classes are known 
for the components and both are later than, say, F5 but are separated by several sub- 
classes and when the light-curve exhibits a total eclipse during which hali the total pho- 
tographic light is lost, the system is quite likely to be composed of two subgiants. If the 


* Since the blue-dwarf sequence begins its nearly vertical rise at C, ~ —O™16, the effects of selective 
absorption on the bright components would be conspicuous; this is one reason that the use of some B-type 
stars in detecting interstellar absorption is so successful 

'® The following convention will be followed throughout in regard to the source of individual trigo- 
nometric parallaxes: (A) = Allegheny, (C) = Cape of Good Hope, (G) = Greenwich, (M) = McCor 
mick, (S$) = Sproul, (V) = Van Vieck, (W) = Mount Wilson, (Y) = Yale, and (y) = Yerkes. The prob- 
able errors are given in terms of 07001, 

" Pub. A.SP., $9, 261, 1947. 

2 Pub. R.A.S. Canada, 27, 146, 1933 

18 Lick Obs. Bull., 17, No. 464, 37, 1934 '* Princeton LU. Obs. Contr., No. 21, 1946. 
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elements are known, we should expect the star of later spectral type to be the larger. A 
good example of such a system is RS Ari. Wyse'* called the spectra F9 and GS, and stat- 
ed: “The primary spectrum [F9] is intermediate between giant and dwarf.” Many visual 
observations give the primary eclipse, which is total, a depth of 1.0 mag. From Figure 2 
we find that a G5 star is 0.2 mag. redder than one of class F9, so that the photographic 
depth of the total eclipse, during which the F9 star is occulted, is 0.8 mag.; when allow- 
ance is made for reflection and ellipticity effects, we may conclude that, photographi- 
cally, the stars are of about the same magnitude. The elements quoted by the Gaposch- 
kins” indicate that the GS star is the larger of the two. 

A similar system is RW UMa, the components of which Wyse’? has classified as F9 
and G9. The primary eclipse is total, with a visual depth of 1.10 mag., or 0.75 mag. 
photographically if we correct for the difference in color between the two stars. Struve™ 
determined the velocity-curve of the F9 star, which is the star occulted at the total 
eclipse. He also measured ‘‘. .. two fairly well-marked and narrow emission lines of 
Catt K and H. These lines belong to the eclipsing star [G9] at primary eclipse and have 
about the same amplitude as the absorption lines of the [visually] brighter component 


(FO). 
IV. DWARF AND SUBDWARF SEQUENCES 


DWARFS 


The dwarf sequence has been defined in Papers I, LI, and LI by the cluster stars that 
are gathered together in Table 5; they range in color from C, = +002 to +105. The 
main sequence defined by these stars is given in Table 6, but the individual deviations 
from this main sequence are tabulated as O — S (observed minus sequence) in the last 
column of Table 5. The sequence between C, = +0706 and +016 is not well defined, 
owing to a real lack of cluster stars in this interval, and the main sequence is represented 


by only one point in this range. Table 7 contains the dwarf stars from Table 3, with the 
individual modern determinations of the trigonometric parallaxes and their means. ‘The 
photometric parallaxes given in the penultimate column of Table 7 are derived from the 
colors of the stars and from the dwarf sequence of Table 6. In nearly every instance the 
photometric parallax falls within the range of the trigonometric determinations. There 
is some selection of the stars in Table 7, in that, generally, only stars with several mod- 
ern determinations of parallax were included on the observing program. The values of 
© — S in Table 7 are in the sense of mean trigonometric parallax minus the photometric 
parallax. When we recall that the zero point of the dwarf sequence given in Table 6 is 
defined by the Hyades stars, the mean systematic difference in O — S of —0%001 indi- 
cates the sameness of cluster and noncluster dwarfs. 

A few dwarfs, more distant than 14 parsecs, are included in Table 8; the arrangement 
of the material is the same as in the previous table. Although it is true that for these 
stars the trigonometric parallaxes are, on the whole, rather discordant, the photometric 
parallax usually falls within the range of the individual determinations. Only those 
dwarfs redder than C, = +020 are discussed here; the bluer stars, that is to say, those 
earlier than about FO, are discussed in connection with the blue-dwarf and bright blue- 
dwarf sequences in Section V. 

* Variable Stars (“Harvard College Observatory Monographs,” No. 5 (Cambridge, 1938}) 

Ap. J., 102, 74, 1945 

'? It is strange that, although the primary eclipse of RW UMa indicates that the components are of 
nearly equal photographic brightness, only the emission lines of the redder component are observed, 
while in WW Dra, for example, where the total eclipse exceeds 1.0 mag. photographically, Joy observed 
both absorption and emission lines of the fainter star. The emission lines in WW Dra, like those in RW 


UMa, give a velocity-curve which is a mirror image of that of the primary star, but the amplitudes of 
the absorption-line velocity-curves are quite unequal (Ap. J., 94, 407, 1941; Mt. W. Contr., No. 654). 
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08 || CH 21 
05 H 89 
01 H 91 
+ 00 H 106 
33 | + .00O || HS83 
34 | + .00 H 90 
0.345 | 40.07 || H72 
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*C = Coma Berenices; P = Pleiades; H = Hyades 
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TABLE 6 
THE DWARF SEQUENCE DEFINED BY CLUSTER STARS 
IN THE RANGE C, = +002 TO +1722 


ato FAR SEIT 


Cp M py, Cp M py, M po, 
+0m38... | +451 
40 +4.63 
42 +4.75 
44 +4.90 
46° +5.01 
48 | 5.14 
50 | +5.27 
| +5.39 
+5.51 

+5.63 

+5.75 

+5.87 


M py, } Cp 
+94 +791 
+096 +8 03 
+0. 98 +8.15 

; +1.00 +8 27 
+1.02 +8. 39 

Bevin 51 

| +1.06 63 


+002 +040 
+ O04 +0.00 
06 | +0.80 
10 +1.33 
+2. 0 
18 | +2.600 
20.....| +2.82 
22 3.02 
24 3.27 
26 ' 3.50 
28 3.70 
30 | 3.89 


+623 
+6.35 
+6.47 
+659 
+6.71 
+6. &3 
+6.95 
+7.07 eee 
+7.19 | Ost. _.| 75 
K) ee 10 87 
43 || 12 99 
55 14 il 

32 | 07 +599 67 16 23 

34 | +4 23 +6 11 | 79 18 35 
0.36 +4. 38 20 47 
22 59 


Apprentice 


gee 


++++4+4+4+4+44 
+++4+4++4+4+4+4+4+4+4 
+t++++++4+4+4+4+4+4 
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* For Cp = +046 to +122 the values of M may be computed from the relation M = + 2°27 + 
t From Cp = +1™06 to +122 the main sequence is derived from the stars in Tabie 3 
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SUBDWARFS 


In 1922 Adams and Joy"* discovered “. . . three stars of large proper motion, which, in 
absolute magnitude, seem to form a group midway between the faint ‘white dwarfs’ .. . 
and the stars of early type belonging to the main sequence”’; they called these stars “‘in- 
termediate white dwarfs.”’ In 1938 Kuiper’ pointed out that these stars existed all along 
the main sequence, and he stated that “. . . since these stars . . . are much more similar 


TABLE 7 
COMPARISON OF THE TRIGONOMETRIC AND PHOTOMETRIC 
PARALLAXES OF THE DWARFS IN TABLE 3 


TeiGowomeTeic PARALLAXES 


M Others Mean 


7 Cas A - + O9O"1R2+ 801944 0° 18445 +0"009 
107 Ps 23 7) 146411 1324 002 
HR S11 lil+ 9 O7116 +10(W) 11145 006 
4 Tri ' 135+ 9) O87 +11 OOK 4 002 
HR 753 ‘ 141+ O7153 + 8 147 - 006 
HR &57 149 134 +10(C) 137 + 000 
« Cet 5+ 092 104+10 106 O19 
¢ Eri 33+ 298 +10 1 6(C) 303 017 
MW Eri A t 210+ 200+11) .1909 + 9(C) 202 + 002 
e? Ori ‘+ } 156+ 110+ 9 128 + 018 
HR 1925 A BO + 105 097 002 
y Lep A 47 + 104 + 136 + 8(C)| .122+ 003 
y Lep B { 104 136 + 8(C) 122 + 003 
x! Ori @4 |! 110+ } 104+ 006 
11 LMiA ; 110+ +19 ( 065) 4 113 O01 
4 UMaA ORS + +14 OR2 002 
61 UMa 109 002 
8CVn { 107 + +18 108 + - O02 
8 Con 124410) 133418 1214 21 -— .0O1 
Ol Vir 13i+11 127+ 9 129+ f + O01 
72 Her } O74+11) 062+ 13 076+ . 005 
26 Dra 073410 O78+160 078+ 6 073 +4 - 002 
HR 6806 GOR 109+ 13 O98 + 3 } O03 
xy Dra 124+10 120+ 136 +10(G) 127 +7 — (08 
@ Dra 180 7; 184+ 9 168 4+ 12(G) 181 + 178 - O03 
61 Cyg A 288+ 6 310+ 6 2714 0 320 +10(W)) 296+ 2? 000 
51 Peg O72+ 9 O76+1 072+ O1l 
HR 8832 0 140+ 80 1614100 1794 13 0 100 0 008 


=> 


tn 


> en D 


cro 


0 001 
+0 005 


to main-sequence stars than to white dwarfs, the name ‘subdwarfs’ is suggested for this 
class of stars, in analogy with ‘subgiant.’ ’’ This group of objects contains “stars not over 
2 or 3 mag. below the main sequence.” In 1947 he further stated that “*. . . subdwarfs 
are all or nearly all, high velocity stars.”*° Joy ** has summarized the spectroscopic fea- 
tures that distinguish subdwarfs from ordinary dwarfs. We shall apply the term “sub- 
dwarf” to the stars populating that sequence which, in Figure 1, runs below and parallel 


Ap. J., $6, 262, 1922; Mt. W. Contr., No. 244 
Ap. J., 89, S48, 1938 
1J., 53, 149, 1948 : 1,, 105, 96, 1947; Mt. W. Contr., No. 726 
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TABLE 8 


PHOTOMETRIC AND TRIGONOMETRIC DATA FOR DWARFS 
MORE DISTANT THAN 14 PARSECS 


« (Trig. i « (Ptm) 
O7062+10(¥) | 0*070 
0.047 +12 (M) 


065 +11 (Y) 
0.043 +11 (C) 


| 
j 
J 


0.049+ 7 


HR 4867 ; } | : 0.038 + 10 (A) 
0.041+11(W) 


Mean | 0.0394 7 
3 i 035+ 6(A) 
O51 + 10 (M) 
034+ 8(Y) 

036+ 4 


45 Boo | : * O58 4:10 (A) 
071+12(M) 


063+ 8 


+ 39°2950 2? 054+ 7 (A) 
062+ 6(y) 


Mean 052+ 6 
+-()°3593 7 3 O82 + 10 (A) 
033 + 12 (M) 
O73 + &CY) 
047+ 8(W) 
Mean 061+ § 


+-1°3421 : 3 040 + 10 (A) 
032+ &(Y) 


Mean 036+ 6 
+4°3599 47! 6 O51 + 
041 4 
033 + 

041+ 5 


+0. 30 060+ 9(A) 
083 +11 (M) 


067+ 7 
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to the dwarf sequence from C, = +0"60 to +1™23 and crosses the dwarf sequence at 
C, = +055 and +135. Although this nomenclature presents a situation in which sub- 
dwarfs may be brighter than dwarfs, it is analogous to the fact that some “main-sequence 
dwarfs” are brighter than giants. As stated in Paper II, all these designations are un- 
satisfactory, and they should be replaced by less misleading ones as soon as the color- 
luminosity array is more completely mapped. 

The stars populating the subdwarf sequence in Figure 1 are listed in Table 9, which 
also includes three probable subdwarfs found in the Hyades cluster. Two stars—Cin 
1244, with M = -+12™16andC, = +132, and Lal 21185, with M =+11"75 and C, = 
+1"32—occur near the junction of the two sequences, so that it is difficult to say to 
which group they belong; both stars are omitted from Table 9. 


TABLE 9 
LUMINOSITIES AND COLORS OF SUBDWARFS 


M py. Cy Star M py, Cp Star M py, Cp 


49 =—85S Peg A 5™89 | +055 | CC 1018 11707) +1™23 


8 Vir® + 
i Per 411 + 50 Hyades 17} O01 + .565 Cin 3124 11.30 +1.24 
» Aur 28 + .51 | » Cas 31+ .58 CC 1143 11.51 | +1.28 
\ Ser 76 | + .52 ) Hyades 7} 39 + .58 Cin 2354 11.94 +1.30 
HR 483 506 + S535 +rCet 6.42 + .585 CC 1069 14.71 +1.53 
51 Pegt §21.+ + .635: ADS 2468 14.96 +1.55 
Hyades 40} BO) + +0.87 CC 1445 16.31 +1.59 


54 HR 4550 }.22 
0.55 | 36UMa 8.56 


* Three consistent detetminations of the trigonometric parallax--07100 + 10 (A), 01102 + 9(Y), and 07093 + 9 (M) 
ndicate that this star falls below the bright-dwarf sequence; however, the possibility that the star is a subgiant, with photometric 
varallas of O'O83, cannot be entirely eliminated 

t Two determinations of the trigonometric parallax, 0072 + 9 (A) and 0°076 + 10(M), place this star on the subdwarf se 
ywence; but, since a parallax of 0083 would place it on the dwarf sequence, the point is of low weight 


t Vhe data for these stars are taken from Paper I 


lable 10 contains some of the stars in Table 3 that populate the dwarf sequence from 
C, = +0°30 to +1'"30, together with the spectral classes assigned these stars by 
Kuiper,” the Mount Wilson observers,‘ and the Aas. The Adas spectral types have 
been extended to stars later than KS by Morgan.” The resulting color—spectral-type re- 
lationships for these stars are plotted in Figure 3, where the open circles represent indi- 
vidual stars and the filled circles are the means of two or more stars of the same spectral 
class. The crosses in all three cases represent the two components of 61 Cygni. It appears 
that, to C, ~ +070, the three systems of classification are quite similar, in that they 
give a linear relationship between color and spectral type; but, whereas the Yerkes sys- 
tems show a sudden discontinuity at C, = +070 to +075, spectral type KO-K1, the 
Mount Wilson system preserves the linear relationship to C, ~ +090, spectral type 
K 5, where it then shows a somewhat less abrupt discontinuity. Since the color-luminosity 
array is linear to C, ~ +123, Figure 3 indicates that the Yerkes spectral types cor- 
responding to C, = 4+-0"75 to +1™23 are compressed between KO and KS, while the 
Mount Wilson oben for the same color range, contains types KO-M0O. The second 
discontinuity, apparent at C, = +123 in all three parts of Figure 3, results from the 
sharp break in the color-luminosity array at this point. 

lhe mean color-spectral-type relationships for the Mount Wilson and Yerkes sys- 
tems are reproduced as the lines in Figure 4, while the points plotted in this figure repre- 
sent the colors and spectral types of the subdwarfs given in Table 11 on these same sys- 


"2 4p. J., 98, 201, 1942 
4p. J., 87, 589, 1938 
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tems. There appears to be a systematic difference in the relationship for the two kinds of 
stars, which amounts to three subclasses at F8 and disappears at GS. It is interesting 
that the two relationships merge at C, = +0"55 to +060, which is near the point of 
intersection of the dwarf and subdwarf sequences in the color-luminosity array of 
Figure 1. 

The systematic difference noted above may be due to certain spectroscopic peculiari- 
ties in subdwarfs. For example, a recent spectrophotometric study of bright stars in the 
range F8--MO by T. Setterberg*‘ indicates that the CV and CH molecular absorptions, 
as well as the atomic absorptions in the region \A\ 4190-4340 A are weaker in the sub- 
dwarfs « Per, \ Aur, and yw Cas than they are in dwarfs of the same color; this result is 
in agreement with Joy’s™ remark that “the spectroscopic features which distinguish sub- 
dwarfs from ordinary dwarfs are: for types A~-M, a general weakening of the absorption 
spectrum... .” 

TABLE 10 


SPECTRAL TYPES FOR DWARFS IN THE COLOR RANGE FROM C, = +0"34 TO +1"30 


Sprcrreat Tyre Srecreat Tyre 


Cp 


Kuiper Mt. W las Kuiper Mt. W 


rw? Ori - F6 . ) HR 6806 4-079 K2 K2 
¥Y Lep \ za ‘ ¥6 y 2 Lep B +0 7 K3 j K6 
x Dra - 395 ¥8 rs ’ |) HR &832 +0875 K3 K5 
» Cas GO * ’ | HR753 A +0) &9 K3 i K4 
x? Ori 7 GO r¢ ’ | 61CygA +1.05 K3 K6 
8 Com - GO GO ’ |) Cin 2322 +1.21 K7 MO 
BCVn - . GO GO ’) Cin 2238 +1.23 K6 | MO 
« Cet 5 G4 G5 ’) 61Cyg B +1. 23 K5 MO 
61 Vir - GS G6 Gmb 1618 +1 23 K& MO 
61 UMa - . GA G6 y)) Cin 1633 +124 | K8 MO 
11 LMi G&S KO Cin 705 +1.27 Mi | M3 
HR S11 - 7 Kl Ki Cin 2707 +1 27 MO+, M2 
107 Ps KO G9 LOV) Cin 1383 +1 28 MI Mi 
o Dra G9 KO CC 782 +1 28 Mi Mi 
40 Eri A Kl KO) CC 1392 +1 285 M2 M2 5 
HR 1925 K2 K1 +61°195 +1.29 Mi+ 

e Eri K2 K2 


couN ee 
nan 


~~~) 1s 


The most obvious characteristic of the dwarf sequence is the abrupt break at C, ~ 
+123." From Figure 3 we see that this color corresponds to K6 on the Yerkes systems, 
or to MO on the Mount Wilson system; in both cases, this is the point at which the TiO 
bands begin to show strongly in the spectra. A simple explanation of the break, then, 
would be that the 710 absorption band heads at Ad 4762, 4954, 5168, and 5445 A are 
affecting the observed colors, since the color defines only a small part of the shorter- 
wave-length side of the spectral energy-curve. There is some evidence, however, that the 
explanation is not so simple. For example, it is difficult to explain the fact that, although 


24 Stockholm Obs. Ann., Vol. 18, No. 1, 1947 


* The existence of such a discontinuity was first pointed out by E. Hertzsprung in 1915, when he 
found a similar effect in his measurements of the effective wave lengths of absolutely faint stars. He 
concluded: “It is an obvious suggestion for the explanation of the fact noted above that the absolute 
magnitude +3 (sun = —0.33), corresponding to the temperature 3400° Abs. of a black body the size of the 
sun, represents the stage of a cooling star at which the formation of relatively dark solid matter on 
its surface begins, the remaining fluid giving practically all the radiation.”” Perhaps it is near this point 
in the color-luminosity array that the dwarfs reach a minimum effective temperature and become fainter 
as a result of decreasing size alone. 
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Fic. 3.—The color~spectral-type relationship for dwarfs classified by (a) Kuiper, (6) Mount Wilson, 
and (¢) the authors of the ANas. The open circles represent individue! stars and the filled circles the 
means of two or more stars of the same spectral type; the crosses in all three sections of the figure repre 
sent the two components of 61 Cyg 
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Fic. 4.--The color—spectral-type relationship for subdwarfs. The straight lines are reproduced from 
Fig. 3 
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in the Mount Wilson system “the types of the M-dwarfs are based strictly upon the 
strength of the titanium oxide bands in the blue region of the spectrum,” there exists 
a large color difference between dwarfs and subdwarfs of the same spectral subclass, as 
is the case with Wolf 47, an M6 dwarf with C, = +131, and CC 1445, an MS.5 sub- 
dwarf with C, = +159. There is evidently some other feature of the spectral energy- 
curve, besides 710 absorption, that differentiates dwarfs from subdwarfs in the M stars. 


TABLE 11 
SPECTRAL TYPES FOR SUBDWARFS IN THE COLOR RANGE FROM C, = +049 TO +130 


Srecrmat Tyre Specrrat Tyre Srectrat Tyre 


8 Vir FS “RY Hyades 40 i HR 4550 

« Per Gl f 85 Peg A , F 36 UMaC 

h Aur ee , V Hyades 17 CC 1018 M2 
\ Ser GO ’ uw Cas f Cin 3124 ) M2 
HR 483 GO Hyades 7 CC 1143 M3 | M3 
51 Peg GO r Cet Cin 2354 M4 


* 6 UMa C: Classified by Popper on the Ailas system 


Sahih SN, i Sa te a 


It is interesting to note that the three stars that represent the extension of the sub- 
dwarf sequence to the red of C, = +132 in Figure 1 are all classified as subdwarfs by 
Joy.” These stars are listed in the accompanying tabulation. The second and third stars 


; 
| 
; 
& 
‘ 


M , (Joy) Remarks 


otar 


CC 1069 + 14°71 ~ 15, J 5 Barnard’s star 
ADS 246B +14 91 


CC 1445 +1631 Ross 248 “ probably 


a subdwartf’’* 


* Ap. J., 105, 96, 1947; Mit. W. Contr, 


in this group show emission lines of both hydrogen and H and K of Ca n, while the first, 
Barnard’s star, shows neither. The star L 726-8, which W. J. Luyten® has announced as 
an irregular variable, was observed on two nights. The individual results are Pg, = 
1392 and 13°94, and C, = 4+1™55 and +155. The star is a close double, and Luyten 
gives 0.50 mag. as both the photographic and the photovisual magnitude difference be- 
tween the components; he also gives the value 13.69 mag. as the total photographic mag- 
nitude of the system. If we adopt the value 0.50 mag. for the photographic 4m, we ob- 
tain from the photoelectric observations, Pg, (A) = 14™45 and Pg, (B) = 14™95; Joy 
and Humason”’ have classified this star as dMS5.5e. Since the color of the system is 
similar to that of ADS 246B, the stars probably are subdwarfs, although we cannot 
eliminate the possibility that one star is a dwarf and the other a subdwarf, of different 
colors, with a combined color of +155. If a value for C, = 4-155 approximately rep- 
resents the color of both components, then, by comparison with ADS 246 B and CC 1445, 
the parallax probably lies between 071 and 072; a more accurate value is not possible in 
view of the uncertainty introduced by the presence of a companion and the steepness of 
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% Ap. J., 100, 532, 1949 7 Pub. A.S.P., 61, 134, 1949. 
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the subdwarf sequence in this color region; Luyten estimates the parallax to be 
0°56 + 0°07. 

It should, perhaps, be noted, although not stressed, that there is some suggestion in 
Figure 1 that the turning-back of the dwarf sequence, evident in the last observed point, 
Wolf 47, continues on through such stars as van Maanen No. 2 to the white dwarfs. 
Some support for this suggestion is offered by such stars as Wolf 489, which Kuiper* clas- 
sifies as of the type K5+. From Figure 3 we see that this spectral type corresponds to 
Cy = +1™1+ and, since m, = 143 and x = 07130 + 9, as given by Kuiper, we find 
M(Pg) = 16"0+, which would place this star on the dwarf sequence between Wolf 47 
and van Maanen No. 2. A search of the literature for parallax stars that populate this 
portion of the color-luminosity array yielded those given in the accompanying tabula- 
tion. These are stars contained in a recent catalogue of white dwarfs by Luyten® for 


| 
Pe Lec w (Trig.) M (pe) Star | Pg 1.C. | w (Trig.) Mipg) 
Vr7 14°60, —0"3 Hyades +11™0 van Maanen 2 12™6 +04) 0243 +6 +14"5 
Vr 16 13 7| - 3 Hyades +107) Wolf 457 16.0 +0 5 O78 +8 +15 5 
Wolf 219 15.2) +0.3 O*067+8 +143) Wolf 489 18.4 +110 13049 4160 


which available parallaxes indicate a distance of 14 parsecs or less; in addition, two white 
dwarfs in the Hyades cluster are included, and the mean cluster parallax given in Paper 
1, 0"0245, is used to obtain the luminosity of these stars. The photographic magnitudes 
and colors are those given by Luyten. The magnitude and color obtained by Luyten for 
van Maanen No. 2, Pg = 12™6 and I.C. = +04, agrees well with the values in Table 
3, Pg, = 12™50 and C, = +041. Also, the color of Wolf 489 is the same as that ob- 
tained above from the spectral type given by Kuiper. The colors and luminosities of these 
stars have been plotted in Figure 5. Taking into account the uncertainty in the photo- 


graphic colors and the smaller parallaxes, Figure 5 is highly suggestive of a connection 
between the red and the white dwarfs. All the stars for which Luyten’s magnitudes and 
colors have been used above will be observed on the present photoelectric program. 


V. BLUE-DWARF AND BRIGHT BLUE-DWARF SEQUENCES 
CLUSTER STARS 


The stars in the Pleiades, Coma Berenices, and Ursa Major clusters, which were found 
in Papers II and III to populate the blue-dwarf sequence, are gathered together in 
Table 12. The mean sequence defined by these stars is given in Table 13. The individual 
deviations from this mean are tabulated as AM(O — S) in Table 12 for stars redder than 
C, = ~-0"12; the sequence is poorly defined between C, = —0"12 and —0™17; and at 
C, =—0"17, M =-—-050, the sequence seems to rise vertically to M =—3 mag. _ 
no further change in color. The blue-dwarf sequence joins the dwarf sequence at C, 
+0718, 

The stars in Papers I, II, and III which were found to populate the bright blue- 
dwarf sequence are listed in Table 14. The mean sequence is in Table 15. 


“ATLAS” STARS 


In Paper II it was pointed out that, in the Pleiades, the spectra of the bright blue- 
dwarfs indicate a smaller amount of Hy and Hé absorption than do the spectra of blue- 
dwarfs of corresponding color. This effect probably is due to less pronounced wings of 


* Ap. J., 87, 595, 1938 Ap. J., 109, 528, 1949. 
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Fic. 5.—-The position of the “white dwarfs” in the color-luminosity array, The large open circles 











represent stars within 14 parsecs for which photographic magnitudes and colors (Luyten) are available. 
The continuous curves are taken from Fig. 1 


TABLE 12 


LUMINOSITIES AND COLORS OF BLUE-DWARF STARS IN GALACTIC CLUSTERS 


Mp, lp 


ve 


= 
os 


m7 ~(Q] 
78 00 
O04 O5 
11 07 
27 Os 
22 09 
28 105 
22 11 
38 12 
44 125 
36 13 
41 13 
44 13 
45 13 
65 165 
61 +-() 17 
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the hydrogen lines in the bright blue-dwarfs—an indication, according to the Adas, of 
higher luminosity. In an attempt to separate the brighter A stars into the sequences 
discussed above, as well as to find additional spectroscopic evidence of differences in the 
spectra of stars populating the various sequences, the stars classified with luminosity 
classes IV and V and those of Alles spectral types AO-A7 are discussed in the following 
paragraphs. The stars C Hya, \ UMa, 38 Lyn, and ¢ Vir, are omitted for lack of reliable 
trigonometric parallaxes. 


TABLE 13 


THE BLUE-DWARF SEQUENCE DEFINED BY CLUSTER STARS 


Ups, Cp Mp, Cp Mp, 
4-08°55 — O04 +155 +004 +235 
+0 85 ~— 02 +1.70 + 06 +2.43 
+1.10 + .00 +1. 83 + O08 2 +2.50 
+1.35 +0.02 +1.95 +0.10 7 +2.58 


TABLE 14 


LUNINOSITIES AND COLORS OF BRIGHT BLUE-DWARPFS IN CLUSTERS 


Star M py, Cp AM(O—S Star ! . , 4M(O~—S) 


« UMa +0P01 | —Om ll +003 P 22.. 3 4 3 | —0O2 
C 146* +0.55 | — 8 | + 5 C10 | 3 . .10 
7 UMa +0.59 —- 0 | - 5 UMa 7 : 10 
8 UMa +0.66 - 05 | — P77 + 00 
C 160° +0.88 | — 03 | - C 62 arity | — 06 
P 47 td $1.01 | — .03 + P75 05 
H 61 j +1518 | + OO - Ol HS) | | 5; — .08 
P 56 | +1.19 +0.00 +0.00 COO | +0.03 


j 
| 
| 
} 
| 
| 


* Slightly and erratically variable in magnitude (+ 0™0S, A.D.), and in color (+ 002, A.D.) 


TABLE 15 
THE BRIGHT BLUE-DWARF SEQUENCE DEFINED BY CLUSTER STARS 


| ff 


Mpg, Cy | Mpg, Cp | Mpg, I} Cp 


— (15 +060 +0"00 | +1719 || +006 
+ 12 ~ 04 +0.80 | + .02 | +1.37 |i + .08 
+1 


+0.40 +100 | +0.04 53 || +0.10 


SPECTRUM AO 


y UMa.—We have already shown, in Paper III, that this member of the Ursa Major 
cluster is a bright blue-dwarf. 

a Lyr (Vega).—If we assume that Vega is a bright blue-dwarf, then from Table 15 we 
find M = +045, or a photometric parallax of 07127, which falls well within the range 
of the trigonometric values given in Table 16. Since a parallax of 07173 would be re- 
quired to make Vega a blue-dwarf, the assumption that it is a bright blue-dwarf seems 
to be correct. 








TABLE 16 
STANDARD A-TYPE STARS IN THE Alas 


Star Cp » (Trig Sequence 
y UMa = - 0°046* Bright biue-dwarf 
a Lyt . 0 120+ 6(A) Bright blue-dwarf 
Vega) 134+ &(M) 
0.117413 (Y) 
0 4 


0 9 (A) Bright blue-dwarf 
10. (M) 


5 (A) Blue-dwarf 
8 (M) 
9(Y) 
; 1} (y) 
Mean tS 


y Gem ' wi- AILV 031 Bright blue-dwarf 
047 


Mean 040 
8UMa - 5 A1V | 0.049° Bright blue-dwarf 


8 Aur : A2 IV 039+ 4 Dwarf 
029 + 


Mean 034 + 


a PsA 2 A3V 


1344 Blue-dwarf 
Fomalthaut) 157 Cp to 


Mean | 0 1464 
ASV 049° Bright blue-dwarf 
A3V 066 + Bright blue-dwarf 
075 
103 
1214 


Mean O83 





AJ IV 032+ &/ Dwarf 
019 ; 


Mean 027 


ASV O754 (A) Bright blue-dwarf 
094 4 
040 


O35 4 


7 


Mean 063 + 0 067 


* Cluster parallax from Paper UJ 
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TABLE 16—Continued 


v (Trig.) Sequence 
+0" 10 ; 07062 + 10 (M) Dwarf (?) 
025+ 9(y) 
0. 009+ 9(W) 


Mean 0 033+ 7 o*"05s 


80 UMa +4058 + 13 ASV 0.048* 047 | Blue-dwarf 


SSSR | SSS <= SSS ES | SEE SSE 


a Aq) | +0 88 | + 165 | 2 ATV 0 213+ 8(M) | Blue-dwarf 
(Altair) 217+ 10(Y) 
0.187 + 10(y) 


Mean 0 208+ § 


+0). 165 ATV 0.069 + 10 (A) Bright-dwarf 
062+ 7 fy) 
0 064+ 10(G) 


0 068+ 4 0 068 


* Cluster parallax from Paper III 


a CrB.—The photometric parallax derived for this star on the assumption that it is 
a bright blue-dwarf, 07049, is in excellent agreement with the trigonometric values in 
Table 16; a parallax of 07070 would be required to place the star on the blue-dwarf se- 
quence. It is noteworthy that if we assume membership in the Ursa Major cluster for 
a Coronae and compute the cluster parallax with the constants derived in Paper ITI, 
we find x, = 07047. 

SPECTRUM Al 

a CMa (Sirius).—The photometric parallax in Table 16 is derived from data in 
Table 12, with the assumption that Sirius is a blue-dwarf; the agreement with the 
trigonometric values is good. 

a Gem (Castor).-—The visual components of Castor are too close to be resolved with 
the 12-inch photometer, and so they are not included in Table 16; but, for the present 
purpose, we shall adopt the Harvard revised visual magnitudes*™ of m (A) = 1799 and 
m (B) = 285. If we assume that component A is a blue-dwarf and, as is indicated by 
the spectral type, similar to Sirius in color, we find a photometric parallax of 07071, 
compared with the mean trigonometric value of 07073 + 3. The agreement is satisfac- 
tory, and we may assume that component A is a blue-dwarf. If we now apply the same 
parallax to component B, we find M (B) = +22, or +2™5 if we allow for the binary 
nature of this star. If the B component fel! on the dwarf sequence, it would then be simi- 
lar to such stars as Hyades Nos. 96 and 141 (Paper I), which have a mean M = +2™45 
andC, = +0™16. Both Hyades stars are metallic-line objects like a Gem B, a fact which 
supports our assumptions concerning component A. 

y Gem.—The trigonometric parallax of this star is small and uncertain, but the as- 
sumption that it is a bright blue-dwarf gives a photometric parallax that falls within the 
range of the trigonometric determinations; since the star is a long-period spectroscopic 
binary, the companion may have some influence on the magnitude and color. 

8 UMa.—We have already shown, in Paper III, that this member of the Ursa Major 
cluster is a bright blue-dwarf. The cluster parallax is given in place of the trigonometric 
values in Table 16. 

*% Harvard Mimeograms, Ser. 1, No. 2, 1938. 
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On the basis of the foregoing discussions, the Alas standards at Al V appear to con- 
sist of two blue-dwarfs, Sirius and a Gem A, and of two bright blue-dwarfs, ~ UMa and 
probably 7 Gem. In the Adas, the authors state: “It is possible that the [hydrogen] 
wings are slightly less pronounced in the spectrum of y Gem than in the other {Al V] 
stars listed.’’ We might expect a similar effect in 8 UMa as compared with Sirius. 


SPECTRUM A2 


8 Aur.—The observed color and magnitude are Pg, = 1™84 and C, = +001, and, 
although the star is a spectroscopic and eclipsing binary,*® the two stars are equally 
bright and probably of the same color, so that, correcting for the duplicity, we have 
Pg, = 2"59 and C, = 4001 for each component. The dwarf sequence of Table 6 stops 
atC, = +0"02; but, if we extrapolate toC, = +001, we find M = +030, or a photo- 
metric parallax of 0"035 if the components are dwarfs; the mean trigonometric parallax 
in Table 16 is 07034 + 4. This star, like a CrB discussed above, is often assigned mem- 
bership in the extended Ursa Major group. If we compute the cluster parallax with the 
constants derived for the cluster in Paper IL, we find 07034 in good agreement with the 
photometric value. The components of 8 Aur, therefore, probably are dwarfs similar to 
the brightest dwarfs thus far found in galactic clusters. 

8 Ser.-This star will be discussed in the following section concerning binary stars 


SPECTRUM A3 


a PsA (Fomalhaut).-—-lf Fomalhaut is a blue-dwarf, then, from Table 13, M = 
+189, and the photometric parallax is 07142, very near the mean of the two trigono- 
metric values in Table 16. The authors of the Adas state: “a Pisces Australis gives spec- 
troscopic evidence of having the lowest luminosity of any star in the table [of A3 stars].’’ 
Fomalhaut probably is the only A3 blue-dwarf in the Adas. 

5 U'Ma.—We have already shown in Paper III that this member of the Ursa Major 
cluster is a dwarf. The cluster parallax is given in place of the trigonometric values in 
lable 16. 

8 Leo.—-The assumption that this star is a bright blue-dwarf leads to a photometric 
parallax of 07089, which is in excellent agreement with the mean of the rather scattered 
trigonometric values. The authors of the Adas state: ““The hydrogen lines are weaker in 
the spectrum of 8 Leonis than in the other [A3] dwarfs. . . .” 

6 Her.—The trigonometric parallax of this star is small and relatively uncertain, but 
the mean value gives M = 4-024, compared to M = +0"60 obtained from Table 6 
under the assumption that the star is a dwarf; a parallax of 07049 would be required to 
place it on the bright blue-dwarf sequence. 

SPECTRUM AS 

8 Ari.—Although the individual values of the trigonometric parallax are rather dis- 
cordant, this spectroscopic binary, with a period of 107 days, probably is a bright blue- 
dwarf, since the photometric parallax in Table 16, derived from this assumption, is in 
good agreement with the mean trigonometric value. 

5 Cas.—This star is rather similar to 8 Ari in both magnitude and color, but the 
trigonometric determinations of the parallax are even more discordant than those for 
8 Ari. From data in Tables 6, 15, and 13 we find M = +1733, +195, or +227 for 
the assumptions that the star is a dwarf, bright blue-dwarf, or blue-dwarf, respectively. 
lhe corresponding photometric parallaxes are 07055, 07072, or OT084, of which 07055, 
from the assumption that the star is a dwarf, is the only value that falls within the 
rather large range of the trigonometric values. 

80 U Ma.—We have already shown in Paper III that this member of the Ursa Major 
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cluster is a blue-dwarf. The cluster parallax is given in place of the trigonometric values 
in Table 16. 
SPECTRUM A7 

a Agi (Altair).—This star is situated near the junction of the blue-dwarf and dwarf 
sequences, so that it is difficult to.decide to which it belongs; but the large rotational 
velocity, discussed later in this paper, supports its membership in the blue~dwarf se- 
quence. It is interesting to note here that in Papers I and LII it was found that several 
of the stars lying near the intersection of the blue-dwarf and dwarf sequences were 
metallic-line stars, and we might therefore expect the spectrum of Altair to show 
‘“metallic-line”’ tendencies. 

a Cep.—From Tables 6 and 13 we find M = +245 and 2™54, respectively, from the 
assumptions that this star is a dwarf or a blue-dwarf. Either of these values for M would 
require a photometric parallax in excess of 071, as compared with the three accordant 
trigonometric values given in Table 16, 07069 + 10 (A), 07062 + 7 (y), and 07064 + 
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Fic. 6.--The color-spectral-type relationship for the A-type stars in the Adas. The crosses indicate 
dwarfs; the open circles, blue-dwarfs; and the filled circles, bright blue-dwarfs. 


10 (G), and with one discordant value, 07094 + 9 (M). The mean trigonometric paral- 
lax yiells M = +1™58, which makes the star similar to v and 71 Tau, Nos. 66 and 70 
in Paper I, which have mean M = +1745 and C, = +018. Both these Hyades stars 
fall on a portion of the bright-dwarf sequence that was shown in Paper I to contain 
rapidly rotating A5-A7 stars of luminosity class II]; the mean rotational velocity of the 
two Hyades stars was noted in Paper I as 200 km/sec, which is the same as that ob- 
served for a Cep by Miss Westgate." The fact that luminosity class V, instead of IV or 
IIT, is assigned to this star in the Ailas may be caused by the haziness of the spectral 
lines resulting from the large rotational velocity. 


From the foregoing examples, it is apparent that at least some of the fine structure 
in that portion of the color-luminosity array populated by the A-type stars probably is 
reflected in the spectra of these stars. Close scrutiny of high-dispersion spectra of the 
brighter stars populating the dwarf, blue-dwarf, and bright blue-dwarf sequences may 
reveal further criteria for differentiating these stars purely from their spectra. If such a 
separation can be made, the spectroscopic method of deriving individual parallaxes would 
become precise and powerful. Figure 6 shows the rather ill-defined color-spectral-type 
relationship for the AWas stars, discussed above. 


% Ap. J., 78, 46, 1933. 
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PARALLAX STARS NOT IN THE “ATLAS' 


A few additional parallax stars not included in the Adas but with C, S$ +0717 have 
been observed; data for these stars are given in Table 17 and are discussed below. 

\ Gem.--The photometric parallax derived from Table 15 on the assumption that the 
star is a bright blue-ciwarf is in excellent agreement with the mean trigonometric value 
given in Table 17; but, since a slightly larger parallax of 0049 would place the star on 
the blue-dwarf sequence, we cannot confidently eliminate the possibility that it falls on 
the latter sequence. 

5 Leo.-The individual determinations of the trigonometric parallax of this star are 
quite discordant. The assumption that the star is a dwarf leads to a photometric parallax 
of 0057, which is close to the mean of the trigonometric values; but, if the star is a 
bright blue-dwarf, the photometric parallax is 07074, which is still within the range of 


TABLE 17 
; WirH C, S+ 017 BUT Not INCLUDED IN THE Alas 


w» (Trig) ) Sequence 
0°045+ 7 (A) sright blue-dwartf 
034 +11 (M) 
0 O41 + 12 (S) 
Mean 0. 041+ 6 0°039 


3 040+ 6(A) Dwarf (?) 
078 +10 (M) 


050+ § 


066 7 (A) Blue-dwarf (7) 
066 + 14 (M) 


Mean 066+ 3 
+0 O8 4 035 Bright blue-dwarf 
033 
047 + 


Mean 040+ | 0 042 


the parallax determinations. We may conclude, with some uncertainty, that the star 


probably is not a blue-dwarf. 

. (’ Ma.—This star is quite similar to Altair, in that it has the same color and a large 
rotational velocity. Also, like Altair, it occurs near the junction of the dwarf and blue- 
dwarf sequences, a fact that prohibits a definite assignment to either sequence. From 
lables 6 and 13 we find, for C, = +0°7165, M = +238 and +2'52, respectively, or 
photometric parallaxes of 07069, dwarf, or 07073, blue-dwarf. Either value for the 
photometric parallax is consistent with the trigonometric determinations given in 
lable 16 

72 Oph.—The trigonometric parallaxes are quite consistent with the assumption that 
this star is a bright blve-dwarf. 


Vi. VISUAL BINARIES 


Although the trigonometric parallaxes of stars more distant than those listed in 
lable 3 are not trustworthy enough to use in the construction of accurate color-lumi- 
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nosity arrays, we are able to test the slopes of the various sequences and the relative 
position of one sequence to another, by the use of visual binaries and widely separated 
stars known to possess common proper motion and radial velocity. These systems may be 
regarded as small clusters;” and, when one component is properly fitted to a sequence of 
the color-luminosity array, the other component. should fall into place on another, or the 
same, sequence. The systems observed in the present program are discussed below and 
are listed in Table 18. The six wide pairs included in Table 3 are not entered in Table 18. 
For purposes of coraparison with visual binaries, the dwarf sequence defined by the 
cluster stars and given in Table 6 is extrapolated from C, = +1™06 to +122; the ex- 
trapolated portion is given as the second section of Table 6. 

111 Tau.-—If the brighter star is a dwarf, we find, from Table 6, M = +482, or a 
photometric parallax of 07078, which, when applied to the fainter component, gives 
M = +830 as compared to +3839, given in Table 6 for C, = +102. 

p Gem.—If both stars are dwarfs, Table 6 gives M = +3715 and +725, or moduli 
of m — M = +126 and +116. The mean photometric parallax is then 07057, which 
is identical with the mean trigonometric value. 

a Leo (Regulus).—-If the companion is a dwarf, then M = +689 from Table 6, and 
hence M = —0™83 for Regulus. The companion is itself a binary, but the magnitude 
difference is great enough, 5 mag., to insure that the observed magnitude and color is 
that of the brighter component alone. Regulus is, then, a blue-dwarf similar to Pleiades 
No. 54 (Paper II) with M = —0"55 and C, = —0™17. The Pleiades star is classified 
B8& by Morgan, and it has a rotational velocity of 300 km/sec, compared to B8 V 
(Atlas) and 200 km/sec for Regulus. The photometric parallax of the system, 07041, is 
the same as the mean trigonometric value. 

+ Vir.—This double is too close to be separated with the 12-inch photometer, but the 
components differ by only 0.04 mag.** and are of the same spectral type. From the ob- 
served magnitude and color we find Pg, = 3°75 for each component. If the stars are 
dwarfs, Table 6 gives M = +338, or a photometric parallax of 07084, which agrees 
well with the mean trigonometric value, 07089 + 7. 

+7°2690 and +7°2692.—These two stars, separated by 500”, have a common proper 
motion. The Mount Wilson observers assign to the brighter star a spectroscopic absolute 
magnitude of +3.8 and spectral type G2. If the fainter star is a dwarf, then, from Table 
6, we find M = +875, or m — M = +231, anda photometric parallax of 07034. If 
we apply this photometric parallax to the brighter component, we find M = +466. 
The brighter component is then a subdwarf similar to such stars in Table 9 as \ Ser, with 
M = +478 and C, = +052, and \ Aur, with M = +4™28 and C, = +051. We 
can eliminate the possibility that the fainter component lies on the subdwarf sequence, 
as defined in Table 9, because, if such were the case, MW would be near +10.0 mag., which 
would give a photometric parallax of 0706—a value ruled out by the trigonometric de- 
terminations given in Table 18. Combining M = +4"66 and C, = +052, we find the 
visual absolute magnitude of the brighter star to be +4.1 mag., which is in reasonably 
good agreement with the value +3.8 mag. found spectroscopically. 

a Lib.—The two components of this system are separated by 230’. The brighter com- 
ponent is given in the Af/as as a meiallic-line star, but the separation between the K-line 


# [t is an attractive hypothesis to regard visual binaries as the remains of galactic clusters. For ex- 
ample, stars Nos. 145 and 146in the Coma Berenices cluster (Paper III) are close enough together 
to be linked in ADS 8568. One of these stars is a spectrum variable, the other a metallic-line star, and 
they form a pair very similar to r Boo, ADS 9338, one component of which also is a spectrum variable 
and the other a metallic-line star. When disintegration of the Coma cluster is completed, perhaps by 
galactic rotation or by some other disrupting force, it is possible that the two Coma stars may hold each 
other by mutual attraction and become another binary system like x Boo. The systems of ¢ Lyr, Castor, 
and many others are highly suggestive of such an origin. 


#8 |. Stebbins, LU’. [Minois Bull., Vol. 4, No. 25, 1907. 








TABLE 18 


PHOTOMETRIC AND TRIGONOMETRIC DATA FOR VISUAL BINARIES “S 
(Wide Pairs in Table 3 Excluded) 





Star Cp 


111 Tau A 
B 


pep Gem A 
b 


7 Vir AB 


Mean 


+ 7° 2690 
+7° 2092 


15°4041 
15°4042 


Mean 


(°2944 AB ; 7 5 


Mean 
5s 
3 
Mean 


36 Oph AB 5 
' ; 3 


w (Trig.) 
O07065+ 8 (A) 
0.059+ 9 (M) 


0.062+ 7 


0.062 + 10 (A) 


055+ 8(M) 
O57 + 6 


067 + 10 (M) 
026+ 8(V) 


041+ 6 


101 +15 (M) 
O88+ 8(Y) 


O89 + 7 


025 +14 (W) 
028+ 6(A) 
040 + 10 (M) 
010+ 9(Y) 


026+ 4 


069 +13 (M) 
047+ 7(Y) 
041+ 17 (y) 


O51+ 5§ 


051 +10(M) 
050+ 9(C) 
O40 + 14 (D) 
046 +12 (y) 
029+ 7(Y) 


O40+ 4 


059+ 6(A) 
049+ 8 (y) 
046 +10 (M) 
060+ 12(Y) 
094 +11 (W) 


QS7+ 4 


035 +10 (A) 
033 + 10 (M) 


‘ 


* (Ptm) 


07078 


0.160 


Sequence 


Dwarf 
Dwarf 


Dwarf 
Dwarf 


Blue-dwarf 
Dwarf 


Dwarfs 


Subdwarf 
Dwarf 


Dwarf 
Dwarf 


Subdwarf 
Subdwarf 


Dwarfs (”) 


Dwarf 
Dwarfs 


Dwarfs 
Dwarf 
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TABLE 18—Continued 


Star Cp ” w (Trig. 


Sequence 


4-8°3689 | +0=59 3 | 07033+ 8(A) | Dwarf 
4-8°3692 | +0.69 038+ 9(M) | | Dwar 
0.0364 7(Y) | 


0.035+ 4 | 0033 


17Cyg AB +0.38 | | 0045+ 5(A) | | Bright-dwarf 
ADS 12889 AB) : +089 | 046+ 7(M) | Dwarfs 
0.049+ 7(y) | 


0.047+ 4 





' 


and the metallic-line type is only between A3 and A7, and the star is not included in 
A. Slettebak’s** catalogue of metallic-line stars brighter than fifth magnitude and north 
of declination — 20°. If the fainter star is a dwarf, M = +4-3"80, and the photometric 
parallax is 07049, compared with the mean trigonometric value, 07051 + 5. If we apply 
the photometric parallax to the brighter component, we find M = +-1™17. The bright 
star is then also a dwarf, for Table 6 gives, at C, = +0708, M = +107. If this star 
is a metallic-line star, it is the brightest one yet discussed; from its position in the 
dwarf sequence we would expect the AWas classification to be A3-AS V. 

— 15°4041 and — 15°4042.—These two stars, separated by 300’, have a common prop- 
er motion and radial velocity. The large radial velocities of both components, +306 + 
2 km/sec for — 15°4041 and +300 + 3 km/sec for — 15°4042, obtained by D. M. Pop- 
per, prove that the components are physically connected. Popper classifies — 15°4041 
as sdG6. If we assume the stars to be subdwarfs and interpolate for C, = +065 and 
+0"74 in Figure 1 or Table 9, we find M = +7740 and +7™80 for the brighter and 
fainter stars, respectively. The photometric parallaxes, then, are both 07035, as com- 
pared with the mean trigonometric value, 07040 + 4. Since a parallax of 07019 would 
be required to put these stars on the dwarf sequence, we may conclude that both are 
subdwarfs and, as such, they fill the gap, in Table 9, between HR 4550 and 36 UMa C. 

—(°2944.—This star, ADS 9544, is a close double, with a separation of about 071, 
with an orbital period probably less than 5 years. R. G. Aitken,” the only observer from 
whom measures are available, gives the components equal magnitude, but this observa- 
tion cannot be conclusive in so difficult a pair. If we correct the observed magnitude for 
the duplicity of the star and assume that the components are of equal magnitude, we find 
Pg, = 793 for each star. From Table 6 we find M = +-6™30 if the stars are dwarfs, or 
a photometric parallax of 07047, as compared with the mean trigonometric value 
0057 + 4, which is formed from several discordant values. The system has a fairly high 
radial velocity of —70 km/sec and a large proper motion of 1°38. Since a parallax of 
0"078 would place the stars on the subdwarf sequence, we cannot altogether eliminate 
the possibility that: the stars are subdwarfs. If, however, we disregard the discordant 
Mount Wilson value for the trigonometric parallax, given in Table 18, and allow for a 
small difference in magnitude between the components, we can conclude that the stars 
are probably dwarfs. 

8 Ser.—The companion to 8 Ser is +15°2906, which is 1600” distant from the brighter 
star but shares its proper motion. The brighter star is classified A2 IV in the Aas, which 


4 Ap. J., 109, 547, 1949. 
% Ap. J., 95, 307, 1942. 
% New General Catalogue of Double Stars (Washington: Carnegie Institution of Washington, 1932). 
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is the same classification given 8 Aur. If, like 8 Aur, 8 Ser is a dwarf, then, from Table 6, 
M = +050, and the photometric parallax is 07024." If we apply this parallax to the 
faint star, we find M = +540, compared to M = +563 given in ‘Table 6 for C, = 
+056. The faint star is itself a visual binary, ADS 9766, the components of which are 
separated by 6" and were observed in this program as one star. Since we find that the 
combined light of the system falls 0.23 mag. above the dwarf sequence, we would expect 
the magnitudes of the components to differ by about 1.5 mag. photographically, or ap- 
proximately 1.2 mag. visually, which may be compared with 1.0 mag. given as the rough, 
visual estimate by double-star observers. We conclude that 8 Ser and both components 
of the fainter star are dwarfs. 

36 Oph.—The close pair, AB, of this triple system was measured as one star, while the 
C component was measured separately. The components of the close pair are of equal 
magnitude; hence Pg, = 576 for each component. If the bright stars are dwarfs, we find 
M = +6"78 from Table 6 and a photometric parallax of 07160, which falls just outside 
the range of the two discordant trigonometric values given in Table 18. If we apply the 
photometric parallax to component C, we find M = +841, compared to M = +839 
from Table 6 for C, = +102. All three stars, therefore, are dwarfs. 

+8 3689 and +8&°3692.—These two stars, separated by 600’, have common proper 
motion and radial velocity. If +8°3689 is a dwarf, then from Table 6, M = +581, and 
the photometric parallax is 0°032, which agrees with the accordant trigonometric values. 
If we apply the photometric parallax to +8°3692, we find M = +641, which is the 
same value given in Table 6 for C, = +0769. We conclude that both stars are dwarfs. 

17 Cyg and ADS 12889.—The star 17 Cyg is a visual binary, ADS 12913, with com- 
ponents that differ more than 3 mag. in brightness and that are separated by 25’. The 
pair ADS 12889, 52° preceding and 7’ south of 17 Cyg, has the same proper motion and 
radial velocity. The components of ADS 12889 are of equal magnitude and, because of 
their small separation, were measured as one star; the large magnitude difference be- 
tween the components of 17 Cyg makes it certain that the observations of this pair are 
uncontaminated by the closer companion. If we correct the observations of ADS 12889 
for equal luminosity of the components, we find Pg, = +920 for each star. From the 
assumption that 17 Cyg is a subgiant, as is indicated by the spectroscopic absolute mag- 
nitude, we have M = +-3"60 and a photometric parallax of 07047, which is the same as 
the mean of the trigonometric values; the latter in each case are the mean of the ob- 
served values for 17 Cyg and ADS 12889. If we apply the photometric parallax to the 
components of ADS 12889, we find M = +755, whereas Table 6 gives, for C, = 
+0"89, M = +761. Both components of ADS 12889 are probably dwarfs, but the 
magnitudes may be slightly unequal. 


VII. ROTATIONAL VELOCITY 
An AND AS STARS 


We may recall from Paper I that the bright-dwarf sequence of the Hyaces cluster ap- 
pears to be populated by stars that, on the average, possess higher speeds of rotation 
than do stars populating the dwarf sequence. It was concluded that the separation be- 
tween these two sequences was not an effect of rapid rotation on either the colors or the 
luminosities of the bright-dwarfs; the effect is just opposite to that noted by Adams and 
Joy,"* who first pointed out that the rapidly rotating A-type stars, designated as An 
stars, are, in the mean, of lower luminosity than the sharp-lined, or As, stars. If we con- 
vert the colors into spectral classes, the separation between the dwarf and the bright- 
dwarf sequences occurs between the late A-type giants and the early A-type “main- 

3? 3 Ser is often included as a member of the extended Ursa Major cluster. If we adopt the constants 
derived in Paper III for this cluster, we find a cluster parallax of 07024, which is identical with the photo- 
metric parallax 
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sequence” stars. In Paper [I the color-luminosity array for the Pleiades stars added the 
blue-dwarf and bright blue-dwarf sequences to the fine structure in the region populated 
by the A-type stars. A discussion of the rotational velocities of these stars revealed that, 
at least for the Pleiades, the broad-lined, rapidly rotating n stars populate the blue- 
dwarf sequence, whereas the five stars that fall on the bright blue-ciwarf sequence are 
sharp-lined objects; the rapidly rotating A-type giants, which populate the upper end of 
the Hyades’ bright-dwarf sequence, are absent from the Pleiades. Table 19 reproduces 
the results obtained in Paper II for the run of the mean rotational velocity with lumi- 
nosity of the blue-dwarfs in the Pleiades. Only four blue-dwarfs with available estimates 
of rotational velocity, which are not spectroscopic binaries, are added by the present 
discussion. These stars are Sirius, Fomalhaut, 80 Ursae Majoris, Altair, and « Ursae Ma- 
joris, with rotational velocities of 0, 85, 200, 200, and 125 km/sec,* respectively. For 
comparison, the rotational velocities for the bright blue-dwarfs and the dwarfs are listed in 
Table 20, from which it appears that, on the average, both these sequences are populated 
by more slowly rotating stars than is the blue-dwart sequence. The relatively large number 
of sharp-lined stars on the bright blue-dwarf sequence, as compared to the blue-dwarf 


TABLE 19 


RUN OF MEAN OBSERVED ROTATIONAL VELOCITIES WITH LUMINOSITY OF 
THE BLUE-DWARFS IN THE PLEIADES 


Vesiné | No. of Ve sin i 

Km/Sec) M | Stars (Km/Sec) M 
170 | -—3®to-—I™ | 4 100 +2" to +2"5 
180 ~1 to +1 5 ~~ +2 Sto +3 
130 j +1 to +2 5 


sequence, suggests that the luminosity difference between the n and § stars noted by 
Adams and Joy was caused by the presence of both blue-dwarfs, predominately n stars, 
and bright blue-dwarfs, predominately s stars, in their material. From a compilation of 
the A-type stars in the Mount Wilson catalogue of spectroscopic parallaxes,‘ J. A. 
Hynek* found that, in the mean, the s stars are brighter than the n stars by 0.8 mag. 
for spectral types AO-A4; stars classified later than A4 are not included here for fear of 
vitiating the mean luminosities by including A-type stars populating the dwarf sequence. 
In approximate agreement with this result, Tables 13 and 15 show a difference of about 
0.75 mag. between blue-dwarfs and bright blue-dwarfs for C, = —0™12 to +0™02. 
Struve has suggested that the luminosity differences between n and s stars may be 
caused by (1) “. . . systematic errors in the spectral classification used by Adams and 
Joy... ,” (2) “... the more luminous stars actually rotate more slowly than the less 
luminous stars. .. ,” or (3) “. .. the decrease in surface gravity due to rapid rotation 
simulates [an] absolute magnitude effect. . . .”""° Struve suggests that the absolute-mag- 
nitude effect might arise from the fact that, if a star of a given spectral class could be 
given rapid rotation, the higher level of ionization resulting from the lowered surface 
gravity would lead to an earlier spectral class, while the color of the star would remain 


* The sources of the rotational velocities quoted in this paper are Miss Westgate (Ap. J., 78, 48, 1933) 
and C. T. Elvey (Ap. J., 71, 228, 1930); the rotational velocities of the Hyades and Pleiades stars, the 
work of Struve and of Struve and Smith, are taken from Papers I and I. Estimates of the rotational 
velocities of the Coma Berenices cluster stars are, unfortunately, not available. 


Ap. J., 83, 476, 1936. 
Observatory, 54, 84, 1931. 
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the same.“ In any case, the presence of two sequences, the blue-dwarf and bright blue- 
dwarf, probably is not an effect of rotation on the observed colors; for, if that were true, 
we would not expect the sharp demarcation between the sequences, as is observed, but, 
instead, a rather ill-defined region in which the position of each star was determined by 
its rotational speed and by the orientation of its rotational axis. 


TABLE 20 
ESTIMATED ROTATIONAL VELOCITIES OF DWARFS AND BRIGHT BLUE-DWARFS 
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MAGNETIC VARIABLES 


The foregoing conclusion, that the bright blue-dwarfs rotate more slowly, in the mean, 
than do the blue-dwarfs, may have some bearing on the presence of stellar magnetic 
fields recently measured by H. W. Babcock. All the stars for which Babcock has an- 
nounced magnetic fields are “peculiar” A-type stars, the majority of which are also 
known to be spectrum variables. He concludes that it is “not impossible that future ob- 
servations will show that all spectrum variables of type A have variable fields and, indeed, 
that the spectrum variability results from the magnetic variations.” Furthermore, con- 


“ The role of H~ in the opacity of the A-type stars has been recognized since the discussions by 
Struve and by Hynek were published. Chandrasekhar and Miinch (Ap. J., 104, 446, 1946) have shown 
that, for those stars in which the contribution of both 7~ and H are important, for a fixed effective temper- 
ature the color temperature is sensitive to small changes in pressure, If g,., is diminished by rotation, 
then the pressure wil! decrease in such a way as to make the star appear bluer. An accurate computation 
of the magnitude of this effect would be difficult, but qualitatively we can see that it would operate to 
make a rapidly rotating star bluer than a nonrotating star. 


* The term “peculiar” is used here to indicate those A-type stars showing strong spectral features 
attributed to the elements manganese, europium, chromium, and strontium. Such stars are to be differ- 
entiated from the other peculiar A-type stars usually designated as “metallic-line” stars. 


Ap. J., 108, 200, 1948 
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cerning the connection between the star’s velocity of rotation and its magnetic field, he 
adds: ‘“The spectra of some normal main-sequence stars of early type such as Sirius (AO) 
and y Geminorum (A3), show little or no evidence of the Zeeman effect on plates taken 
with the analyzer. As there is a great range in equatorial velocity among the A-type 
stars, from practically zero up to 250 km/sec, it is possible that Sirius and y Geminorum 
have a low rate of axial rotation; and as a working hypothesis we may retain the modified 
proposition that the most intense magnetic activity occurs in the stars that are rotating 
most rapidly.” 
SPECTRUM VARIABLES 


There are three recognized spectrum variables included with the bright blue-dwarfs 
in Table 14: C 146 = 17 Coma, C 160 = 21 Coma, and e UMa. The star 17 Com is de- 
scribed in the Adas as being very similar to 78 Vir, which was the first star shown by 
Babcock to possess a magnetic field.** Also, 17 Com is very nearly matched in color and 
luminosity by a CVn,® which Babcock has recently announced to possess a magnetic 
field.“ Unfortunately, the three spectrum variables in Table 14, with the addition of 
78 Vir and a CVn, represent only about 20 per cent of the total known (1947). A. J. 
Deutsch,” however, has shown, from a consideration of the trigonometric parallaxes for 
more than half the total number of known spectrum variables, that as a group they lie 
between 0.5 and 1.2 mag. above the main sequence. Since the main sequence in this case 
probably refers to the blue-dwarf sequence, it appears reasonable to assume that at 
least the majority of spectrum variables populate the bright blue-dwarf sequence; some 
support is given this assumption by Deutsch’s observation that “the peculiar A-stars 
generally exhibit less strongly winged hydrogen lines than do the main sequence stars of 
the same spectral type.’ 

To summarize, we may state the following conclusions concerning rotational velocities: 

1. The bright blue-dwarfs rotate more slowly, in the mean, than do the blue-dwarfs. 
The separation between the two sequences in this respect, however, is not complete; for, 
although the zero rotational velocity of, say, Sirius, a blue-dwarf, may result from the 
fact that we are viewing this star nearly “‘pole-on,” there are stars, such as y UMa or 
\ Gem, which populate the bright blue-dwarf sequence and have rapid velocities of ro- 
tation. 

2. If we associate magnetic fields with rapid rotation, then it is necessary to assume 
that the spectra of stars such as e UMa, 17 Com, 21 Com, 78 Vir, and a CVn show neg- 
ligible rotational disturbances because their axes of rotation are directed toward the 
sun. Since, according to Babcock, all spectrum variables of type A may possess variable 


#78 Vir was not included in the discussion of the bright blue-dwarf sequence because of its relatively 
small and uncertain trigonometric parallax, 07018 + 5. The observations of magnitude and color give 
Pg, = 4°83, C, = —0”01. If we assume the star to be a bright blue-dwarf, then, from Table 15, M = 
+110, and the photometric parallax is 0018. The assumption is usually made that this star belongs 
to the Ursa Major cluster, and the constants derived for this cluster in Paper III lead to the cluster 
parallax of 0°017 for 78 Vir. 


46a CVn was not observed on the present program because of its smal] and uncertain trigonometric 
parallax and also because it is not possible to separate the visual] components of the wide double with the 
12-inch photometer. The individual! visual magnitudes are given in Harvard Mimeograms, Ser. I1I, No. 2, 
as 2.74 and 5.26 mag. A. Deutsch (Ap. J., 105, 283, 1947) has classified the fainter component as F5 IV, 
which, from Fig. 2, corresponds to C, = +037 or Pg (B) = 5"63. The brighter component is contained 
in Hertzsprung’s catalogue of effective wave lengths (B.A.N., 9, 101, 1940); so, by converting ¢2/T to Cy, 
we find C, = —0"07 or Pg (A) = 2™67. Since the B component is a subgiant, we take M = 4-36), 
and the modulus of the system is +2.03 mag., which gives a photometric parailax of 07039; the mean 
trigonometric parallax is 07033 + 5. Applying the distance aadolen, + 2.03 mag., to the brighter star, we 
find M =+0"71 at C, = —0"07, compared with M = +050 for C, = —0™)7 in Table 15, with the 
assumption that the star is a bright blue-dwarf. 


“ Pub. A.S.P., 61, 226, 1949. 
* Ap. J., 105, 283, 1947, 
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magnetic fields and since we have found that at least the majority of the spectrum vari- 
ables populate the bright blue-dwarf sequence, then it appears that intense magnetic 
fields are a feature of bright blue-dwarfs, or, more precisely, of those bright blue-dwarfs 
which have their poles of rotation directed toward the sun. The requirement that the 
pole of rotation be directed toward the sun is probably only an observational one, since 
the Zeeman effect would be lost in rotationally broadened lines. 

3. There appears to be no correlation between color and spectrum, or magnetic varia- 
bility among the bright blue-cdwarfs. For example, Vega, with C, = —0™075, is of nearly 
the same color as 17 Com, C, = —O™08, and yet Vega is not a recognized spectrum vari- 
able. The same situation exists for 78 Vir, with C, = —0"01, which is similar to Hyades 
No. 61 or to Pleiades No. 56, both with C, = 000 in Table 14, but the two cluster stars 
are not recognized spectrum variables. It may be that spectrum variability, like mag- 
netic variability, also requires that the stellar poles of rotation be directed toward the 
sun and that Vega, 8 UMa, and the other bright blue-dwarfs in Table 19, which show no 
rotational line-broadening, fail to do so because of a real lack of rapid rotation. It is pos- 
sible, also, that the spectrum variables possess shells that are rotating much more slowly 
than are the photospheres of the stars; the association of rapid rotation with the presence 
of magnetic fields could then be preserved without the necessity of assuming that all 
spectrum variables are viewed pole-on. 


VIII. CONCLUDING REMARKS 


There are several obvious questions which present themselves in the interpretation of 
the foregoing data. The answers to some will require more observations, which are now 
being obtained at the Lick Observatory. 

An important question pertains to what extent the various sequences represent real 
differences in the stars. The bright-dwarf and subdwarf sequences have been discussed 
at some length. We have seen that the separation between the blue-dwarf, bright blue- 


dwarf, and dwarf sequences is reflected in the spectra of these stars; our knowledge of 
Sirius and Vega alone, two early A-type stars with the well-determined difference in 
luminosity amounting to 1 mag., is convincing evidence for the reality of this separation. 
rhere is strong evidence that the spectrum and magnetic variables of class A occur 
among the bright blue-dwarfs and that the brighter components of at least three Algol- 
type eclipsing stars--U Cep, U Sge, and Algol—populate the blue-dwarf sequence. Un- 
fortunately, it is in just such eclipsing systems that Struve has found spectroscopic evi- 
dence that the velocity-curves are not a true representation of the motions of the stars, 
so that we are not able to make use of the spectroscopic data to estimate the size and 
masses of the components. Among the brighter stars on the bright blue-dwarf sequence, 
only three are known spectroscopic binaries, and one of these, a CrB, is also an eclipsing 
star. D. B. McLaughlin® has studied a CrB spectroscopically and has found that its 
rotational period is much shorter than the period of revolution. In this respect a CrB is 
similar to the brighter stars of the U Cep and U Sge systems, for which Struve has also 
found a lack of equality between rotational and orbital velocities. The similarity, how- 
ever, ends with this feature, for the Algol systems have periods less than 5 days and the 
components are subgiants, of larger size than the brighter stars by at least a factor of 
2, compared to the well-separated components of a CrB, the fainter of which has only 
30 per cent of the radius of the brighter. We also suspect that YZ Cas is a bright blue- 
dwarf. This system was not observed on the present program because the wide visual pair 
is not resolvable with the 12-inch photometer. However, two-color photometry by Kron* 
provides enough information to derive the approximate International magnitudes and 
colors of the components. From Kron’s data we find Pg (A) = 5"76, C = —0™01, and 
* Pub, Obs. 1’. Michigan, $, 91, 1933 


4p. J., 96, 87, 1942; Contr. Lick Obs., Ser. I, No. 5, and Lick Obs. Buil., 19, 59, 1939. 
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Pg (B) = 8"°71,C = +033. If we assume that the fainter component is a dwarf, then, 
from Table 6, M (B) = +4™14 and, therefore, M (A) = +1719. From Table 15 we find 
that a bright blue-dwarf with C = —0™01 has M = +110. From the color of the 
dwarf component, C = +0"33, which corresponds to dF5, we estimate the mass to be 
1.5 ©, which, when combined with the mass functions, gives 3 © for the mass of the 
brighter star. From unpublished work Kron estimates the fainter components of a CrB 
to be of approximately solar type; hence, if, by analogy with the YZ Cas system, we 
assume it to be a dwarf of solar mass, we derive, from the mass function, 3 © as the 
mass of the brighter star. The resulting radii are then 2.7 © and 2.8 © for the bright . 
blue-dwarf components of YZ Cas and a CrB, respectively. The radii derived for the 
dwarf components, 1.4 © and 1.0 ©, respectively, are consistent with the assumed masses 
for these stars. Although the values quoted above are necessarily rough, they provide us 
with an estimate that the masses and radii of bright blue-dwarfs exceed the solar values 
by a factor of 2-3. The distribution of the A-type eclipsing systems in the various se- 
quences is further marked by the presence of 8 Aur on the dwarf sequence. The system 
of 8 Aur contains two very nearly equal dwarfs with masses of ~2.2 © and radii of 
~2.4 ©; these values are somewhat smaller than those of the bright blue-dwarfs. To 
summarize, then: the somewhat limited data appear to separate the A-type eclipsing 
stars into the three sequences populated by the A-type stars, as follows: 

1. Blue-dwarfs: Algol systems with large subgiants as the secondary components 

2. Bright blue-dwarfs:* a CrB systems with relatively smaller dwarfs as secondary com- 


ponents 
3. Dwarfs: 8 Aur systems with both components very nearly equal in mass, luminosity, and 


temperature 


The occurrence of the components of eclipsing stars on the various sequences will be dis- 


cussed in more detail in a succeeding paper of this series. 
Another question that might be mentioned here pertains to the distribution of the 


so-called “‘high-”’ and ‘“‘low-velocity”’ stars among the various sequences. The most strik- 
ing sequence in this respect is the subdwarf sequence, where all but two stars have 
peculiar space motions exceeding 70 km/sec. The two exceptions are 36 UMa C and ADS 
246 B; the space motion of 36 UMa C is less than 30 km/sec, while that of ADS 246 is 
about 60 km/sec. It may be significant that both these stars have dwarf companions, 
although ADS 246 may escape the net for high-velocity stars because of the arbitrary 
limit of 70 km/sec and the high dispersion for the velocities of such stars. In contrast 
to the fact that all the single stars populating the subdwarf sequence have peculiar space 
motions in excess of 70 km/sec, the stars on the dwarf sequence contain a mixture of 
both high- and low-velocity stars. For example, the motions of the dwarfs 72 Her, 
CC 1017, and both components of 61 Cyg exceed 100 km/sec. It is interesting that, in 
contrast to the low-velocity system of 36 UMa, which contains a subdwarf and two 
dwarfs, we have the system of CC 1017 and 1018, with a peculiar space motion of over 
100 km/sec, which also contains members of both sequences. A large number of high- 
velocity stars is found among the subgiants; for about 20 per cent of the stars in Table 4 
are of this type, the most notable examples being ¢ Her, y Ser, and 9 Cep, all with 
peculiar space motions exceeding 100 km/sec. 


I am indebted to my colleagues, Messrs. Herbig, Kron, Mayall, and Weaver, for dis- 
cussions on some of the questions raised here. 

8® As a result of the large differences in size and luminosity of the components of these systems, both 
eclipses are very shallow and have been discovered by photoelectric methods only. 


5! WW and AR Aur probably are similar systems. 














SPECTROGRAPHIC OBSERVATIONS OF W URSAE MAJORIS* 
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ABSTRACT 


Observations made at the McDonald Observatory indicate that + — 50 km/sec, K; = 125 km/sec, 
and K, = 250 km/sec, The emission lines of Ca 0 are in phase with the more massive component of the 
binary and give Ke.» = 190 km/sec. The heavier component is in front during the principal minirnum 
There is a possibility that the contours of the absorption lines of the red component observed at phases 
in the vicinity of 0.25P were more diffuse in 1949 than in 1950 ard that this led to a difference in the 
measured radial velocities 


The spectrographic orbit of W Ursae Majoris was determined by A. H. Joy in 1919.! 
From the measurement of ten Mount Wilson spectrograms secured during the winter of 
1917-1918, he derived a set of approximate elements: y = —5 km/sec, A; = 134 km 
sec, Ky = 188 km, sec, and e = 0.00. Because of the observational interest of this short- 
period eclipsing variable, the star was placed on the program of the McDonald Ob- 
servatory, and two series of spectrograms were obtained: the first on January 19, 1949, 
and the second between January 19 and January 21, 1950. All plates were obtained with 
the Cassegrain spectrograph attached to the 82-inch reflector. Two quartz prisms and a 
camera 500 mm in focal length yielded a linear dispersion of 40 A/mm at A 3933. The 
slit width was 0.05 mm. 

The character of the spectrum has already been described by Joy. The type is ap- 
proximately F8, and the lines are greatly broadened by the rapid rotation of the two 
components. Nevertheless, the doubling of the lines at the two elongations is very strik- 
ing, as may be seen in Figure 1. As a rule, the violet component is slightly stronger, ir- 
respective of whether it is produced by the more massive or by the less massive star. 

The spectrograms were first measured by Horak and the list of lines which he used 
is given in Table 1. The results of his measurements, using all lines, are shown in Fig- 


ure 2. 


TABLE 1 
STAR LINES USED IN W URSAE MAJORIS 
3933.67 Fe 
4005 26 Hy 
4045 82 Fe, 
4071.75 


4143.72 
4340.49 
4415 14 


Can 
Fel 
Fet 
Fet 


From an examination of the original plates it was concluded that the line Fe 1 4046 
gives better results than do the rest of the lines, many of which are seriously blended. 
Hence, on the later spectrograms he measured only this Fe t line. Table 2 gives the re- 
sults of Horak’s measures. Table 3 shows, for comparison, a set of measures by Struve. 
rhe agreement is satisfactory, and there is no appreciable systematic difference between 
the two measurers. There is, however, a conspicuous difference between the velocity- 
curves obtained from the line Fe 1 4046 and that obtained from all lines listed in Table 1. 
Figures 3 and 4 give the results for Fe 1 4046. The means of Struve’s and Horak’s meas- 
of Texas, No. 191 


* Contributions from the McDonald Observatory, University 
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ures were plotted in Figure 3 for those plates that were measured by both observers. In 
Figure 4 Struve’s measures are shown by crosses. 

The difference between Figures 3 and 4, on the one hand, and Figure 2, on the other, 
is quite pronounced, and it is difficult to decide which pair of curves more nearly ap- 
proaches the truth. It will be noticed that there is no great difference between Figures 3 
and 4, and we conclude that there has been no change in the orbital elements between 
1949 and 1950. A few of the measured points of the red component between phases 0.1P 
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and 0.3P lie systematically above the curve in 1949 (Fig. 3) and are on the curve or be- 
low it in 1950 (Fig. 4). This looks like a real effect, and we have carefully examined the 
corresponding plates in order to run down the cause of the discrepancy. Figure 1 shows 
three pairs of spectrograms. The two pairs at the top fall in the range of phases which we 
have just discussed. The pair at the bottom is in the other loop. It is perhaps significant 
that the red component of Fe 1 4046 is more diffuse on the 1949 spectrograms than on 
those taken in 1950. Similarly, the red component of 6 appears only as a diffuse shad- 
ing on the red side of the stronger, violet component in 1949, while in 1950 the two com- 
ponents are distinctly resolved. It is probable, but by no means completely certain, that 
the contours of the red components at phases in the vicinity of 0.25? are slightly differ- 
ent and that this effect gives rise to the systematic behavior of the radial velocities. No 
such systematic effect can be detected at phases in the vicinity of 0.75P. 








TABLE 2 


RADIAL VELOCITIES OF W URSAE MAJorRIS 
(Measurements by H. Horak) 
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If we adopt the measurements of \ 4046 as the more reliable set, we conclude that the 
orbital elements are as follows: 


y= —50 km/sec, K, = 125 km/sec, K,= 250 km/sec. 


These elements differ appreciably from those obtained by Joy, especially in the case of 
the velocity of the center of mass of the system. Even if we adopt Figure 2 based upon 
the measurements of all lines, we find y = — 25 km/sec, which is still considerably lower 
than Joy’s value of —5 km/sec. 

TABLE 3 


RADIAL VELOCITIES OF W URSAE MAJORIS 
(Measurements by O. Struve) 
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The phases of the observations listed in Tables 2 and 3 were computed with the help 
of the elements: 


Principal minimum = JD 2420980.8093 + 0.333636993E , 


which were first derived by E. J. Woodward and adopted without change in the General 
Catalogue of Variable Stars by Kukarkin and Parenago for 1948. 
The spectrograms obtained on January 19, 1949, gave some indication of diffuse emis- 
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sion lines of Ca 1. However, the exposure times were not long enough to bring out these 
emission lines clearly. In 1950 the exposures were made long enough to reach the back- 
ground intensity in the centers of the strong Ca 1 absorption lines. The existence of the 
emission lines immediately became apparent.” Table 3 lists the measured velocities from 
the bright line of Ca 11 3933. There is only one component, and its variation in radial 
velocity is in phase with that of the more massive component of the binary. The ampli- 
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tude of the variation of the emission line of Ca is, however, much greater. This is 
shown in Figure 5. An enlargement of a plate showing the emission is reproduced at the 
bottom of Figure 1 

In conclusion, we may say that the observations of W Ursae Majoris are consistent 
with those previously published for other binaries of the same type. At principal mini- 
mum the less massive component is eclipsed by the more massive one: the mass ratio is 
a = K,/K, = 2.0, which is not in agreement with the mass-luminosity relation; and the 
changes in the intensities of the two components are similar to those observed in many 


spectroscopic binaries of very short period. 


* Pub. A.S.P., 62, 47, 1950 
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SPECTROGRAPHIC OBSERVATIONS OF THE ECLIPSING BINARIES 
TW CASSIOPEIAE, TY PUPPIS, AND VV URSAE MAJORIS* 


Orto STRUVE 
Yerkes and McDonald Observatories 
Received May 1, 1950 


ABSTRACT 
1. The period of TW Cas is 1.428328 days, or half the value listed in the photometric catalogues; 
K = 87 km/sec 
2. The radia! velocities of TY Pup suggest that there are two periods, one of 9.7 days, with K = 
74 km/sec, and one of 0.581 day, with K = 32 km/sec. The shorter period is the one found by the photo- 
metric observers 


3. The velocity-curve of VV UMa gives K = 59 km/sec. The spectral type is AO 
The principal photometric data of the three eclipsing binaries discussed in this paper 
are listed in Table 1.' 


TABLE 1 


PHOTOMETRIC DATA 


i , } 
1950 1950 Min. 1 | Min. Il St L 


2°41"7 | +65" 31’ : 8.9 8.9 B9+A0 OTP) O.O1P 
7 #6 20 41 : 8 9 A9n 
9 345 +56 14 0.21 


LIGHT-ELEMENTS 
'W Cas: Principal minimum = JD 2419823. 647 + 2.850656, 
fY Pup: Principal minimum = JD 2419455 618 + 0. 580715644, 
VV UMa: Principal minimum = JD 2428925. 135 + 0. O87384£ 


NOTES TO TABLE 1 


1. Shallow annular? Two spectra, eccentricity, variable P 
» W UMa type; two spectra? 
3. Ranges? Spectral type? Little known 


he first two stars were chosen from Pierce's finding list, the third was suggested by 
J. Irwin because a new light-curve for VV UMa had been determined at Indiana Univer- 


sity. The revised Indiana elements are: 


Principal minimum = JD 2428925.135 + 0.6873748E , 


and these were used in our Table 3. The star TY Pup is unusual because of its early 
spectral type combined with a period of only slightly more than half a day and because 
of the suspicion that the system might belong to the W UMa class. 

Che observations were made at the McDonald Observatory, using two quartz prisms 


* Contributions from the McDonald Observatory, University of Texas, No. 192 


‘BR. V. Kukarkin and P. P. Parenago, General Catalegue of Variable Stars (Moscow and Leningrad 
1048); N.L. Pierce, “A Finding List of Eclipsing Variable Stars,” Contr. Princeton U. Obs., No. 22, 1947. 
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and a 500-mm UV camera in the Cassegrain spectrograph of the 82-inch reflector. The 
linear dispersion was 40 A/mm at A 3933. The slit width of 0.05 mm was projected upon 
the plate as 0.025 mm. Emulsion Eastman 103¢-O was used throughout this work. 

Table 2 gives the list of absorption lines used for the determination of the radial 
velocities. The radial velocities are given in Table 3. 

A plot of the velocities of TW Cas obtained with the period of 2.857 days given in 
Table 1 resulted in Figure 1, which shows a double wave. This is clearly not correct, 
despite the fact that R. J. McDiarmid* had found that “the odd and even minima dif- 
fered in depth,” that “the interval frorn primary eclipse to secondary is 7.8 minutes 
longer than from secondary to primary,”’ and that “the two eclipses are of different 
duration.’’ The evidence from the radial velocities is not consistent with these results, and 
it is desirable that the light-curve be redetermined. In the meantime, it seems best to 
adopt E. Zinner’s* original period of 1410". Hence, the phases of TW Cas in Table 3 and 
Figure 2 have been computed with the following elements: 


Principal minimum = JD 2419823.647 + 14283282. 


TABLE 2 
List OF STAR LINES 


Element Wave Length tT rv vv Element Wave Length Tw | W 


Cas Pup UMa Cas | UMa 


-|+{+ 
+i ++ 
+} +|+ 


Fel 4045 82 ' + t Hy 4340.49 


| 
Call 3933 67 + + + Cal | 4226.73 | 
Hé 4101 74 + + + || Mgt 4481.26 | 


The spectrum, of class B9, is characterized by fairly sharp absorption lines of Ca u K 
and Mg 1 4481. This and the absence of any rotational disturbance in the velocity-curve 
of Figure 2 indicate that the A star is small in size and has no excessive velocity of axial 
rotation, as we have found in U Cep, U Sge, and RZ Scu. On the contrary, the rotational 
velocity of the early-type component of TW Cas is unexpectedly small for an object of 
type AO having a period of only 1.4 days. The periods of U Cep, U Sge, and RZ Scu are 
considerably longer, and the spectral types of the first two are only slightly earlier than 
that of TW Cas. 

The spectrum of TY Pup shows only one component, which is broad and hazy. The 
type is about A9n. The radial velocities plotted against the period of 0.5807 day im- 
mediately showed that there is a large variation with some other period, upon which 
there may be superposed a variation with the half-day period of somewhat smaller am- 
plitude in radial velocity. The spectrographic material is not sufficient to disentangle the 
two periods completely, and we can give only a very tentative interpretation of the 
measurements. The large-range variation was derived by estimating the departures from 
the mean curve for each date of observation. These values appear in the third column of 
lable 4. They are consistent with a period of 9.7 days and the following set of elements, 
derived graphically from Figure 3: 


P = 9.7 days, K = 74km/sec, w = 100°, 
y = +4km/sec, e= 045, T = Phase 7.1 days. 
Phe last column of Table 4 gives the corrections which must be applied to the measured 
velocities of TY Pup in order to correct them for the motion in the 9.7-day period. The 
* Contr. Princeton U. Obs., No. 7, p. 16, 1924. *A.N., 190, 337, 1911. 

















TABLE 3 
RADIAL VELOCITIES OF TW CASSIOPEIAE 
Radial 


Velocities 


K m/Sex 


Phase Phase 
(Days) Period) 


1950 


Jan 


362 0.954 + 24 
408 i 986 — 18 
779 345 + 34 
S41 | 589 + 20 
523 | 366 — 86 
006 704 + 64 
049 j 734 + 63 
649 454 | 24.! 
707 495 | ~ 48.! 
00 | O42 41 
MS 4 079 | — 65 
171 | 120 — 88 
219 153 86 
173 821 + 35 
653 | 457 - 17 
716 501 24 
778 | .545 + 9g 
262 183 91 
329 j 230 | ~116 
. 234 804 + 42 
279 i 895 + 26 
321 925 | - 20 
350 945 + 12 
395 977 | 13 
O13 009 -— 37 
923 646 48 
966 676 + 35 
009 706 + 49 
490 343 93 
528 370 Oo 
560 392 — 66 
O85 060 69 
130 091 64 
063 744 +. §3 
O98 769 
135 795 63 
636 445 41 
667 407 
700 490 - Pal 
210 147 
253 177 
212 §49 
249 &74 
281 $97 
0. 800 4600 
0.844 f91 
0.355 249 
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TABLE 3—Continued 


RADIAL VELOCITIES OF TY PUPPIS 


Puase | 
Rapa | Cossecrep 


LATE No am I» i 
. ; | VetLocrry Raprar 


tQ | ; - ~ , 
j (Ku/Sec) | Veu 
> : 
i Period 


7939 33275. 887 0.685 | - | +36 
7940 5.931 | 761 | : +57 
7947 214 | - 24 
7942 7 i | 291 | | 32 
7949 365 | —22 
7968 997 } i ei 22 
7969... 048 | +4 
7970 100 | 2 | +23 
7971 165 +40 
7986 630 | : | +36 
7987 685 | : | $35 
7988 737 | 

7989 792 


OID D © 0 00 ~2 oe a, 
i ; 


623 
716 
492 
589 
.944 
129 
208 
725 

. 894 
864 
940 
O14 
OR8 
570 
049 
722 
801 
119 
186 
253 
0 310 


8025 
8026 
8049 
8050 
8067 
8087 
SO8S8 
8095 
8097 
8104 
8105 
8106... 
8107 
8117 
S118 
R119 
$120 
8166 
8167 
R168 
S169 
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TABLE 3-—Continued 
RADIAL VELOCITIES OF VV URSAE MAJORIS 


| | 
Plate No | | - Phase Phase 
cog | (Days) | (Period) 


Radial 
Velocities 
Km /Sec) 


0.679 
543 
618 
903 
986 
073 
209 
27 
339 
396 
451 


- > S 
nts S = oe 
oow 


Oe Unde oe OO 


786 
879 
950 
012 
081 
163 
397 
400) 
524 
591 


7 
5.3 
9 
1 
5.3 
1 
7.0 
6 
2 
3.2 
9 
9 
5.2 
4 
3 
4 
5.8 
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corrected velocities are listed in the last column of Table 3 and are plotted in Figure 4. 
There is a general tendency in the points to conform to a sine-curve with K = 32 km/sec 
and y = +24 km/sec, but the scatter is so large that a suspicion arises concerning the 
correctness of the longer period. The photometric observations by E. Hertzsprung* are 


Tw CASSIOPEIAE 
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TABLE 4 


LONG-PERIGD OSCILLATION OF TY PUPPIS 


Extimated . . 
Phase in Days Correction 


P=9%.7 Days)! (Km/Sec) 


} 


Departures 


Km/Sec) 


276.82 91 
277.85 t 1% | 
278.81 | 9 | 2 


. 


2433275 91 : | +4 
, om 


282.84 - 93 + 2 
286.83 22 +12 
288 81 3.21 —28 
291.85 24 —- 62 
292.80 7.19 +22 
295 8&1 - 5O + 
296. 80 49 + 6 
301.75 . 6.44 ~— 46 


not compatible with any other period than the one given in Table 1. The existence of two 
periods in a spectroscopic binary, though not unique, is of considerable interest. But the 
present case is distinctly peculiar because the value of K in the long-period orbit is greater 
than in the short-period orbit. Even after correcting for the eccentricity of the long-period 
orbit, we still find that Ky/1 — e = 67 km/sec, which is twice the amplitude of the 


* B.A.N., 4, 154, 1928; see also L. Campbell, Harvard Bull., No. 858, p. 1, 1928. 


Jain gan Ep RRR TRE 


No Hey 


Pere 


: 


epi Coe 








190 OTTO STRUVE 


short-period orbit. If this result is correct—and we again emphasize its preliminary na- 
ture—this would impose some severe restrictions upon the masses of the components 
which compose this triple system. The mass-functions of the close pair and the wide 
system are proportional to K*P, respectively. This would result in 


f (M) [close pair] re I 


7 (MN) [wide system] ~ 100° 


We have observed only the spectrum of one star. Hence the individual masses are not 
known. 

The spectral type of VV UMa is about AO, and the lines are moderately well defined. 
The velocity-curve in Figure 5 shows no appreciable rotational disturbance, despite the 
shortness of the period and the presence of a fairly deep central eclipse. The sizes of the 
stars are probably small, as they are in TW Cas. The spectrum of only one component 
can be seen, even near mid-eclipse. 
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Perhaps the most interesting result of this work consists in the small values found for 
the mass-functions of the short-period systems. This is an extension of the conclusion 
derived previously: the velocity-amplitudes of eclipsing systems of class A (for the 
brighter components) are systematically smaller than those of normal spectroscopic 
binaries of the same type. This phenomenon is especially striking among systems with 
P <1 day. Table 5 gives the spectrographic elements. The velocity of the system of 
VV UMa is the sum of the two values derived from Figures 3 and 4. 
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TABLE 5 


a 
+e 
x 
= 
¥ 
a 
% 
: 


ORBITAL ELEMENTS 


P y K ” T @ sini ; Mm 


(Days) | (Km/Sec Km/Sec} Degrees (Days) | (Km) i © 


1.43 - 2. x 7 x10 | 0.098 
97 ; 0.45 100 ph 7.1 6 10° | 266 
0 581 ee 0.26 108 | 002 
0. 687 —1. | 0.56K10® | 0.015 








THE RADIAL VELOCITY OF GAMMA CASSIOPEIAE* 


3URKE SMITH AND O. STRUVE 
Yerkes and McDonald Observatories 
Received May 5, 1950 


ABSTRACT 


From 59 spectrograms, obtained at McDonald Observatory, it was found that the radial velocity of 
absorption lines varied in a definite cycle from about +14 to —16km/sec and back again, in 1940-1941, 
following the spectral outburst of 1939, This cycle is similar to one which occurred in 1935-1937, following 
the 1934 outburst. The emission borders were not so intense and did not last so long as in 1935-1937. 
here is no apparent correlation, during this interval, between brightness and velocity-changes. 


During the years 1940-1947 a series of 59 spectrograms of y Cassiopeiae was obtained 

at the McDonald Observatory with the standard Cassegrain spectrograph and 500-mm 

camera attached to the 82-inch telescope. The dispersion was 55 A/mm at Hy. Table 1 

vives a list of the lines measured and Tables 2 and 3 show the absorption-line and emis- 
rABLE 1 


STELLAR LINES USED FOR RADIAL-VELOCITY MEASUREMENTS 


iN Element a Element » 


4679 35 3734.37 He 3970 


; 
3682 81 2 3750. 15 Hel 4009 
! 


30R6 83 Hl 3770 63 Het 4026 
191 56 H 10 3797.90 Hs 4101 
3697 15 Het 3819 68 Hel 4120 
3703 85 Ho 3835 39 Hel 4143 
3705 14 Het 3888 65 Hy 4340 
4711.97 He 3889 05 Hel 4387 
3721 94 Hel 39964 73 Hel 4471.58 


sion-line velocities for each plate. These velocities, when averaged by days, are plotted 
in Figure 1, except for 1947. Although there is considerable scatter, the absorption ve- 
locities seem to have gone through a rather definite cycle between March, 1940, and 
January, 1942. If a smooth curve were drawn, the velocity during this period would vary 
trom about +14 to —16 km/sec and back again. From January, 1942, on, there were 
fewer observations, and it is not possible to determine whether the velocity continued to 
follow the same pattern 

R. Baldwin' has published velocities for + Cas from spectrograms taken at the Uni- 
versity of Michigan during the period 1935-1937. The McDonald results follow rather 
closely the cycle obtained from his Ann Arbor plates, except that his velocities are, on 
the average, slightly lower and his cycle has a deeper minimum. In Figure 1 Baldwin’s 
velocities for the H lines, with +8 km/sec added, have been superimposed on the 
McDonald results. The general trend and the length of the velocity-cycle is the same in 
both cases, and in each case the cycle occurred immediately following a spectral out- 


burst 


from the McDonald Observatory, University of Texas, No. 193 
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TABLE 2 
ABSORPTION VELOCITIES 


Date 


829 | May 20 
901 | July 30 
902 30 
903 30 
904 30 
1054 Nov. 9 
1055 ) 
1942 
1188 | Jan. 
1195 
1505 July 
1506 
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TABLE 3 


“MISSION VELOCITIES 


MEAN 
h 3970 Emission 
Darr Velocity 
PLate 1940 
Vv gr F | RK 
— 96) +132 85; +122 
+ 98 —107) +109 — 6 § — 91) +131 84, +114 
+ 99 —103) +100 — - - — & +133 79 +114 
+108 — 86 +120, — 57 ~135 +135 82| +126 
+108 — $4 +135 — Si) +11: — 79| +135 — 58 +124 
~~ 110) +134 - 103, +134 
~- 104, +140, — 96 +134 
100) +131, — 95) +117 
121) +121 i+ #9 
~—136 H ‘ 
—219 
— 105 
~ 136 
— 133 
~ 90) + 87 
—~i11 
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With regard to ernission velocities, which were measured by setting on the point of 
maximum intensity, the results for 1940-1941 also follow the general pattern of those for 
1935-1937, except that the emission was distinctly fainter in 1940. The emission borders 
had disappeared by about November, 1940, while, in the earlier cycle, emission con- 
tinued to be strong well into the new spectral outburst, which occurred in 1937. 

The spectrum of +; Cas early in 1940, as shown on McDonald plates (Fig. 2), has been 
described previously.? In February all lines were sharp, with a broad, faint, underlying 
absorption in many lines. The H lines, from H 7 to H » were bordered with emission, 
and H 8, which was visible on a few plates, also showed emission. There was no emission 
visible in the He 1 lines. The emission gradually weakened, and by November, 1940, it 
was no longer visible. At the same time the H lines were greatly broadened. By Septem- 
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ber 25, 1940, all lines were broad and rather fuzzy in appearance. A slight central core 
was still visible at \ 3889. In November, 1940, the H/ lines appeared to have a broad rec- 
tangular contour, with sharp edges, and \ 3889 still showed a central core. The line 
\ 3889 was measured as Het when the setting could be made on the core, otherwise it 
was measured as H/ ¢. By January 18, 1941, there was no central core visible in any of 
the lines, but on November 9, 1941, there was evidence of a slight emission border on the 
violet side of a few lines. From this date on until October 28, 1947, inclusive, there was 
not much change in the appearance of the spectrum. The emission was very faint.* 





?Struve and Swings, Harvard Ann. Card 545, 1940; Struve and Greenstein, Hartard Ann. Card 551 
1940; Struve and Elvey, Pub. A.S.P., $2, 140, 1941; Swings and Struve, Ap. J., 91, 589, 1940; and 
Struve, Physica, 12, 7.39, 1946 
* Through an unfortunate mistake in labeling the plates taken on January 18, 1941, a spectrogram o/ 
¢ Ophiuchi was inadvertently labeled Plate 621 of y Cas. Since, at that time, the two stars had somewhat 
similar spectra, the error was not detected until after the publication of the paper by O. Struve in Physica, 
2, 744, 1940. The statement made in this article that on January 18 the absorption lines of y Cas 
were abnormally broad must be withdrawn 
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There has been some question as to whether the changes in brightness of y Cas were 
correlated with the changes in spectrum or velocity. The magnitude was considered con- 
stant previous to 1936.‘ A spectral outburst occurred in 1934, and a velocity-cycle began 
in 1935. There was a marked increase in brightness from 2.2 mag. at the beginning of 
1936 to about 1.6 mag. at the end of the cycle, in the early part of 1937. The magnitude 
then decreased during another spectral outburst to 2.4 at the end of 1937 and varied 
slightly between 2.2 and 2.4 in 1938. In 1939 the magnitude gradually decreased, while 
the star was again undergoing changes in spectrum. By the end of 1939 the magnitude 
had decreased to 3.0, and it remained around 2.8-3.0 during 1940. No published reports 
of brightness during 1941 are known. From reports of A.A.V.S.O. observers the star re- 
mained around 2.8-3.0 mag. during the years 1941-1949. There does not seem to be 
conclusive evidence of any close correlation between brightness and changes in spectrum 
or velocity. 

The radial velocities recently published by V. F. Gase® agree fairly well with those 
given in this paper for the interval August-October, 1940; but our values obtained in 
1941 are systematically smaller than those given in Miss Gase’s Table IV. It is perhaps 
sufficient to conclude, from both series of measurements, that small, irregular fluctua- 
tions in the radial velocity were present in 1941 and probably also in the following years. 
But the most significant result is undoubtedly the absence of a negative displacement in 
the sharp lines produced by the shell, when compared to broad lines which were measured 
in the fall of 1940 and later. 


*R. Prager, Harvard Ann., 111, 158, 1941; C. M. Huffer, Ap. J., 89, 139, 1938; L. Campbell, Pep. 
Astr., 48, 569, 1937; E. Cherrington, Pop. Astr., 46, 183, 1938; R. Rigollet, L’Asironomie, $2, 129, 130, 
1938; L. Campbell, Pop. Astr., 48, 385, 563, 1940; R. B. Baldwin and R. Torp-Smith, Pop. Asir., 49, 
127, 1941; R. Rigollet, L’Astronomie, 55, 87, 1941; and R. Rigollet and G. de Vaucouleurs, L’Astronemie, 
60, 91, 1946. 


* Isvestia Crimean Ap. Obs., 1, Part 1, 59, 1947, 
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ON THE CHANGE OF PERIOD OF ECLIPSING VARIABLE STARS 


FRANK Brapsnaw Woop 
Steward Observatory, University of Arizona 
Received January 31, 1950 


ABSTRACT 


Irregular period fluctuations of eclipsing systems are discussed. Part I points out that, when the 
elements of systems showing such fluctuations have been determined, the systems are, with one exception, 
at or near the limits of dynamical stability. Part II suggests a possible explanation of this correlation and 
of the period changes themselves. 


I 


One of the most surprising results of the study of eclipsing stars is that in many cases 
the period of light-variation is not constant. Frequently, the variation of period is itsel! 
periodic, and the plot against epoch of the differences in time between the observed mini- 
ma and those computed from linear light-elements can be fitted by a sine-curve. If, tn 
such a case, the plot of the time residuals of secondary minimum shows a curve of the 
same form but of opposite phase to that shown by the primary plot, we have evidence 
of a rotation of the line of apsides; a careful determination of the period of apsidal rota- 
tion and the elements of the system gives a means of determining the central condensa- 
tion of at least one of the components. Apsidal motion may be expected whenever the 
secondary is not midway between the primaries. 

In other cases the secondaries are located halfway between primaries, and a plot of 
their residuals gives a curve of the same form and phase as that of the primary. Here we 
have two possibilities, not necessarily mutually exclusive. 

1. Variation caused by changing light-time while the system moves in an orbit around a 
third body.—-This demands a strictly periodic change, usually corresponding to an elliptic 
orbit. (In some cases this assumption requires an extremely large orbit and an improba- 
bly great mass-function.) Horrocks! has shown that, in several cases where terms in the 
square of the epoch have been included in the light-elements, the variations are probably, 
in reality, of a long-period oscillatory nature. 

2. Disturbances in the mean longitude of the eclipsing pair.—When all cases of periodic 
or regular variations are removed from consideration, many instances remain in which 
the period is by no rneans constant. In some cases the period seems to be changing almost 
continuously, but not in any regular manner; in others, a star which has shown a con- 
stant period for a considerable interval will shift, apparently suddenly, to a slightly dif- 
ferent one. Such changes are of the general order of 10~* or 10~* of the period. It is ex- 
tremely difficult to understand how a stable system can behave in such a manner; it is 
nat:iral, therefore, to inquire into the stability of systems which have exhibited such be- 
havior 

The stability of a close double-star system will depend not only on the size of the com- 
ponents relative to the size of the orbit and on the mass ratio but also on such factors 
as the shape of the orbit, the rotational speeds of the components, and the degree of cen- 
tral condensation of the stars. Fortunately, most eclipsing-star orbits are circular or 
nearly so, and the available evidence indicates, for most, a period of rotation equal to the 
period of revolution and, for all, a high degree of central condensation. Thus, for a first 
approximation, the Roche model, a circular orbit, and equality of rotation and revolu- 
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tion periods may be assumed. (If the second of these assumptions is invalid for a given 
system, the fact will be evidenced in the light- and velocity-curves. If the third assump- 
tion is invalid, evidence will be found in the velocity-curve unless the spectrum of the 
rapidly rotating component is invisible.) In such a case the limits of stability for a sys- 
tem of any given mass ratio can be computed. Perhaps the simplest method of doing this 
is to compute for the mass ratio in question the Jacobian limiting surface which contains 
the double point which appears when the ovals around the stellar centers touch one an- 
other.? This is a surface of zero relative velocity; if the system is to be stable, all parts 
of each star must lie within the Jacobian limiting surface surrounding that star. In bi- 
polar co-ordinates the Jacobian limiting surface is given by 


: 2 
a—n(4+2)+a(ne2)ac. 
r) ied 


Here, u and 1 — ware the stellar masses, with « < 4; the mass of the system and the dis- 
tance between the centers are each unity. Moulton’ has given a development and com- 
plete discussion of this formula. Numerical computation shows that the shortest equa- 
torial radius of the less massive star, 4,, usually reaches the limiting surface first, as the 
mass ratio is increased. Hence, the above formula may be used to compute the values of 
r. at unit distance from the center of the more massive star. If the solution of the light- 
curve shows that 0, is near this limit, we may expect that the system at such points will 
be near the limits of stability. These limiting values of 6, for various mass ratios are given 
in the accompanying tabulation. In any system in which this criterion is violated, matter 


1 op, 2 2.5 3 4 5 6 7 8 10 
0.373 0.333 | 0.309 | 0.292. 0.278 | 0.257 0.241 | 0.229 0 219 | 0.210 | 0.197 


will flow out steadily from near the ends of the axis, 6,; for actual systems an apparent 
small margin of stability will by no means insure actual stability. 

At first glance it appears that the application of this test for stability is simplicity it- 
self. For stars which have exhibited sudden or irregular changes of period, take from the 
literature the computed values of 6; and the mass ratio and, by comparison with the 
above table, determine whether or not the star is near the limits of stability. In practice, 
however, this simple method is by no means adequate; various precautions must be ob- 
served. These fall into three general classes. 

1. The determination of the nature of the variation of period.—-F requently, this presents 
no difficulties. While there are many cases of suspected variation of period which have 
not been confirmed, these suspected variations are nearly always of a periodic nature. The 
difficulty in many cases lies in determining whether an observed change really is a sudden 
one or whether we are observing part of a long-period oscillatory variation. This difficulty 
is often increased by the sparseness of recent determinations of the times of minimum. 
In this discussion, only stars whose variations of period are definitely irregular will be 
considered. Fortunately, enough stars are known so that a preliminary check may be 
made concerning the correlation between the approach to instability and the inconstan- 
cy of the period. 

2. The determinalion of the value of by.—-The determination of this factor requires care 
at several points. The light-curve must have been sufficiently well observed between 
eclipses to permit a reliable determination of the ellipticity. Both the nature of the 
eclipses and the accuracy of the observations must be such as to permit a reasonably de- 


2 Contr. Princeton U. Obs., No. 21, p. 37, 1946 


3 Celestial Mechanics (new ed.; New York: Macmillan Co., 1914), chap. viii. 
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terminate solution. Even when these criteria are satisfied, it is not permissible simply to 
take from the literature the computed values of by. These values are frequently found by 
multiplying a, by the factor b/a determined from the observations between minima. But, 
for the consideration of stability, we are interested in the geometric ellipticity; the ob- 
servations between minima yield the value of the photometric ellipticity. The two are not 
the same, and, especially in the older publications, the distinction is frequently not made. 
Further, the shapes of the two stars are rarely the same—and, if they are, the solution 
is likely to be indeterminate—and for the present purpose we wish to know the shape of 
the less massive star, not the average of both components. Thus the value of 5, cannot 
be taken from the literature without careful consideration of the factors involved in each 
case. Usually it will be advisable to compute it from the elements of the system (follow- 
ing Russell‘) and then finally to make certain that this computed value does not require 
a light-curve of appreciably different shape from that actually observed. 

3. The determination of the mass ratio of the components.—When this has been deter- 
mined spectrographically, the value is usually reliable; when it is not reliable, the fact 
is almost inevitably indicated by peculiarities in the spectra or by wide discrepancies be- 
tween the spectrographic and the photometric data. When the spectrum of the fainter 
component is not visible, the mass ratio may be computed from the relative luminosities. 
Here it is the intrinsic luminosity of the fainter component which is significant; that is, 
its luminosity after the reflection (or reradiation) effect has been eliminated. This again 
demands accurate observations outside eclipses. Further, as Struve’ has recently empha- 
sized, it must not be forgotten that the fainter components of many eclipsing systems 
are among the most notorious violators of the usual mass-luminosity relationship. In the 
cases in which this violation occurs, it seems to be rather consistently in one direction, 
that is, the star in each case is too bright for its mass. Thus the masses so determined 
will, in such cases, be too large, making the mass ratio consistently too small. The effect 
of this will be to make such systems appear more stable than they are in reality. This ef- 
fect must be kept in mind in the discussion of the systems to which it may apply. 

Even in view of the uncertainties introduced by these complications, enough stars 
have been sufficiently well observed to justify a preliminary investigation to attempt to 
determine whether stars showing irregular fluctuations of period are also near the limits 
of stability. For this purpose, the 546 stars in Pierce’s Finding Lisf® have been investigat- 
ed. While this excludes the faintest stars as well as the far-southern ones, there are few 
systems sufficiently well observed to be of use in this survey which are not included; the 
labor of attempting such a survey without the use of the Finding List is prohibitive. The 
following are all those in the Finding List which show irregular variation of period and 
for which satisfactory elements are available. 

1. AO Cas.—-Few times of minimum of this star have been observed because of the 
shallow depths (017). Those that have been published have all been determined from 
photoelectric observations; they cannot be fitted satisfactorily by a constant period and 
indicate a rather sudden lengthening of the period. Unpublished observations, taken one 
and three years after those most recently published,’ are satisfactorily fitted by the new 
period. (Spectrographic observations by Struve and Horak show further shortening.) 
rhe mass ratio, determined spectrographically by Pearce,’ is nearly unity. In this case 
the brighter component appears to be at the limits of stability; its shortest equatorial 
radius is 0.377. The solution’ is made by a combination of spectrographic and photo- 
metric data; it is sufficiently determinate to indicate clearly that the system is near in- 
stability 

‘Ap. J., 102, 4, 1945 

‘Ann. d’ap., 11, 117, 1948 

8 Contr. Princeton U. Obs., No. 22, 1947 


tp J., 108, 28, 1948 8 Dom. Ap. Obs., Victoria, 3, 275, 1926 
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2. UL’ Cep.—It is well known that the period of this star is not constant.* A complete 
discussion of the work to 1920 has been given by Dugan,"* who gives for the shortest 
equatorial radius of the less massive star a value of 0.308. (In excellent agreement with 
this is the value of 0.310 found by Baker."') Use of the geometric ellipticity of the fainter 
component, computed from Dugan's elements, in place of the photometric ellipticity, 
decreases this value to 0.304. This indicates that instability should set in at a mass ratio 
of about 2.1. The actual mass ratio is not easy to determine. The relative luminosities 
of the fainter sides of the two components, using the mass-luminosity relation in the form 
developed by Russell and Moore," indicate a mass ratio of about 1.7; as pointed out pre- 
viously, in such a system the actual mass ratio will probably be appreciably larger. The 
spectrographic evidence does not give a great deal of help on this point. Carpenter’s” 
plates did not show the secondary spectrum; Kopal,' using Redman’s spectra, derived 
a mass ratio of 3.2; Struve” found a ratio of nearly unity from his own measures and sug- 
gests about 1.4 as the best compromise that can at present be obtained from the spectro- 
graphic data. Struve points out the possibility that the velocity-curve may be distorted 
by absorption in gaseous streams. The eccentricity of the orbit is large, according to the 
spectrographic observations, and is negligible photometrically. The marked differences 
in the velocity-curves observed at different epochs give additional suggestions that the 
system is not a stable one. In view of the present evidence, it is reasonable to accept this 
system as one which is near the limits of dynamical stability. 

3. X Tri.—-The variation of period of this star was first noted by Gadomski."* More re- 
cently, Lange and Nekrassova'’ have discussed the period; their light-elements contain 
two sine terms. However, a plot of their residuals from linear elements shows that they 
can be well fitted by assuming a rather sudden change of period at about JD 2425000 
with constant periods before and after that date. In either case the variation of period 
is irregular. Dugan" gives ay = 0.336. With his value of b/a, 6, = 0.312. From the mass- 
luminosity-curve, Dugan found a mass ratio of 2.1. Using this and his elements to com- 
pute the geometric ellipticity, 6; = 0.303. For a mass ratio of 2.1, the limit of stability 
is 0.306. The system is thus extremely near instability. 

4. R CMa.—The variation of period of this star was first announced by Dugan'® and 
has been further investigated by Dugan and Wright*® and by myself.? After remaining 
constant for more than thirty years, the period abruptly shortened and, when last ob- 
served, was decreasing still more. Visual observations of Wendell and Pickering, made 
with a polarizing photometer, showed a strange hump in the light-curve which was 
present on some nights and missing on others. My own observations of this star’ indicate 
that it must be quite near the limits of stability; the only alternative to this is an almost 
incredibly small mass for both components. 

5. TW Dra.---The variable period of this star has been discussed by Gadomski® and 
by Pearce.” The latter has also observed the secondary spectrum. From three observa- 


"Ap. J., 44, 51, 1916. 

‘Contr. Princeton U, Obs., No. 5, 1920 “' Laws Bull., 2, 247, 1921 

* The Masses of the Stars (Chicago: University of Chicago Press, 1940 

+ Ap. J., 72, 205, 1930. 

* Harcard Bull., No. 914, 1940 

‘Ap. J., 99, 230, 1944 

‘6 Warsaw Circ., No. 22; Warsaw Repr., No. 15, 1932 

’ Astr. Circ. (Kasan), No. 24, 1943 

'S Contr. Princeton lL’. Obs., No. 8, 1928 

* Contr. Princeton U. Obs., No. 6, 1924. | Warsaw Pub., 8, 51, 1933. 
Contr. Princeton U. Obs., No. 19, 1939 ® Pub. A.A.S., 9, 131, 1938. 
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tions during totality he finds an approximate mass ratio of 3.6. Baker’s® value of 4; is 
().314; with the geometric ellipticity of the fainter component computed from his ele- 
ments and Pearce’s mass ratio, 6; = 0.289, indicating instability at a mass ratio of 2.7. 
Even if the mass ratio is considerably less than the approximate value given by Pearce, 
the system will be at the stability limits. The orbit is slightly eccentric; this will increase 
somewhat the tendency of the system toward instability. Baker has called attention to 
the similarity of this system to U Cep. 

6. SZ Her.—-The variation of period has been discussed by various authors; perhaps 
the most extensive investigation is that of Dugan and Wright.?° With the geometric el- 
lipticity computed from Dugan’s'® elements, 6, = 0.314. This indicates that instability 
sets in at a mass ratio of about 1.9; from the luminosities of the components Dugan as- 
sumed a value of 2. Since the spectral types are not known, this value is only approxi- 
mate; it does indicate that the system is probably near the limits of stability. 

7. 8 Lyr.—-The dynamics of this system have been extensively discussed by Kuiper.** 
He finds that the system is not a stable one; the change of period is well known. 

8. ST Per.—-In an earlier discussion of this star,? it was pointed out that the observa- 
tions indicated a sudden period change; this is further confirmed by a later observation 
of Struve.™ The elements indicate that the system is stable unless the mass ratio ap- 
proaches 7; even allowance for uncertainties in the elements can reduce this value only 
to between 5 and 6. Ordinarily, this would not be seriously considered ; however, the ex- 
tremely small mass function of 0.008 found by Struve” indicates either a large mass ratio 
or an extremely small value for the mass of the fainter component. Even a mass ratio 
of 7 gives the G component a mass of only 0.51 ©. Struve also finds a strong indication 
of a rotational disturbance in the velocity-curve; this will increase the tendency toward 
instability. The system thus seems near the limits of stability; this is apparently another 
case in which the fainter component is much too bright for its mass. 

9. AR Lac.—On the basis of present knowledge this star comprises the sole exception 
to the generalization that sudden period changes are found only in systems which are 
obviously near dynamical instability. The elements of the system? yield a value of 0, of 
().306, indicating instability at a mass ratio of 2. Harper’s” spectrographic value is only 
slightly greater than unity. The solution, however, is complicated by the fact that one 
of the components is intrinsically variable. Wyse*’ found that one component showed 
emission in Ca 11; recently, Joy and Wilson® have reported this occurring in both com- 
ponents. Kron® has suggested variable bright and dark patches on the surface of the G5 
component. His evidence is based on an extensive series of photoelectric observations. 
If the fainter component is rotating in a period shorter than the period of orbital revolu- 
tion, the tendency toward instability will be appreciably increased. 

The other stars whose periods show sudden or irregular changes have not been suffi- 
ciently well observed to furnish elements as definitive as those in the systems just dis- 
cussed. Ten such systems, however, do have solutions which are strong enough to indi- 
cate the general nature of the system, and these elements in every case indicate that the 
system is at or near the limits of stability. These ten systems are as follows. 

10. ZZ Cas.—The irregular variation of period of this star has been well established 
by Dugan and Wright.*® Struve*® was unable to see the secondary spectrum; for the B 
component to have a normal mass, the mass ratio must be between 3 and 4. Gaposchkin® 
gives two approximate photometric solutions based on visual estimates by Zessewitsch. 


% Laws Pub., 2, 29, 1921 

* 4p. J., 93, 133, 1941 % Ap. J., 109, 231, 1949. 

% Ap. J, 104, 269, 1946 % Pub. A.S.P., $9, 261, 1947 

* J. R.A.S., Canada, 27, 146, 1933 " Ap. J., 106, 92,1947. 
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‘ 
These indicate that 4, is in the neighborhood of 0.32 and that instability thus sets in at 
a mass ratio somewhat less than 2. As far as it goes, the evidence indicates that this sys- 
tem is at the stability limits. 

11. WZ And.—Sudden change of period of this star has also been established by the 
work of Dugan and Wright,” who give a provisional solution from photographic esti- 
mates; Miss Slonim®™ has presented one based on Jordan’s photographic measures. Both 
agree in finding large radii of the components relative to the size of the orbit. Instability 
sets in at a mass ratio of about 1.5; this is approximately what would be expected from 
the relative luminosities of the components. 

12. XZ And.—This system has also had its irregular variation of period established by 
Dugan and Wright; it is even more firmly established by later unpublished observations 
of Pierce and of Blitzstein. Dugan and Wright also presented a preliminary solution. 
From their elements, instability should be expected to occur at a mass ratio of about 1.6; 
a mass ratio of 2 was assumed by them from the relative brightness of the components. 

13. Y Leo.—The period of this star apparently remained constant from its discovery 
until 1943; estimates by Struve* in 1945 showed the minima occurring about half an 
hour before the predicted times. There are several photometric solutions, none of which 
is highly determinate. That of Fetlaar** from Nijland’s visual estimates gives 7; == 0.30. 
The assumption of a mass ratio of 3 (from the relative luminosities) yields a value of 
about 0.28 for 6,, which indicates that instability sets in at precisely this mass ratio. 

14. 441 Boo.—This system has recently been discussed by Eggen.™ The period shows 
fluctuations other than those produced by the long-period orbital motion. The solution 
is not highly definitive—as Eggen points out-—but does indicate clearly that the com- 
ponents are near the limits of stability. 

15. U CrB.—The irregular variation of period of this star has been the subject of sev- 
era! cliscussions; that of Dugan and Wright” is perhaps the most complete. Plaskett’s® 
velocity-curve indicates a mass ratio of 2.6; his results are confirmed by Pearce.*” Sahade 
and Struve** were unable to observe the secondary spectrum and suggest the presence 
of a gaseous stream. The complete absence of any observed secondary minimum in the 
light-curve indicates that the mass ratio should be high. The provisional solution of 
Dugan and Wright indicates that ay = 0.33; on the assumption of my/my = 2.6, this in- 
dicates that 6, =. 0.30, or instability at a mass ratio of about 2.3. Baker’s® elements give 
a slightly lower value of 5, but still indicate that the system is near the limits of stability. 

16. RV Lyr.—The irregular variation of period of this star has also been pointed out 
by Dugan and Wright.*® The solution by Fetlaar* from Nijland’s visual observations is 
not strong. It indicates instability for a mass ratio of 2; this is also the value suggested 
by the relative luminosities. 

17. U’ Peg.—The variation of period of U Peg has been studied by Recillas and Wood- 
ward.*® Shapley“ made three solutions from Wendell’s measures; they indicate for the 
fainter component a value of a, of about 0.40. The solutions are somewhat indeterminate 
but leave little doubt that the system is not far from the stability limits. 

18. TY Peg.—-Dugan and Wright*’ pointed out the irregular variation of period of this 
star and made a provisional solution. From the elements so derived, instability should 
not set in until a mass ratio of between 3 and 4. Inasmuch as secondary minimum was too 
shallow to be observed, such a mass ratio does not appear improbable. 


" Bull. Tashkent Astr. Obs., No. 4, 1934, 

® Ap. J., 102, 113, 1945, 

* B.A.N., 6, 29, 1930. * Ap. J., 102, 480, 1945. 

* Ap. J., 108, 15, 1948. * Laws Bull., 2, 233, 1921. 
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19. L’ Sge.—In his study of U Sge, Joy® found a mass ratio of 3.3. This, combined with 
any of the various photometric solutions, indicates that the system is near instability. 
From the published observations it is impossible to determine whether the fluctuations 
observed in the period are irregular or oscillatory in nature. However, Dr. N. L. Pierce 
has recently sent me some unpublished times of minimum, including those of Struve and 
of Irwin; from these it appears highly probable that the variations are not simply 
periodic. 

The preceding discussion thus indicates that an eclipsing system which shows irregular 
variation of period may be expected to be near the limits of dynamical stability. How- 
ever, one further question must be asked before we can accept such a relationship with 
any degree of confidence. Are there systems near the limits of stability which have not 
exhibited such changes? If the answer is “Yes,”’ such systems must be carefully considered 
before the preceding results can be regarded as anything more than a rather amazing co- 
incidence. If the answer is “No,” then we may with some confidence divide eclipsing sys- 
tems into two general classes: one in which at least one component is near the stability 
limits and in which we may expect irregular variations of period to occur; the other in 
which both components appear stable and whose periods show no sudden fluctuations. 
(In reality, of course, there will be no sharp dividing line between the two classes; we may 
perhaps think of the irregular fluctuations as occurring more frequently, the nearer the 
star is to the stability limits.) 

Again, and for the same reasons as before, the stars in Pierce’s Finding List are consid- 
ered. The criteria for establishing stability remain the same. The general results strongly 
confirm those previously reached; that is, the stars which have exhibited constant periods 
are those whose solutions indicate stability of the components. The following exceptions 
should be noted. 

On the basis of the present solutions, the stars RT Scl, UU And, RV Per, SX Aur, 
and WZ Cyg appear to be near the limits of stability. The solutions available at present 
for these systems are unsatisfactory, however, either because the stars have not been 
adequately observed or because the solutions presented do not satisfactorily fit the ob- 
servations. (The statement that a fit is not “satisfactory” rests in each case upon the 
opinion of the authority presenting the solution.) Even more important is the fact that 
the times of minimum of these stars have not been adequately observed throughout the 
years. It is to be expected that in most of these cases (the exceptions being those in which 
stronger solutions will show stable systems) close observation of these stars will show 
period fluctuations.“ Another system which should be closely watched is ZZ Aur. Here 
a good solution by Pierce“ is available. From mass-luminosity considerations, Pierce 
assumed a mass ratio of 4; this, combined with his elements, indicates instability of the 
system. Unfortunately, except for the years 1930-1937, this system has been very little 
observed. It must be borne in mind that, if this is one of the systems in which the fainter 
component departs appreciably from mass luminosity, the system may really be stable. 
For this to be true, the departure from mass luminosity must be in the opposite direc- 
tion to that usually found in Algol systems. This system is not a “typical” Algol system, 
however, since the bright star is the larger; it is rather a typical main-sequence pair, so 
there is no reason to expect such a departure to be in the direction generally found in 
Algol systems. The system Z Dra is another which appears to be near the limits of sta- 
bility. Further observation is needed to determine whether the observed fluctuations of 
period are irregular or oscillatory. 


# 4p. J., 71, 336, 1930 


8 Since writing the above, I have received the 1949 edition of Astronomicsny. In this, Szafraneic 
reports a minimum of RV Per falling 0.046 day earlier than the computed time. Whether this actually 
represents a sudden change in the period must be left to future observations 


* 4.J,, 47, 78, 1938 
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To summarize the preceding, the observational evidence available at present indicates 
a rather striking connection between the dynamical stability of an eclipsing system and 
the irregular fluctuations of its period. The seven systems just listed offer an opportunity 
for further testing this connection. It is of interest to note that many of these nearly un- 
stable systems also have asymmetrical light-curves. Taylor® has found that stars with 
asymmetry in their light-curves have relatively large components. 

It may be appropriate here to emphasize further one consequence of the preceding 
ideas. The variation of period of the W UMa stars has been frequently commented upon. 
Both components of these systems are highly distorted; the effect of this distortion is 
strongly evident in the light-curve because the components are of comparable brightness. 
But in an Algol system the fainter component may be equally distorted with little effect 
on the light-curve, because of the small value of its luminosity compared to that of the 
primary. Thus the real criterion for variation of period is not the shape of the curve (al- 
though W UMa stars may well be expected to show variation of period, except perhaps 
in a few cases where the mass ratio is nearly unity) but the stability of the system itself. 
Thus the same basic mechanism may be considered responsible for irregular period 
changes in any type of eclipsing system. 

I] 

In this section an attempt is made to suggest a possible physical mechanism to explain 
the relation developed in the preceding section and also to explain the rr changes 
themselves. In this connection, attention should be called to the work of Kuiper con- 
cerning the dynamics of the system 8 Lyr. Kuiper’s work differs from this in that he con- 
sidered only contact binaries, whereas this discussion treats separated stars in which one 
component is near the limits of stability. Actually, both cases may exist; although oc- 
casionally it may be uncertain to which one a given system belongs, it is certain that 
many systems exist which are not contact binaries and which do show such period 
changes; it is to them that this discussion pertains. 

Assuming the Roche model and the law of gravitation, we may expect Kepler’s third 
law, m, + m, = a*/P*, to hold in these systems. Hence, an observed change of period 
implies a change either in the combined mass of the components or in their separation 
or in both. The first inquiry must therefore be whether any phenomenon already ob- 
served is capable of causing such change. 

The answer, based on our observation of the sun, is that a rather sudden change of 
mass seems indeed plausible. As is clearly and strikingly demonstrated by spectrohelio- 
kinematograms, eruptive prominences are continually occurring on the sun in which 
large amounts of solar material are expelled from the surface with explosive force. In 
some cases this material is ejected with speeds of the order of 200 km/sec and to dis- 
tances of the order of the sun’s diameter. In the case of the sun, of course, it seems prob- 
able that all the material so expelled eventually returns to the sun, But by no means 
would this necessarily be true in the case of a highly distorted star, located close to an- 
other star of equal or greater mass. Even if the eruptive forces which expelled the mate- 
rial were no greater than those observed on the sun, the more powertul eruptions would 
easily eject the matter beyond the Jacobian limiting surface, where it would be lost to 
the system. Indeed, in many cases recently described by Struve and his colleagues, spec- 
trographic evidence alone shows that certain eclipsing systems are surrounded by 
streams of gas. It thus seems apparent that, from a qualitative viewpoint, forces possibly 
similar to those causing eruptive prominences on the sun, operating, probably greatly 
magnified, on those components of eclipsing systems which are already near the bounds 
of stability, could cause an actual loss of mass to the system and thus a change of period. 
It remains to be seen whether the amount of loss needed to cause a period change of the 
size observed is within the bounds of reason. 


“Ap. J., 94, 46, 1941. 
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Kepler’s law may be written as follows: 
a3 
m+ Ms 


7 = 


P is, of course, expressed in years, a in astronomical units, and (m, + m2) in terms of 
the sun’s mass as unity. Keeping a constant, for a first approximation, and considering 
the change of mass to occur in only one component, the change in period caused by a 
small change in mz is given by 


d Me Pd me 
dP= — @ —_- Wo ee, 
2P (m,+ m:)* 2 (m, + m2) 

For quantitative considerations, consider a system in which (m, + m2) = 2 © and 
P = 2 days; a will then be 0.039 A.U. If the change in period is 1 second—appreciably 
higher than many of those observed—then, from equation (2), dm = —2.32 X 10°* ©. 
Thus, in such a system, a loss of mass by one component of the order of 1/ 100,000 of the 
sun’s mass will cause a change of period appreciably greater than those usually observed. 
Expressed as the loss of mass in relation to the mass of the system, dme/(m, + m2) = 
—1.16 K 10~°. 

There remain, however, two objections to consideration of this mechanism alone as 
responsible for the period changes; that is, it provides only for an increase in the period, 
whereas in many cases the period has been observed to decrease; also, by the third law 
of motion, the expulsion of a portion of a star’s mass with explosive velocity may be ex- 
pected to have some effect on the motion of the star. Computation of the Jacobian sur- 
faces shows that the star is nearest instability at those portions of its surface near the 
ends of its shortest equatorial axis. If material is ejected from the end of this axis which 
is on the opposite side of the star from the direction of orbital motion, the effect will be 
to increase the star’s velocity. This will increase the centrifugal force, and the star will 
move farther from the center of mass of the system until its increased energy has been 
expended as work against the gravitational field of the other component. The star will 
thus move to a greater distance from the center of mass, and the period of revolution will 
be lengthened. If the explosion occurs at the opposite end of the axis, the reverse will be 
true. It is necessary to determine how the effect on the period from this cause will com- 
pare with that from loss of mass; in actual practice, of course, both effects will be occur- 
ring simultaneously, sometimes reinforcing, sometimes tending to neutralize, one an- 
other, depending upon the position on the star’s surface at which the ejection occurs. 

It was found that, in the hypothetical system assumed previously, a loss of mass of 
2.32 X 10°° © would suffice to cause a lengthening of the period of 1 second. Now, sup- 
pose this mass had been ejected with explosive velocity from an area near one of the ends 
of the shorter equatorial radius. What would ke the effect on the period caused by the 
change in the star’s motion thus developed? To determine this, information about the 
masses of the individual stars is needed; the assumption m, = mz (== m ©) will be made. 
In reality, me is usually less than mm, and the effect to be discussed will be magnified. A 
velocity of expulsion of 300 km/sec will be assumed. This is the velocity of the gaseous 
streams observed by Struve in 8 Lyrae and is little greater than that observed in some 
explosive prominences on the sun. Then, from the third law of motion, the change in the 
stars’ velocity, de, is 


dv= 2.32 *10-5X3 X10? cm/sec = 696 cm/sec. 


The change in the star’s kinetic energy for a small change of velocity is dE = mevdo. 
This energy is expended in action against the gravitational field of the other star (as- 
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sumed constant for a first approximation) over the distance da, the change in distance 


from the center of the system. Thus: 
G Mm, Ms 


m,0td v= -da, or 


, 


a? 


da = va’ e? 
, & Gm, 


The orbital velocity of the star in this assumed case may easily be computed thus: 


? 
2a 
ian = 2.12 X10? em¢sec. 


Hence, from equation (5), da = 3.83 X 10? cm = 2.55 K 10-* A.U. How will such a 
change affect the period? Again, from Kepler’s third law, taking into account both the 
sudden decrease in mass and the impulsive change in momentum, we have 


— adm, 3atda : 
sails, } 1 oot + = 3.12 X10-$+ 53.4X10- years, 
* 2P (m,-+ m2)? ~ 2P (m+ m,) x + x years. ‘ 


The sign of the second term will depend upon the end of the axis at which the ejection 
occurs; the magnitude of this term is about 17 seconds. Thus, in the case considered, the 
primary cause of change of period is the change of motion of the star caused by the ex- 
plosion. This can either shorten or lengthen the period, depending on the area of the star 
at which the explosion occurs, and, by observation, the periods of eclipsing systems are 
found to change in either direction. The loss of mass needed to cause a change of period 
of 1 second will be of the order of 10-* ©. 

In summation, the preceding hypothesis suggests a possible explanation for the irreg- 
ular changes of period which have long puzzled observers of eclipsing systems. In systems 
in which there is frequent ejection of material, the period changes may be almost con- 
tinuous; in others, where only the largest of eruptive prominences escape, the system 
may remain constant for years. In such cases, when a change of period does occur, it may 
be a relatively large one. The value of about 10~ of the mass of the star to be lost in such 
an explosion or series of explosions represents decidedly an upper limit. The changes of 
period actually observed are often considerably less than a second (although in some 
cases they are somewhat greater); the assumption m, = mz also tends to minimize the 
computed effect of a given ejection. In cases encountered in nature, a value of 10-7 or 
10-* may well prove more normal, although wide variations may be expected. If a 
change of period occurs on the average of once every 10 years, this will mean that in 
roughly 10’ years the star will lose 0.1 of its total mass. This suggests that the condition 
of near-instability is a temporary one in the life of the system and that systems in such 
a condition are in a transition state. 

The weakest part of the quantitative discussion of this hypothesis is the assumption 
of the Roche model. While this assumption is adequate for computations of stability as 
carried out in Part I, the changes considered in Part II are of the order of 10~* P. If the 
Roche model is not assumed, then changes of matter within the stars themselves could, 
of course, conceivably cause period changes; the hypothesis just developed, however, re- 
quires only the operation of processes similar to those frequently observed on the sun. 
The changes in the physical elements involved in these period changes offer a test which 
is unfortunately many hundreds of times more delicate than can be attained by the best 
photometric and spectrographic observations. 

Continued observations of the times of minimum of critical systems are badly needed, 
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as well as solutions based on accurate observations covering the entire curve. The need 
for spectrographic mass ratios in those systems in which both spectra are visible cannot 
be overemphasized. It should, finally, be emphasized that the correlation between sta- 
bility and constancy of period as developed in Part I is independent of the correctness 
of the hypothesis suggested in Part II. 


I am indebted to Drs. Newton Pierce, Otto Struve, John Irwin, and William Blitz- 
stein for permission to use their unpublished times of minimum; I am especially indebted 
to Dr. Pierce for informing me of the existence of these observations. For a critical read- 
ing of the manuscript and helpful suggestions, I wish to thank Drs. Henry Norris Russell, 
Edwin F, Carpenter, and Newton L. Pierce. 
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A NOTE ON ENERGY GENERATION 

Energy-generation rates obtaining in stellar interiors were recomputed by using (a) 
new values of the nuclear cross-sections for the processes occurring in the carbon cycle 
and (6) the revised formula for the proton-proton reaction. 

a) THE CARBON CYCLE 

Cross-sections for the carbon cycle in the range of energy corresponding to stellar in- 
teriors, extrapolated from measurements near 100 kev, are as follows:’ 

0.0020 
os caeun 

E 


exp (— 6£~'”) barns, 


exp (— 6E~') barns, (from single resonance at ~~ 500 kev) , 


0.028 


E 


0 
= “s exp | — TE! 


The following calculations on the carbon cycle were based on the V'* +H reaction, N"* 
having the longest lifetime of the nuclei of the cycle, and its relative abundance, ay, 
having the smallest relative change frorn its original to its equilibrium value. The energy 
generation per unit volume and per unit time is* 


_ £°f pau }feX 2 1 ated CY) Cs sone’ 
coo f falta ae wilted |. % lee eee te 
[410-5]. 


a exp (— 7E~'/*) barns , 


*) barns (1 barn = 10>*4 cm*). 


In this formula the terms in brackets are as follows: the first denotes the number of 
N'* nuclei per unit volume; the second the number of protons with energies in the range 
E to E + dE; the third the relative velocity with M (the reduced mass) expressed in 
mev /c?; the fourth the effective cross-section for the NV’ + H’ reaction, with Ey = Z? 
mev = 49 mev; and the last the energy production per capture. 

For computational purposes, equation (1) was rewritten in the form: 


log —-— slog A — 5 log T +- log J (BT) , 
pX arn bi 


"h-*44.10-5E? we 
) 


237Ck 
rr! M71 4 | m 1) 2 


1 R.N. Halland W. A. Fowler, Phys. Rev., 77, 197, 1950. Values of the cross-sections were kindly com- 
municated by Dr. Fowler to Dr. B. Strémgren in advance of publication. 


? Cf. G. Gamow and E. Teller, Phys. Rev., $3, 608, 1938. 
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and 
B= Ey*k-' | 
while 


J (BT?) = f exp{ BTA (140%) J dt. 
0 


This transformation was effected by the following substitution: 
Ae E 
Ei? (kT) 08° 


The integral (eq. [5]) was evaluated numerically for sixteen integral values of the 
temperature, and equation (2) was computed accordingly. The results are tabulated 
in Table 1, in which the temperature is given in millions of degrees, and the last col- 


TABLE 1 
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umn indicates the power of T upon which ¢c/pXay depends, and is computed simply as 
(A log fec/pXayu})/(A log T). An adequate representation of €c¢ in regions of greatest 
contribution to the luminosity in the case of the sun (JT ~ 17), may be given by 
ec = 1.0 K10-3 pXayT™. 7) 
The lifetimes of the C’, C'’, NV", and N"® atoms, given by the reciprocal of the prob- 
ability of collision with a proton, are* 
ae 1 4X10~° (pXa) 
Lifetime = —; 
px A mM € 


In equation (8), A is the atomic weight of the atom under consideration, and a is its 
relative abundance by weight. For pX = 30 and T = 20, and for pX¥ = 120 and T= 16, 
the lifetimes are, numerically, as follows: 

pX = 30, T = 20 pX = 120, T = 16 

1.2 X 10° years , 1.3 X 10° years , 

2.8 X 10* years , 2.5 X 10° years , 

2.0 K 10® years , 3.7 & 10? years , 


520 vears , 9.5 & 10° years. 


'Cf. H. A. Bethe, Pays. Rev., $5, 440, 1939 





NOTES 
Alternatively, the relative abundances of the nuclei for pX = 30, T = 20, are 
C#:C%; NM: NU = 


while those for pX = 120, T = 16, are 
C#:C¥: NY“: N 


6b) COMPARISON WITH THE PROTON-PROTON REACTION 


Calculations on the proton-proton reaction were carried out with the aid of the fol- 


lowing formula:* 
a] ie xX “N/T ¥ 
i 1.91 (785) (S376) (7s) 3 


which depends on the applicability of the Gamow-Teller selection rules for this process. 
By definition, the luminosities L, and L,, due to the proton-proton reaction and carbon 

cycle, respectively, are 
L fs oad r= (3.78) (10) x de] 2:9) FY ys azar ["erorae 
= grpe,dr = (3.78) (10) C4n - x* rus f 2g 
Se see 4rGull were de 
6.23 X10" 


3/2 


X*p! 27 wy 
"1 e 7 
CRO opr meer “Sei 
eGult) *oue’t. if all. 


an) 
2.84X10' _ id 
- - Xaup'?T#? 


3/2 


R 
L. = f 4rrpedr= (1.0)(10) ~3 XK 4" 


“se 


In equations (10) and (11) the assumption has been made that, throughout regions in 
which both energy-producing mechanisms are operative, the temperature and density 
distributions are given by a polytrope of index 3/2. The two integrals occurring in equa- 
tions (10) and (11) have been evaluated numerically and were found to equal 0.3396 
and 0.0585, respectively. These values yield, for the relative contribution to the luminos- 
ity of the proton-proton reaction and the carbon cycle, 


L, ( X \ (2.194) (10) * 
Zo(=) 


ayy Tis 


(T in millions of degrees). 

Applying equations (10) and (11) to the sun, with p, = 157.5,° Y = 0.74, ay = 0.01, 
nu = 0.60, and L = L, + L., one finds that 7, for the sun equals 15.7 million degrees. 
The values of JT. and u are consistent with the mass-luminosity relation to the extent 
required in this preliminary calculation. Equation (12) indicates that, in the sun, energy 
production due to the proton-proton reaction outweighs the energy production due to 
the carbon cycle by a factor of 12. 

Since the two sources of energy production discussed above are of comparable impor- 
tance for stars similar to, or a little brighter than, the sun, a more nearly satisfactory 
procedure would be to reintegrate the equations of stellar structure, employing the con- 


‘L. Aller, Ap. J., 111, 176, 1950. The original calculations, due to H. A Bethe and C. L. Critchfield 
(Phys. Rev., $4, 248, 1938), contain a numerical error of a factor of 2 in the Fermi (8-decay) constant and 
another factor of 2 in the cross-section for the proton-proton reaction. This was pointed out by G. Gamow 
and C. L. Critchfield and also by Edwin E. Salpeter in an informal communication to W. A. Fowler. 


®'M. H. Harrison, Ap. J., 108, 322, 1948. 
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tributions of both energy sources in computing the luminosity. It may then be possible 
to make further conclusions regarding secondary effects on the energy generation due to 
the change in model arising from the above computations. For stars 2 mag. or more 
brighter than the sun, the energy generation is evidently controlled almost exclusively 
by the carbon cycle. 


The foregoing calculations were initiated at the suggestion of Professor Bengt Strom- 
gren, to whom the writer owes many thanks for his co-operative interest in this in- 


vestigation. 
I. EPSTEIN 


PRince TON UNrversity OBseRvATORY 
May 26, 1950 


ON THE TRANSITION PROBABILITLES OF C, SWAN BANDS 


Robert B. King! has recently reported measurements of the intensities of Swan bands 
of carbon in furnace source and has compared the results of his experimental transition 
probabilities with the theoretical ones. For the latter he has used the calculated results 
of McKellar and Buscombe,’? based upon the theory developed by Hutchisson.’ In the 
comparative study, the experimental results of Johnson and Tawde* have also been 
subjected to discussion, and some peculiarities of intensity development in relation to 
theory have been shown. 

In this connection it is interesting to draw attention to the investigations carried out 
in this laboratory and presented in a thesis by Patel,’ wherein he obtained quantitative 
measures of Swan-band intensities in flames under about ten varied conditions. These 
results have been examined in the light of theory by computing the transition probabili- 
ties from Hutchisson's intensity integral. However, many of these computed values of 
Patel differ greatly from those of McKellar and Buscombe (as quoted in King’s paper). 
In Table 1 are given the two sets of values of theoretical transition probabilities. 

Che disparity in the values in Table 1 derived from the same formula is not easily 
accountable, unless the constants used by the two authors differ markedly. As the origi- 
nal paper of McKellar and Buscombe is not within our reach, we cannot obtain satis- 
faction on this point. But it appears that the molecular constant to which the values 
are sensitive is Ar, the difference in internuclear distance in the two electronic states 
of Cy (Swan). Patel’s value of Ar is 0.046 A, which is not sensibly different from that of 
McKellar and Buscombe, viz., 0.047 A. It is also closer to the more recent estimate, 
0.0457 A, of Phillips* from revised rotational analysis on Swan bands. Again in a recent 
work by Gopalkrishnan,’ the calculations of Patel have been proved to be correct, and 
hence there seems little doubt about the values of theoretical transition probabilities 
given by him. 

Now, coming to the question of the degree of agreement between theory and experi- 
ment, one has to remember that Hutchisson’s intensity integral, from which the calcu- 
lations have been made, is worked out on the assumption of the harmonic nature of 
nuclear oscillations, besides the symmetry of the molecule. But in the electronic band 
system as that of the present C, molecule, anharmonicity sets in after the first few vibra- 
tional levels, and this would bring in increasing departure in bands associated with 
higher and higher vibrational quanta. Hence higher sequences or higher members in 
sequences are expected to show more rapid departure between theory and experiment. 


‘Ap. J., 108, 429, 1948. * Proc. R. Soc. London, A, 137, 575, 1932. 
? Pub. Dom. Ap. Obs., Victoria, 7, 361, 1948 * Ph.D. thesis, Bombay University, 1947 
+ Phys. Rev., 36, 410, 1930 *Ap. J., 108, 434, 1948. 


’ Ph.D. thesis, Bornbay University, 1949 (in submission 
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That may be the reason why King has noticed a tendency of the experimental values 
of the higher mernbers of sequences 4 5635 and \ 4737 in his furnace source to rise more 
rapidly than the theoretical ones. Such behavior has been found by Patankar* in another 
symmetric molecule V». Patel has noted a similar departure, but a systematic one, in his 
work on flame sources; but he finds that the experimental values, instead of gaining over 
the theoretical ones, fall short of them, a phenomenon which is contrary to that of the 
furnace findings of King. Figure 1 illustrates how, with increasing v’ and v” values, the 
disparity increases. The horizontal broken straight line indicates the ideal agreement of 
experimental results with theory, while the points below this line indicate the gain of 
experimental values over the theoretical ones, and those above it the opposite. The 
behavior due to the results of King and of Patel is shown side by side. Details of the in- 
vestigation are being incorporated in a paper under preparation. 
N. R. TAWDE 
J. M. PATEL 
Spectroscopic LABORATORIES 
RovyAL INSTITUTE OF SCIENCI 


BomBay, INpIA 
October 20, 1949 


APPARENT MAGNITUDES AND COLOR INDICES FOR SEVENTY-FOUR 
WHITE DWARFS AND DEGENERATE STARS 


Before a really adequate theory for the physical nature of white dwarfs can be formu- 
lated, observational data must be available from which, among others, the linear dimen- 
sions can be calculated. This requires, in turn, a knowledge of the luminosities—and 
therefore of the apparent magnitudes and parallaxes—and of the surface brightnesses. 
Even though at the present time more than 120 white dwarfs are known, accurate ap- 
parent magnitudes have been published for only a few. It was for these reasons that the 
present writer embarked on a program to provide some of these missing data. 

Originally, when the program was begun in September, 1944, it was planned to de- 
termine only the photographic magnitudes of these stars, but the ease and accuracy with 
which the program developed suggested its extension to photovisual magnitudes and 
hence to color indices as well. Work was begun with the aid of a grant from the Society 
of Sigma Xi; it was later extended with a grant from the Gould Fund of the National 
Academy of Sciences; and it has throughout received the generous financial support of 
the Graduate School of the University of Minnesota. 

All known white dwarfs north of declination — 30° and brighter than the sixteenth 
magnitude have now been observed. Their magnitudes have been determined by direct 
comparison with Selected Areas 92, 96, 100, 104, 108, and 112. The photographic mag- 
nitudes for the stars in these areas have been published by Mount Wilson;! the writer is 
greatly indebted to Dr. Frederick H. Seares, who generously supplied photovisual magni- 
tudes down to the sixteenth magnitude in these same areas in advance of publication. 
For the photographic magnitudes Eastman spectroscopic plates 103a-O without filter 
were used; for the photovisual magnitudes 103a-G emulsions and a No. 12 “minus-blue” 
filter were employed. Since the Mount Wilson magnitudes were determined with a silver- 
on-glass mirror and the Steward reflector is aluminized, there is a slight difference in the 
color systems——blue stars being somewhat brighter and red stars somewhat fainter in our 
system than in the International one. While this difference is advantageous in the sense 
that it appears to broaden the color-index base, there has, unfortunately, been no occa- 


* Proc. Phys. Soc. London, $8, 396, 1943. 


' Papers of the Mt. Wilson Observatory. Vol. 4, 1930, 





TABLE 1 
MAGNITUDES AND COLORS FOR 74 WHITE DWARFS AND DEGENERATE STARS 
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rABLE 1--Continued 
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sion as yet to determine the relationship between the two systems by observing standard 
stars. 

In general, as many different stars and as many different Selected Areas as feasible 
were used in each case; however, many of the photovisual magnitudes of the faintest 
white dwarfs depend upon comparison with one single star in a single Selected Area. 
The brightness of the stars was determined by eye estimates, using the Argelander step- 
method. The first photographic observations were made by the writer in September, 
1944, and were continued by Dr. Jose during the years 1944-1946 and by the writer dur- 
ing short visits to Tucson in March, 1945, and March, 1946. The later photographic ob- 
servations and all the photovisual observations were made by the writer alone during 
brief visits to Tucson in March, 1947, March and September, 1948, March, 1949, and 
March, 1950. In each case the writer’s stay extended over only ten nights at maximum, 
and consequently, because of the pressure for time, observations had to be made under 
circumstances that were far from favorable. Plates simply sad to be taken—often when 
the sky was photometrically doubtful, when the stars were in large hour-angles, or when 
large differential extinction corrections had to be applied; many plates showing slight 
trails or slightly out-of-focus images had to be used; and bad seeing was the rule, thus 
rendering observations on close double stars especially difficult. In fact, nearly all the 
cardinal sins of photometry had to be committed if the program was to be completed at 
all, even in five years’ time. 

Consequently, the accuracy of the results is considerably less than what could be 
obtained under ideal conditions: discussion of the internal disagreements among plates 
indicates an average mean error for a photographic or a photovisual magnitude as de- 
termined from a single plate of 0.12 mag. For stars of high declination and of the opti- 
mum magnitude range from 13 to 15, the accuracy is considerably better and the mean 
error probably only half this amount; for stars south of declination —20° it must be 
considerably worse, while, in addition, for these far southern stars serious systematic 
errors may be present in the magnitudes, owing to uncertainties in the extinction correc- 
tion. It is hoped, however, that these uncertainties do not affect the adopted color indices 
too seriously. If plates were taken under good conditions and showed images of good 
quality, three pairs of plates were considered sufficient, but in some cases as many as 
seven or eight pairs were taken. The average is 4.2 pairs of plates per star; hence it is 
believed that the mean error of the finally accepted photographic or photovisual magni- 
tudes is around +0.06 mag. and that of the color indices around +0.085 mag. 

The data are collected in Table 1, the several columns of which give, in order, the 
star’s designation, the position for 1950, the provisional color index as determined at 
Tucson by the differential method, the photographic and photovisual magnitudes, and 
the adopted color index. For six stars it has not been possible to obtain yellow plates, 
and no photovisual magnitudes or color indices are accordingly shown. Twelve stars in 
this table, marked with an asterisk, are components of binaries of which the other com- 
ponent appears to be an ordinary red dwarf. Further data for both the components of 
these systems are given in Table 2. 

The writer is greatly indebted to Dr. Paul D. Jose, acting director of the Steward 
Observatory, University of Arizona, from 1942 to 1946, not only for his permission to 
use the 36-inch reflector for this purpose but for his active participation in the program 
and the taking of numerous blue plates; and he is also indebted to Dr. Edwin F. Carpen- 
ter, who, after his return from active service to the directorship of the Steward Observa- 
tory, has continued to allow the telescope to be used for this program. 

W. J. LuyTen 
UNIVERSITY OF MINNESOTA 
April 5, 1950 





NOTES 


THE SPECTRUM OF YY GEMINORUM (CASTOR C) 


The orbit of Castor C was determined by A. H. Joy and R. F. Sanford in 1926.' The 
most remarkable feature of the spectrum of this double-lined red-dwarf system is the 
presence of strong emission lines of Ca 1 and H in both components. On the Mount Wil- 
son plates the more massive star had stronger absorption lines than did the less massive 
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RADIAL VELOCITIES OF YY GEMINORUM 
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star, and there was no indication of any variation in the intensities of these lines. How- 
ever, the emission lines of the more massive component were twice as strong as those of 
the less massive component when the former was receding and the latter approaching. 
When the positions of the two components in the spectrum were reversed, the emission 
lines of the more massive star were estimated to be, on the average, about 20 per cent 


ip. J., 64, 250, 1926 
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weaker than the emission lines of the less massive star. This periodic variation in the 
relative intensities of the emission lines bears a certain resemblance to the well-known 
variation of the absorption lines in early-type spectroscopic binaries having very short 
periods and in W Ursae Majoris binaries; but in these latter two groups of objects the 
violet component is always the stronger, irrespective of whether it comes from the more 
massive or from the less massive star in each system. Joy and Sanford suggested that the 
variation of the emission lines in Castor C might be caused by “‘the effect of the rapid 
orbital motion in a resisting medium,” which “might be such as to cause the higher at- 
mosphere which produces the emission to be dragged behind.”’ This might then explain 
the strengthening of the bright lines in the receding star. 

Because of the interest attached to this phenomenon, Castor C was placed upon the 
spectrographic observing program of the McDonald Observatory, and thirty-two spec- 
trograms were obtained with the Cassegrain spectrograph attached to the 82-inch re- 
flector. Three different combinations of cameras and prisms were used. In Table 1 “CQ” 
designates the quartz prisms and 500-mm UV camera, giving a dispersion of 40 A/mm 
at \ 3933; “CG” designates the glass prisms and 500-mm camera, giving a dispersion of 
26 A/mm at \ 3933; and “f/2 G” designates the glass prisms and 180-mm Schmidt 
camera, giving a dispersion of 50 A/mm at A 3933. 

Table 1 lists the spectrograms and the radial velocities obtained from the absorption 
lines and from the emission lines. Figure 1 shows the velocities plotted against the period 
of 0.8142822 day, which is the value found originally by Van Ghent in 1931. His photo- 
metric elements were adopted without change in the 1948 Catalogue of Variable Stars by 
Kukarkin and Parenago. The elements of our velocity-curves are: y = 0 km/sec; K, = 
Ky, = 125 km/sec. Although the scatter of the observations is large, we find equal 
masses for the two components; this is contrary to the Mount Wilson results. Since their 
velocity-curves are at least as reliable as those obtained at McDonald, we are inclined 
to believe that there has been a real change in the value of A,, for which Joy and Sanford 
obtained 114 km ‘sec. The value of K is substantially the same in both sets of observa- 
tions, and the difference in y of 4 km/sec is probably not significant. 

It is of special interest that the McDonald spectrograms show no appreciable variation 
in the intensities of the emission lines. A careful study of our plate material gave only 
one observation in which the red component was distinctly stronger than the violet. This 
was on December 4, spectrogram CQ 7300, but even on this anomalous plate the red com- 
ponent was only a small fraction of its intensity stronger than the violet component. An 
inspection of spectrogram d in Plate IX, facing page 255 of the article by Joy and San- 
ford, shows conclusively that not a single spectrogram of our series comes anywhere near 
to showing the marked difference between the emission components which they had 
observed. 

We have, as yet, no indication as to whether the phenomenon of variability in the 
emission lines is periodic. However, it looks as though the changes might be sporadic. 
Our plate CQ 7300 with a phase of 0.642P is almost exactly matched by two spectro- 
grams taken the preceding night. At phase 0.675P the two components are equal in in- 
tensity, and on the preceding plate, at phase 0.651P, the violet component looks slightly 
stronger than the red. 

It is impossible without much additional material to discuss this phenomenon further, 
but it is perhaps significant that Katherine C. Gordon and Gerald E. Kron have recently 
discovered appreciable changes in the light-curves of Castor C obtained in different 
seasons. 

The great sharpness of the emission lines constitutes another interesting problem. 
According to Joy and Sanford, the distance between the centers of the two stars is 
2,700,000 km. The Mount Wilson discussion of the photometric light-curve gave 
ry, = ry = 0.2 (a; + a2) = 500,000km = 0.7 ©. Allowing for the inevitable spreading of 
the photographic image by the changing radial velocity during the exposure (which for 
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the highest dispersion was approximately 1 hour), we find that the emission components 
are not much broader than the comparison lines obtained with a slit of 0.1 mm, which 
is projected upon the plate as a width of 0.05 mm. Thus, at the two elongations, the 
separation between the two emission components of the calcium lines is approximately 
four or five times the width of each emission line. In most spectroscopic binaries with 
calcium emission lines the source of the radiation is located at the tidal bulges of each 
component. In Castor C there is no clear evidence of a variation in the line width. Yet 
it is reasonable to suppose that the calcium gases are not subject to appreciable darkening 





K, °K, +125 
70 














at the limb. Consequently, the narrow widths of the lines must signify that the rotational 
velocities are small. This, in turn, means that the stars are small in size. Adopting the 
Mount Wilson value for a; + a2 = 2,700,000.km, we estimate that the radius of each 
star is approximately 300,000 km, or about 0.5 © Allowing for the uncertainty of the 
estimate, this is probably compatible with the photometric values of r; and ro. 

Spectroscopically, there is a vast difference between the rotational broadening of the 
lines of Castor C and any typical W Ursae Majoris binary. In the latter the absorption 
lines, as well as the Cau emission lines, are greatly broadened by rotation, and this 
broadening is conspicuous even with the smaller dispersions used at the McDonald 
Observatory. This is due partly to the shorter periods of the W Ursae Majoris systems, 
accounting for a factor of about 2 in the rotational velocities, and partly to the greater 
size of the stars, accounting for another factor of 2. 

rhe question has arisen as to whether, with the relatively high surface gravities of the 
late-type dwarfs, the emission lines of hydrogen would show a noticeable broadening 
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caused by Stark effect. With the higher dispersions employed at McDonald, Hé and He 
do not look appreciably different in width than do Cau H and Cau K. Incidentally, 
He appears approximately with its normal intensity, and it is not noticeably reduced by 
any overlying Ca it vapor. The higher members of the Balmer series, which were not 
seen by Joy and Sanford, presumably because of the absorption of light in their spectro- 
graph, can easily be traced with our quartz optics as far as H/ 15. It is significant that 
H 10, H 11, and H 15 appear as diffuse condensations in the continuous spectrum of the 
star, without revealing the duplicity shown by the lower members of the series. This is 
noticeable particularly on our spectrogram CQ 7177, taken at phase 0.879P. We have no 
other plate, long enough exposed, that would correspond to a phase of greater separation 
between the components. If this observation should be confirmed, it would serve as a 
clue for finding the location of the emitting 1 gas. Incidentally, 7 12, 7 13, and H l4 are 
not clearly visible on our spectrograrn. This may be due to a photographic effect pro- 
duced by the weakening of the (underexposed) continuous spectrum of the red dwart by 
heavy absorption features in the region AA 3720-3750. But it is perhaps significant that 
these same lines are also weak in long-period variables at phases preceding maximum 
light, presumably due to overlying absorption.* 

O. STRUVE 

G. HERBIG 

H. Horak 


YeRKES AND McDonaLp OBSERVATORIES 
April 6, 1950 


THE SPECTRUM OF GP ORIONIS 
The spectrum of the red star GP Orionis' was noted by Baldwin and Hamlin® to 
show exceptionally strong sodium D lines. Weak bands of ZrO and T10 were also present 
in the visual region of the spectrum, according to their observations. More recently, 
however, McKellar® and Sanford* have considered GP Orionis to be a carbon star. To 


investigate the nature of this object, a number of low-dispersion spectra have been ob- 
tained of it and of other cool stars at the McDonald Observatory. Several spectra are 
shown in Figures 1 and 2; the dates of observation are given in the accompanying tab- 
ulation. 


Wave Length Wave-Length 
Date Star Date 
Region Region } 


Photographic WZ Cas Jan. 2, 1949* Visual WZ Cas Dec. 21, 1949 
GP Ori Apr. 16, 1948 GP Ori Apr. 24, 1948 
SU Mon Nov. 16, 1946 FU Mon | Dec. 22, 1949 


Visual + 38°955 Dec. 22, 1949 
* The writer is indebted to Dr. G. H. Herbig for obtaining this spectrogram for him 


Figure 1 shows the photographic region of the spectrum of GP Orionis, along with 
that of the cool carbon star, WZ Cassiopeiae,® and SU Monocerotis, which has been 
7See, e.g., P. W. Merrill, the upper spectrum of R Hydrae in Pl. I, Ap. J., 103, 6, 1946. 


'BD+15°726: a = 455771, 6 = 4+15°11' (1900). The photographic magnitude varies from 11.8 to 
13.6, but details of the light-curve are not known. 


2 Ann. Dearborn Obs., Vol. 4, Part 15, 1940 
3 J _R.A.S. Canada, 38, 237, 1944 * Pub. A.S.P., 61, 43, 1949. 
* See P. C. Keenan and W. W. Morgan, Ap. J., 94, 501, 1941. 
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classified as type S2 by Dorothy Davis.* The outstanding feature of the spectrum of GP 
Orionis is the extraordinary strength of the resonance line of neutral strontium. The 
weakness of molecular features in the spectrum of GP Orionis is quite apparent: the C2 
bands are exceedingly weak, if not absent, but the ZrO bands near \ 4640 are probably 
present. It is of considerable interest that the hydrogen lines appear in emission in the 
spectrogram of WZ Cassiopeiae reproduced. Emission at H8 was noted by the early 
Yerkes observers’ but apparently has not been seen since. 

The region of the spectrum of GP Orionis surrounding the D lines is shown in Figure 
2. For comparison are included the spectra of WZ Cassiopeiae and of two stars classi- 
fied by Merrill, Sanford, and Burwell* as of types N and S, respectively--+38°955 and 
FU Monocerotis (HD 44544). A considerable similarity exists between the spectra of 
GP Orionis and FU Monocerotis. The Cz band at \ 5635 does not appear to be present 
in either, although bands of the red system of CN are definitely present. The (0, 0) 
band of ZrO, starting at \ 6474, is probably present in both, although it is blended on 
the long-wave-length side by the strongest head of the (6, 2) band of the red system 
of CN at 46494. The great enhancement of transitions arising from the ground level 
in WZ Cassiopeiae which is apparent from the strength of the D lines and the resonance 
doublet of Lit at \ 6708* is shown also by the intensity of the (4, 0) red-system CN 
band. 

From these spectra it appears that GP Orionis must be considered an S-type star. 
Yet, though undoubtedly a very cool star, its spectrum does not show strong bands of 
Ti0—a phenomenon which is exhibited also by the cool carbon stars. In the latter stars 
it has long been concluded that carbon is abnormally abundant relative to oxygen and 
that much of the oxygen is taken up in the unobservable molecule CO. Might we not sus- 
pect that stars of the type of GP Orionis also have a somewhat abnormal abundance of 
carbon? It is apparent that an increase in the abundance of carbon relative to oxygen 
will reduce the formation of metallic oxides, but those molecules of the highest dis- 
sociation potentials (ZrO, YO, LaO) will be less affected than those of lower dissociation 
potentials.'® A very low-opacity atmosphere would, however, be necessary to produce 
strong bands of any oxides under these circumstances. Qualitatively it appears that the 
occurrence of spectra such as those of GP Orionis, FU Monocerotis, and some other S- 
type stars could be due to an atmospheric carbon abundance intermediate between 
that in ordinary stars and that in the objects which are now recognized as carbon stars 
an idea which is essentially due to Fujita.”’. The existence of considerable variation in 
the carbon content of the atmospheres of the carbon stars is strongly indicated by the 
work of Keenan and Morgan on the classification of these stars.° Further evidence is 
provided by the recent discovery that several K-type stars which had been previously 
noted to show strong resonance lines of Ba u also show the (0, 0) band of C2 
in unusual strength, in addition to abnormally strong bands of CV and CH. All these 
bands, however, are much weaker than in the presently reco,nized carbon stars. These 
objects, of which HR 774 is typical, seem to be clear cases of intermediate carbon 
abundance; they are being studied at present by Dr. Keenan and the writer. 

Wiliam P. BipeLMAN 


Yerkes AND McDonacp OBSERVATORIES 
June 7, 1950 


* Pub. A.S.P., 46, 267, 1934 
*G. E. Hale, F. Ellerman, and J. A. Parkhurst, Pub. Yerkes Ods., Vol. 2, 1903 
* Pub. A.SP., 48, 307, 1933. *See A. McKellar, Observatory, 64, 4, 1941 
‘K. Wurm has discussed in Ap. J., 91, 103, 1940, the dependence of the ZrO/Ti0 ratio on the partial 
density of free oxygen atoms. 


" Japanese J. Astr. and Geophysics, 17, 17, 1939; 18, 45, 1940; 18, 177, 1941 
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TWENTY-NINE NEW VARIABLE STARS IN THE 
GLOBULAR CLUSTER M 15 


NGC 7078 = M 15, a condensed globular cluster of class IV, can be considered quite 
rich in variable stars. The Catalogue of 1116 Variable Stars in Globular Star Clusters of 
H. B. Sawyer gives the positions and magnitudes of 66 variables in this cluster, dis- 
covered by Bailey on Arequipa and Mount Wilson plates. Eight additional variables 
were found by Guthnick and Prager, according to a short communication (Siirungs- 
berichte Preussischen Akademie der Wissenschaften, 28, 508, 1925), but the positions were 
not indicated. Of these 66 variables, only 3 are within a distance of 50” from the center, 
probably because the central part was too congested on Bailey's plates to permit accu- 
rate search in this area. 

TABLE 1 
NEW VARIABLES IN M 15 
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I have had the opportunity to examine two series of plates taken by Dr. A. Brown 
at the Cassegrain focus of the 82-inch reflector of the McDonald Observatory, in blue 
and yellow light. The scale is 1 mm = 774, and, with exposure times ranging from 1 to 
10 minutes, it is possible to observe single stars, without serious blending, to a distance 
of about 30” from the center of the cluster. Twenty-nine new variables were found, 
mostly near the central part, and 55 of the 66 variables previously known were redis- 
covered. Of the 11 undiscovered, 3 (Nos. 26, 28, and 31) are too far from the center, in 
a zone which was not searched with particular attention, and 2 (Nos, 27 and 34) prob- 
ably do not vary at all. The real percentage of the known variables found in this search 
is therefore 90 per cent. The new variables are marked in Figure 1. 

Table 1 contains the positions of the 29 new variables. Successive columns give the 
number of the new variables, consecutively from the last known variable in this cluster; 
the x and y co-ordinates in seconds of arc; and the number in Kiistner’s Catalogue. 

The material does not allow the derivation of accurate magnitudes and periods; it is, 
however, sufficient to conclude that 28 of the new variables are of the RR Lyrae type, 
with a mean magnitude of around 15.7. Variable No. 86 is probably a long-period 
cepheid with an amplitude of about 1.2 mag. and a mean magnitude of 14.0. 


I wish to express my gratitude to Dr. A. Brown, who kindly placed his plates of M 15 
at my disposal for measurements at the blink microscope. 
L. Rostno 


YERKES OBSERVATORY 
March 1950 
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ZEEMAN SHIFTS FOR STELLAR DIPOLES AND QUADRUPOLES 
WITH INCLINED AXES 

Recent measurements of stellar magnetic fields by H. W. Babcock’ have raised the 
question of how large the observed Zeeman shift would be for a magnetic star with an 
axis inclined to the line of sight. The necessary formulae to answer this question can be 
derived as follows: 

For measurements made through an analyzer for circularly polarized light, F. H. 
Seares* and H. W. Babcock* have shown that the shift measured in the light of one sur- 
face element of the star is proportional to the component of the magnetic field in the line 
of sight. Hence the shift measured in thelight of the star as a whole is determined by the 
effective field strength, H., which is the line-of-sight component of the magnetic field 
averaged over the visible hemisphere: 

H.= SSH:Idtdn 
“  Sfldédny 


Here H; is the magnetic component in the line of sight, 7 the surface brightness, and 
dtdn the surface element of the stellar disk. The co-ordinate system &, », and ¢ is chosen 
to be oriented so that (is parallel to the line of sight, and the unit of length is chosen to 
be equal to the radius of the star. 

If one introduces a second co-ordinate system—ax, y, and z—oriented so that zis paral- 
lel to the magnetic axis, one has, for the magnetic field on the surface of the star, with 


a+ +o = I, 
Dipole: H,= x (32) a, H,=y (3 2 #,. H,= (3 2? — 


Quadrupole: H,=x($2?—3)H,, Hy=y (§2°—}) Ap, 
Here H, is the field strength at the pole. With the transformation 
x={sini+£ cost, y=n, z=f{cosi—ésini, 


where i is the inclination of the magnetic axis to the line of sight, one can obtain expres- 
sions for the magnetic component in the line of sight, H;, in terms of &, n, ¢, and 7. 

Now, to compute the effective field H,, one may introduce the expressions for H; into 
equation (1) and, at the same time, substitute for 7 the usual expression for the surface 
brightness 


[=1—u+u¢t, 5 
where u is the limb-darkening coefficient. The integrations over £ and occurring in 
equation(1) can be performed analytically, with the following results: 
15+u H, 

=——s—*—— COSI, 
15—5u 4 


I 1+ 3cos 2: 
(Quadrupole: H,= ; = * a. i= i 


Dipole: H,= 


1p. J., 108, 201, 1948 
7Ap. J., 38, 99, esp. eq. (21), 1913. 
*Ap. J., 105, 105, esp. eq. (8), 1946 
‘Equation (6) is in satisfactory agreement with H. W. Babcock’s result for i = 0 and u = 0.45 
tp. J., 10S, 105, esp. eq. [10], 1946 
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It is seen that the dependence of the effective field on the inclination ¢ has a simple har- 
monic form in both cases. The dependence on the limb darkening w is moderate for the 
dipole and large for the quadrupole. 

In the special case of a uniform disk (u = 0), according to equation (7), a quadrupole 
cannot be measured in the integrated light of a star, from any inclination. In general 
(w = 0.5), a quadrupole has to be of the order of ten times stronger than a dipole to give 
the same measured effect. 

All the above results hold only if the surface brightness J and the equivalent widths of 


the lines measured are unaffected by the magnetic field and hence independent of the 
magnetic latitude. 


MARTIN SCHWARZSCHILD 
Princeton UNIVERSITY OBSERVATORY 
May 31, 1950 
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REVIEWS 


Einfiihrung in die sphdrische Astronomie. By ADALBERKT Prey. Vienna: Springer Verlag, 1949. 
Pp. 316-4123 figs. $5.50 (unbound). 


his textbook on spherical astronomy was primarily written as an introduction to the field of 
astrometry. In his Introduction the author remarks that a book on this subject tends to appear 
outdated because basically new ideas have not been added to this field of astronomy in the last 
hundred to a hundred and fifty years. It is somewhat of an academic question to distinguish 
between basically new ideas and new methods, but a modern book on spherical astronomy 
should cover such important subjects as heliographic co-ordinates used in the study of sun 
spots and other solar phenomena associated with them; the methods of reduction of photo- 
graphic plates for the determination of parallaxes, proper motions, mass ratios, etc.; as well as 
a discussion of double-star orbits. None of these subjects is covered in this book. 

The chief divisions are: ‘““The Spherical Astronomy” (165 pp.), ““The Astronomical Instru- 
ments” (55 pp.), “The Determination of Geographic Co-ordinates” (60 pp.), and an appendix 
on “The Method of Least Squares” (29 pp.). 

Phe division on spherical astronomy follows the conventional pattern of previous textbooks. 
It should be noted that the author quotes the formulas for the general precession for 1850 pub- 
lished by Oppolzer in 1881 rather than the values determined by Newcomb and adopted by 
international agreement. If the author wished to show the precessional quantities in a time 
series, he should have quoted the more recent paper by de Sitter (B.A.N., Vol. 8, No. 307, 1938). 
his important paper was apparently unknown to the author, since he later refers to an earlier 
paper by de Sitter on the same subject, which was published in 1915. 

lhe author’s values for the annual aberration and for the constant of refraction are also at 
variance with those now generally accepted. 

It is regrettable to find that, in the part on astronomical instruments, eight pages out of 
fifty have been spent on the description of two instruments which have long been considered 
obsolete, namely, the ring micrometer and the heliometer 

In the part on the determination of geographic co-ordinates the usual methods for determin- 
ing such co-ordinates are discussed. While this is important in understanding the basic prob- 
lems, it is felt that some of the modern tables for obtaining quick solutions for navigational 
purposes should have received some mention. 

Phe publishers should be commended for their high standards in quality of printing and 
paper 

K. AA. STRAND 
Dearborn Observatory 


Vorthwestern University 
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